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• Knapsack

• Resource Allocation

• Edge Disjoint Paths

s1 s2 t3 t1 t2 s3

C
di: size of i-th item

wi: profit of i-th item

Time

Capacity
[si, ti): span of i-th task

di: demand of i-th task

wi: profit of i-th task

di = wi = 1, ce = 1

packing is
hard

routing is
hard
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Standard LP relaxation for UFP on paths and trees

• variable xi: indicates whether request Ri is selected

• capacity constraints: the total demand of selected requests on each
edge is at most the capacity

LP-based approaches?

Standard LP max
∑

i wixi∑
i: e∈Pi

dixi ≤ ce (∀e ∈ E(G))
xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

• Pi: unique path between si and ti

Lemma: The standard LP has Ω(n) integrality gap. [Chakrabarti et al., 2002]
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No-bottleneck assumption (NBA)

• maxi di ≤ mine ce

This talk: UFP without NBA

Standard LP has O(1) gap for UFP-NBA on trees [Chekuri et al., 2003]

Standard LP has O(1) gap for UFP-NBA on paths [Chakrabarti et al, 2002]

UFP-NBA still hard

• Edge Disjoint Paths: best approx is
√
n
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UFP without NBA

Previous work (UFP on paths)

• (1 + ε) quasi-polynomial time approx: capacities and demands at
most 2polylog(n) [Bansal et al, 2006]

• Recently, O(log n) [Bansal et al, 2009]

• A simple combinatorial algorithm that achieves an O(log2 n)-
approx for UFP on trees

• An LP relaxation with an O(log2 n) integrality gap for UFP on
paths

• A few other results (not covered in this talk)

Our results
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• Sort demands: d1 ≤ d2 ≤ ... ≤ dk

• Greedily select requests while maintaining feasibility

vs1

t1

s2

t2

s3

t3

• Unit profits

• Demand paths pass through a common vertex v

2-approximation
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Lemma: Greedy achieves a 2-approximation.

Greedy routes the request A with the smallest demand

vsa

ta

tb

tc

sb

sc

Swap two requests in optimal solution with a request selected by Greedy

Optimal solution routes (at most) two requests B, C that are ”blocking” A

e
B uses e

e′
C uses e′

da ≤ db

da ≤ dc
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UFP on trees

Many requests pass through v: use the previous algorithm

Many requests are contained in the components of T \ v: recurse

Separator: vertex v such that each connected component of T \ v has
at most n/2 vertices

v

O(log n)-approximation
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Using grouping and scaling, reduce arbitrary instances to unit-profit in-
stances (we lose an O(log n) factor)

Theorem: There exists an O(log2 n)-approximation algorithm for trees.
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LP relaxations

Recall standard LP:

Standard LP max
∑

i wixi∑
i: e∈Pi

dixi ≤ ce (∀e ∈ E(G))
xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

Bottleneck for request Ri: min capacity edge on its path

Recall the bad example: each request uses the entire capacity of its
bottleneck edge

Theorem: For any δ > 0, the standard LP has O(log(1/δ)/δ3) gap for
UFP on trees if the demand of each request is at most (1− δ) times the
capacity of its bottleneck edge.
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A new relaxation

Requests that take up (almost) the entire capacity of an edge?

Introduce constraints to handle ”big” requests

Let Be be the set of all ”big” requests that use the edge e

For each set B ⊆ Be, let f(B) be the maximum number of requests in
B that can be simultaneously routed

New constraints: the total extent to which requests in B are selected
by the LP must be at most f(S)

• standard techniques fail

• interesting open question: relaxation with a good gap
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UFP-LP max
∑

i wixi∑
i: e∈Pi

dixi ≤ ce (∀e ∈ E(G)) [capacity constraints]∑
Ri∈B xi ≤ f(B) (∀e ∈ E(G), B ⊆ Be) [cardinality constraints]

xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

Solving UFP-LP is highly nontrivial

• Ellipsoid method

• ”Approximate” separation oracle

Theorem: UFP-LP has O(log2 n) integrality gap.



Open Problems

• Is there an O(log n)-approximation for trees as well?

• Is there an O(1)-approximation for paths?

• We conjecture that it is much better than O(log2 n)

Bansal et al. gave an O(log n)-approximation for paths.

What is the integrality gap of the new LP relaxation?

The new relaxation can be extended to UFP on trees

• Can we separate over the LP?
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