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Packing IPs

max w · x
Ax ≤ 1

x ∈ {0, 1}n

• Packing IP

entries in A and w are non-negative

• Weighted Independent Set

max
∑

v wvxv

xu + xv ≤ 1, (u, v) ∈ E(G) two non-zero entries per row
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Column-Sparse PIPs and CPIPs

• Column Sparse: at most k non-zero entries per column

• bounded-degree max weight independent set

• Column Restricted: all non-zero entries in a column are equal

• Column sparse and column restricted

• UFP with bounded-length paths (e.g., expanders)

• UFP on paths and trees
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Column-Sparse PIPs and CPIPs

• Previous work

• 2k(k2 − k + 1) approx for k-sparse PIPs [Pritchard, 2009]

• Randomized Rounding w/ Alteration

• O(k) approx for k-sparse CPIPs

• O(k · 2k) approx for k-sparse PIPs

• Iterated Rounding

• O(k2) approx for k-sparse PIPs (based on Pritchard’s ideas)
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• Selection Phase

• Alteration Phase

• select j-th variable w.p. θxj for some appropriate θ

• pick an order for the selected variables

• accept a variable if doing so maintains feasibility

• Solve linear relaxation of PIP/CPIP to get fractional solution x
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Randomized Rounding with Alteration

• If Pr[j is not accepted |j is selected] ≤ 1
2 , O(θ) approximation

• Variable j is “big” for constraint i if Aij ≥ 1
2 and “small” otherwise

• Alteration will fail if for some constraint some of its small variables
come before one of its big variables

• If possible, pick an ordering s.t. all big vars come before small vars

• for CPIPs, there is such an ordering

• for PIPs, need to choose a subset of the vars beforehand
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• Var j has the same size dj for all the constraints it participates in

• Pr[j is not accepted] ≤ 1/2

Theorem. O(k) approximation

Lemma. For var j, the probability that any constraint it par-
ticipates in prevents it from being accepted is at most 1/2k.

• In alteration phase, order the vars s.t. the dj ’s are decreasing

• In selection phase, choose θ = 1/4k
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For any variable `, let y` = 1 iff ` is selected.

Fix a constraint i in which j participates, and suppose dj < 1/2.

cap(i) =
∑

`: ai` 6=0

d`y`

E[cap(i)] ≤ 1/4k

Pr[i prevents j from being acc] ≤ Pr[cap(i) ≥ 1/2]
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Fix a constraint i in which j participates, and suppose dj ≥ 1/2.

Only variables ` with d` ≥ dj can prevent j from being accepted.

Pr[i prevents j from being acc] ≤ Pr[∃` s.t. ai` 6= 0, d` ≥ 1/2, y` = 1]

≤
∑

`: ai` 6=0,d`≥1/2

Pr[y` = 1]

=
∑

`: ai` 6=0,d`≥1/2

θx`

≤
∑

`: ai` 6=0

2θd`x`

≤ 2θ
= 1/2k
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• Randomly select a subset of the vars beforehand

• Each constraint decides whether it accepts big or small vars inde-
pendently at random w.p. 1/2

• A variable is lost if one of its constraints does not accept it

• A variable survives w.p. 1/2k

• For each constraint, its (surviving) vars are either big or small

• Can order the variables arbitrarily and use a similar analysis
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Randomized Rounding + Alteration for PIPs

Theorem. Suppose that, for each constaint, all variables are
either big or small. Randomized rounding with alteration gives
us an O(k) approximation.

• In alteration phase, order variables arbitrarily

• In selection phase, choose θ = 1/4k

Lemma. For var j, the probability that any constraint it par-
ticipates in prevents it from being accepted is at most 1/2k.

Corollary. O(k · 2k) approximation
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Iterated Rounding

• Iteratively construct a super-optimal integral solution

• Start with linear relaxation of the PIP

• Solve the linear relaxation

• Remove constraints with at most k non-zero entries

• Recursively solve the resulting LP

• Remove variables that are set integrally (by fractional sol.)

• Resulting sol is infeasible

• Select a feasible subset of the variables
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Iterated Rounding

Select a subset S of the variables with the following property:

Lemma. Such a set is feasible.

If j was fractional when i was removed, none of the other vars partici-
pating in i are in S ⇒ i is satisfied.

Fix a constraint i. If i was never removed, it is satisfied. Otherwise, let
j ∈ S be a variable participating in i.

For any two vars participating in a constraint i, if one of them was
fractional when i was removed, S contains at most one of the vars.

If j was integral when i was removed, all of the other vars (if any)
participating in i were integral when i was removed ⇒ i is satisfied.

Fractional vs. integral variables
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• Construct a digraph G

• vertex j for variable j

• edge j → `, if j and ` participate in a common constraint i
and j was fractional when i was removed

• Subset S ≡ independent set in G

Theorem. G is (2k2 + 1)-colorable and thus it has an independent set
of weight at least OPTf/2k2 + 1.

Corollary. O(k2) approximation.
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Remark. Bansal et al. recently improved the approximation ratio to
O(k), matching the lower bound.

• The in-degree of any vertex is at most k2

• There is a vertex j with out-degree at most k2

• By induction, G \ j is (2k2 + 1)-colorable

• Since j has degree at most 2k2, there is a color available for j

• sum of in-degrees = sum of out-degrees

• variable j participates in at most k constraints, and each such
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THANK YOU

Questions?


