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Submodular Allocation

• Finite ground set 

•    labels

•    submodular functions

• Assign a label to each element of

• Minimize 
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Monotone MCSA

• Captures Set Cover [Svitkina-Tardos 04]

• Greedy        approx [Svitkina-Tardos 04]

• Load balancing

• Facility location with submodular costs

Hn



Non-monotone MCSA

• Probably hard in general?

• “Uniform” non-monotone MCSA

•    terminals 

•
s1, · · · , sk

fi(S) = f(S + si)

k



Multiway Partition

•  

• k terminals 

• Partition V into sets 

•  

• Minimize 

f : 2V → R+

s1, · · · , sk

C1, · · · , Ck

si ∈ Ci

k�

i=1

f(Ci)



Submodular Labeling

• Partition function

•   is special (e.g., hypergraph cut, symmetric)

• Assignment costs 

•    is monotone

• Partition    into sets 

• Minimize 
k�
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gi(Ci) +
k�

i=1

f(Ci)

f : 2V → R+

f

gi : 2
V → R+

gi

V C1, · · · , Ck



Lovasz Extension

0 11/6 1/2 11/12

v3 v1 v2

f̂((1/2, 11/12, 1/6)) =
�
1
6 − 0

�
f({v1, v2, v3}) +

�
1
2 − 1

6

�
f({v1, v2}) +

�
11
12 − 1

2

�
f({v2}) +

�
1− 11

12

�
f(∅)

f : {0, 1}n → R ⇒ f̂ : [0, 1]n → R f̂(x) = Eθ∈[0,1]f(x
θ) =

� 1
0 f(xθ)dθ



RelaxationVia this extension, we obtain a straightforward relaxation for MSCA with a convex objective function and

linear constraints. Let v1, · · · , vn denote the elements of V . The relaxation has variables x(v, i) for v ∈ V and

1 ≤ i ≤ k with the interpretation that x(v, i) is 1 if v is assigned to Ci and 0 otherwise. The relaxation is given

below.

Lóvasz-extension-based Convex Relaxation

minimize
k�

i=1

f̂i((x(v1, i), · · · , x(vn, i)))

subject to
k�

i=1

x(v, i) = 1 ∀v

x(v, i) ≥ 0 ∀v, i

We remark that for some problems of interest such as submodular functions induced by hypergraph cut

functions, the above convex program can be rewritten into an equivalent linear program. We now describe

several problems that can be cast as special cases of MSCA and also how some previously considered linear-

programming relaxations can be seen as equivalent to the convex program above.

1.1 Problems related to MSCA

Facility Location with Submodular Facility Costs: In facility location we have a set of facilities F and a set

of clients or demands D. There is a non-negative cost cij to connect facility i to client j. Moreover. opening a

facility at location i ∈ F costs fi. The goal is to open a subset of the facilities and assign each client to an open

facility so as to minimize the sum of the facility opening cost and the connection costs. If the connection costs

are derived from a metric on F ∪ D it is metric-facility location, otherwise it is non-metric facility location.

Svitkina and Tardos [2] considered the setting where the cost at a facility i is a monotone submodular function

gi of the clients assigned to it, and gave an (1 + ln |D|)-approximation and matching hardness via a reduction

from set cover. We note that this generalization is a special case of MSCA where we have k = |F| and

fi(S) = gi(S) +
�

j∈S cij for S ⊆ D. In fact the two problems are equivalent if we restrict the fi’s in

MSCA to be monotone. In [2] a greedy algorithm via submodular function minimization is used to derive their

approximation. Here we prove that the integrality gap of the convex relation is (1 + ln |D|) and describe how

certain rounding algorithms achieve this bound. These algorithms are useful when considering functions that

are not necessarily monotone.

Submodular Multiway Partition: We define an abstract problem and then specialize to known problems.

Let f : 2V → R+ be a submodular set function over V and let S = {s1, s2, . . . , sk} be k terminals in V .

The submodular multiway partition problem is to find a partition of V into C1, . . . , Ck such that si ∈ Ci and�k
i=1 f(Ci) is minimized. This has been previously considered by Zhao, Nagamochi and Ibaraki [?]. This can

be seen as a special case of MSCA as follows. Define the ground set to be V � = V \ S and for 1 ≤ i ≤ k,

fi : 2V
� → R+ is the function defined as fi(A) = f(A ∪ {si}). If f is symmetric we obtain the symmetric

submodular multiway partition problem. Note that although the problem is based on a single function f , k
different submodular functions are induced by the terminals when reducing to MSCA. We now discuss some

important special cases of this problem.

Multiway Cuts in Graphs: In the multiway cut problem we are given an undirected edge-weighted graph

G = (V,E) and k terminal vertices S = {s1, s2, . . . , sk} and the goal is to remove a minimum-weight set of

edges to disconnect the terminals. This can be seen as a sepcial case of the symmetric submodular multiway

partition problem by simply choosing f to be the cut-capacity function of G scaled down by a factor of 2.

That is f(A) = 1
2

�
e∈δ(A) c(e) where c(e) is the capacity of edge e. We observe that the convex relaxation

2

  is convex iff   is submodular [Lovasz83]

For several  , LE-Rel is an LP (e.g., cut fn)

f̂ f

f



LE-Rel Integrality Gap
•       for monotone MCSA (tight) 

(matches [Svitkina-Tardos 04])

• 1.5 for Graph Multiway Cut

(matches [Calinescu-Karloff-Rabani 98])

•                       for Hypergraph Multiway Cut

• 1.5 for Symmetric Hypergraph Multiway Cut

• 2 for Symmetric Multiway Partition

(matches [Queyranne 98, Zhao-Nagamochi-Ibaraki 05])

Hn

min(2, H∆)



LE-Rel Gap for Labeling

• 2 for graph cut + modular costs

(matches [Kleinberg-Tardos 02, Chekuri et al 02])

•    for hypergraph cut + modular costs (tight)

•            for graph cut + submod. costs

•                  for hyper cut + submod. costs 

•           for symmetric f + submod. costs

∆

O(lnn)

O(lnn+∆)

O(lnn)



New Results

• 1.5 for Symmetric Hypergraph Multiway Cut

• 1.833 for Hypergraph Multiway Cut if 

• 1.833 for Node Multiway Cut if 

•     for hypergraph cut + modular costs

•                  for hyper cut + submod. costs

•            for symmetric f + submod. costs

∆ = 3

∆ = 3

∆

O(lnn+∆)

O(lnn)



Multiway Cut

Embed vertices on (k - 1)-simplex

Pin terminals to vertices of the simplex

s1 s2

s3



Multiway Cut

What is the objective function of LE-Rel?

x(u, 1) x(v, 1)

x(v, 2) x(u, 2)

x(u, 3)

x(u, 4)

x(v, 3)

x(v, 4)

�k
i=1 f̂(xi) =

�k
i=1 Eθ∈[0,1][f(x

θ
i )] =�

uv∈E

�k
i=1 |x(u, i)− x(v, i)|w(uv)



Rounding

θ ∈R [0, 1]

s1 s2

s3

Uncrossing
(posi-modularity)

s1 s2

s3



Analysis

• Uncrossing can only decrease the cost

• Cost of unassigned vertices is at most half 

• Generalizes to hypergraphs

s1 s2

s3
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x(u, 1) x(v, 1)
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x(u, 2) x(v, 2)



Conclusion

• Unified framework

• Capture new problems

• Use known roundings for new problems

• Unified rounding algorithm? (Bad gap!)

• Hard to approximate (to poly(n) factors)?



Thank You!

Questions?


