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Simulating uid motion on manifold surfacesis an in-
terestingbut rarely explored areabecaise of the dif cu Ity
of establishingplausible physical modds. In this pape,
we introducea novel methodfor inviscid uid simulation
over mesheslt canenforceincompessibilty on closedsur
faceshy utilizing a discretevedor eld demmpositional-
gorithm. It alsoincludeseffective implement&ions of semi-
Lagrangiantracingandvelocity interpolationschems. Dif-
ferentfrom previouswork, our metha performssimulations
directly on trianglemeshs andthuseliminatesparanetriza-
tion distortions.Ourimplementationcanprodue corvincing
uid motionon surfacesandhasinteractive performarce for
mesheswith tensof thousand of faces.
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Intr oduction

Fluid simulationon manifoldsis a challerging prodem with
mary applicdions. There hasbee previouswork in the phys-
ical scieneswhich deds with uid ow onaspherewhich
cansene asa mocdel for our atmosphee. In graphics, such
simulationsprovide a meansto con ne uid owsto ageo-
metric sha@ andcanbe usedfor creatinginterestingspecial
visual effects, suchas objectswith elegantdynamic appear
anesandsoapbubbleswith swirling diffractionpatterns.
Existing physics-basd equdionsfor uid dynamicswork

in 3D spacs. Simulating o wson at surfacescanbeconrsid-
eredasa specialcaseof 3D simulation. However, dueto the
geomdric propeties of curved surfaces physically acarate
uid simulationson surfacesare still being investigatedby
researcherfl]. Ourgoalin graphcsis to developtechrnques
thatcanprodicevisually corvincing, physically plausiblere-
sults. Stam[2] propcsedsucha solutionfor Catmul-Clark
subdvision surfaces[3]. His methal performs uid simula-
tion in the 2D parametrizion spaceof a curnved surface.

In this paper, we provide a solution for triangle meshes
which arewidely usedfor representindgree-formobjectsand
cansene asthe cortrol polyhedra of Loop subdvision sur
faces[4]. Our methoddirectly simulatesanincompessible
andinviscid uid on a meshinsteadof its paramérization
space. Becaisea meshis a discretizationof an undelying
smoothsurface,our stratgy is to usethis samediscretization
or its subdvisionsfor uid simulationaswell andadat ev-
ery stepof a previousnumeical solutionfor regular 3D grids
to this irregular surfacediscretization. During suchadapa-
tion, we maintainimportarn physicd propertiesof the uid .
We demorstratethat our methodnot only eliminatesdistor
tions and guaraneesthe zero divergerce property but also
produ@svisually corvincing results.



Related Work

The modding of uid pheromera hasreceved muchatten-
tion from the computergraphcs community over thelasttwo
deades. Recent work in this direction simulatesthe equa-
tions of uid dynamics. Fosterand Metaxas [5] usedrela-
tively coase grids to produ@ nice smolke motion in three-
dimersions. Their simulationsarestableonly whenthetime
stepis sufcie ntly small. To alleviate this problemandmake
the simulationsmoreef ¢ ient, Stamintroducel a nev mocel
whichis uncanditionally stableandcoud berunatary speed
[6]. This was achieved using a conbination of a semi-
Lagrangianadwectionschem¢g7] andimplicit solvers. Fed-
kiw et. al. [8] introducel vorticity connementanda higha-
orderinterpolationtechniqie. As aresult,thesimulationscan
kee ner detailson relatively coarsegrids. Wei et. al. [9]
simulatedthe motion anddeformationof lightweightobjects
in awind geneatedby the Lattice-Boltzman Modd.

The focus of this paper is surface o ws while the afore-
mentiored uid simulationtechiquesareall corcernedwith
volumdric uids. Thus, the mostrelatedprevious work in
graphcsis presetedin [2] whichintroducesanicetechrique
to solve this problem for Catmul-Clark subdvision surfaces.
This methoddoes simulationsin the surfaceparametrization
spaceand alleviates parametrizatiordistortionshby incorpo-
rating the metric tensor Though the amount of distortion
was redue@d signi cantly, it still exists and is noticealte.
There hasnot beea ary techniqgiesto competely eliminate
suchparametrizatiordistortionsasfar aswe know. In addi-
tion to distortions,it is alsohardto simulateincompressible
o ws in the parametrizion spaceby enforcingthe zerodi-
vergencepropety. Onthe cortrary, the methal presetedin
this pape directly simulatesuids on surfacemeshes.Our
methal eliminatesdistortionsandguaranteesthe zerodiver-
gercepropety.

Background

The PoissonEquation

Originally emeging from IsaacNewton's law of gravitation,
thePoissorequationwith Dirichlet boundary condtion is for-
mulatedas

r2f=r ow;

fie =fie: @)

wheref is an unknonvn scalarfunction, w is a guidance
vedor eld, f® providesthe desirablevalueson the bound-

aryof -, r2 = % + &+ % is the Laplacian op-
— @vx @v @v; ; I
erator r ¢w = “Zx + @ T & is the divergene of

w = (wx;Wy;W;). Sincethe Poissonequation de nesthe
Lapladan of an unknown scalar function, solving the equa
tion is actudly the processof recorstructingthe scalarfunc-
tion from its locd differentialpropety.

Vector Field Deconposition

Fluid simulationis closelyrelatecto Helmholtz-Halgevedor
eld demmposition[10] which uniquely exists for a smooth
3D vector eld w de nedin aregion- :

w=rA+r £ A+ h; 2)
whereA is a scalarpotential eld withr £ (r A) = 0, Ais
a vector potertial eld with r ¢(r £ A) = 0, andh is a
eld thatis bothdivergenceandcurl free. The uniquenessof
this decanpositionrequiresproper boundarycondtions. The
scalampotential eld A from thisdecanpositionhapgensto be
the solutionof thefollowing least-squaresiinimization

ZZ
mgn kr Aj wk?dA; 3)

whosesolutioncanalsobe obtainal by solving the Poisson
equdion,r 2A=r ¢w.

DiscreteFields and
Decomposition

Oneprerequsite of solving differentialequdions over a tri-
anglemeshis to overcomeits irregular conrectiity in com-
parisonto a regular image or voxel grid. One recert ap-
proachto circumventthis dif cu Ity is to approxmatesmooth
elds with discreteelds rst andthenrede ne the differen-
tial propetiesandequationsfor thediscreteelds [11,12]. A
discretevedor eld onatrianglemeshis de ned to bepiece
wise corstantwith a constantvedor within ead triangle. A
discretq)otela)tialeld isde nedto beapiecaviselinearfunc-
tion,A(x) = ; Bi(x)A, with B; beingthepiecevise-linear
basisfunctionvalued1 atvertex vi andO atall othervertices,
andA beingthevalueof Aatv;.



For a discretevector eld w on a meshiits divergenceat
vertex v; canbede nedto be

(Divw)(vi) = r Bic ¢wjTyj
T 2N (i)

4)

whereN (i) is the setof trianglessharingthe vertex v;, jTkj
is the areaof triangle Ty, andr Bjx is thegradientvedor of
B; within Ty. Notethatthis divergene is depaden on the
geametryand1l-ring structureof the undelying mesh.

Given the de nitions of discrete elds and their diver-
gerce, the discretePoissonequdion [12] canbe expressed
as

Div(r A) = Divw; (5)

whichis actually a sparsdinearsystem,

Af = b: (6)

that canbe solved numeically usingthe corjugate gradient
methal. We still call (5) the Poissonequation for corve-
nience.

Overview

Our methodsimulatesinviscid andincompressible uids on
mesheghat are manifold surfaces. The basicequdions for
such uids in a3D spaceare:

5¢du = 0

)
a

@ (8)

A numericd implementéion solving the abose incom-
pressibleschemeconsistf the following basicstepd8]:

i (ueb)uj 5P+ f

1. Conpute an intermediate uid velodaty eld, fu®°g,
from (8) ignoring the pressurdermby rst addingex-
ternalforcetimesthetime step,andthensolvingthead-
vectionpart(u ¢r )u by usingsemi-Lagragiantracing

[71;

2. Obtainthepressurd® by solvingthe Poissorequation,
1
2p — _* a.
r P = 4tr ¢u”; (9)
where 4 t is thesizeof thetime step;

3. Obtainthe divergencefree componer of f u®g by sub-
tractingthe gradien of P from the intermediateveloc-
ity,

u=u’j 4tr P: (10)

4. Advect the density eld “2usingsemi-Lagragian trac-
ing aggin.

We adapt thesestepsrom regular 3D gridsto meshesvith
irregularcomectvity. Beforerevisingthesestepswe neel to
clarify the discretizationschene on meshesrst. Following
thede nition of discreteeld s on mesheswe de neaveloc
ity eld asapiecaviseconstanwvedor eld andapressurer
density eld asa piecavise linearscalar eld. The constah
velodty vector within ead triangleis de ned at the certer
of thetrianglewhile pressurer densityvalues arede nedat
the meshvertices. The pressureor dersity at a point inside
atriangleis linearly interpolatedrom thevalues atthe three
verticesof the triangle using the baryentric coardinatesof
thepointasinterpolationcoef cients.

With suchadiscretizatiorschen@ on meshesye summa-
rize the revisions of the abore numeical simulationas fol-
lows.

2 |n the rst step,we addthe acelerationonto the ve-
locity eld andthensolve velodty adwection by imple-
mentingsemi-Lagrangan tracingon the meshsurface.
Detailswill beintroducedn the next section.

2 |n the secom step,to solve the Poissonequdion for
pressureon mesheswe replacethe original equdion
with the discretePoissonequation in (5). In the cur
rent contet, the unknowns in the equdion shouldbe
pressurevaluesat the meshvertices. To be consistent,
we alsomultiply theright hard sideof (5) with ﬁ. The
solutionto this equation is a piecavise linear pressure
functionde nedover themeshsurface.

2 |n the third step,the original schemecan be followed
without ary changp sincethereis a constantintermedi-
atevelocity vedor within ead triangleandthegradien
of the pressurdunctionis alsoa constantector within
eachtriangle. This stepenforce incompressibiliy.

2 |n thelaststep,we alsoneedto adat semi-Lagrangn
tracing for dersity advection which will also be dis-
cussedn thenext section.

Theserevisionsprodiwce aworking numeical solutionfor vi-
sual uid simulationonmeshesWewill discussn detailhow
to performthe adwection of velocity anddersity elds in the
next section.



Advection on Meshes

Semi-Layrangiantracingis thekey compmpnentof themethod
we useto performthe adwection of both velodty elds and
dersity elds. In a 3D spacejf we would like to obtainthe
adwectedvelodty at a pointr with the reversedvelodty di-
rectionu’, semi-Lagrang@n tracingis simply carriedout by
transportinghevelocity atr + u"dt tor, wheredt is thetime
step.

Performingsemi-Lagran@n tracing on meshs is more
comgicated. Sincethe velocity of a triangleis de ned at
its center velodty tracingalwaysstartsfrom the certer of a
triangle. On the otherhand sincedersity (scalar)valuesare
de nedonverticeswe have to starttracingfrom there.How-
ever, the reversedvelocity direction at a vertex is not well
de nedwithout a carefulinterpolationschene. In this sec-
tion, we rst describeamethodto adwectvelodties, andthen
gereralizeit to solve theadwection of density(scalar) elds.

Advection of Velocity Fields

In a 3D spacethe destinationof semi-Lagran@n tracingis
still in the samespace However, on a curved meshsurface,
r + u'dt is not neessarilyon the samesurfaceary more.
To overcomethis dif cu lty, the key point is to geneate a
curved trajectoryon the meshby wrappingthe tracingdirec-
tion arownd the surfaceand treatingthe sharededgeof two
adja@nt facespropely whenthe trajectorycrossest from
one of the faces. It is naturalto requirethat the trajectory
cortinue in the adja@nt facefrom its intersectionwith the
sharecedee.

Figurel: FlatteningfacesTy andT;: rotatefaceTg to
the sameplaneas T4, androtatethe velocity
vectorusingthe samematrix operation.

How canwe de ne the tracing direction on the adjacent
faceto guaanteecontinuty? The situationis shavn in Fig-

urel. We rst needto de ne the continuity of vedor elds

acrossfaces. Thevedor eld ontwo adjaentfacesis con

sideredto be continwobusat their sharededgeif theresulting
vedor eld from thefollowing operationis continuaisatthe
sharededge: the opaation simply rotateoneof the faces,as
well asthevedorsonit, along thesharededgeontothe plane
wheretheothe faceresides Accordingto thisde nition, it is

straightforvardto de nethetracingdirectionontheadja@nt
face.Notethattherearetwo possiblechdcesin theabove ro-

tation. More reasonhly we usethe onethatmakestwo faces
endup ondifferentsidesof theedge Thisguarateesthatour
algorithmdegeneratsinto theoriginal uid algorithmfor 2D

spacesvhen the meshis actuallyrepresentin@ at surface.
And this is animportantissuewhenadafing the original al-

gorithmfor meshesWe call it degeneacy concern.

Figure2: Thevelocity vectorattheendof atracedtra-
jectoryin faceT; is transportedo the begin-
ning of the trajectoryat the centerof faceTy.
Thex-axisof thelocalframein Ty is thestart-
ing tracingdirection.

Oncethe end of the trajectoryhasbeen reache, the ve-
locity thereneals to be transportedo the point where we
startedtracing.In a 3D spacevelodty vedorscanbesimply
translated.However, on a meshsurface,a translatedveaor
will notnecessarily belorg to the samesurfacearny more. In
addition, a curved surfacechangeits orientationconstarly.
Translatedredorscanrot re ect this orientationchange.Our
solutionto this problemis basedon local framesde nedin
the startingfaceandthe terminatingfaceof thetrajectory It
isillustratedin Figure2. We de nealocd frameinsideatri-
anglefacewith respecto a tracingdirectionasfollows. The
unit vedor alongthe speci c tracingdirectionin the faceis
the x-axis. The normalvector of the faceis the y-axis. The



z-axisis simply the crossprodict betwea the x- andy-axes.
A mapping betwee vectorsin thetwo facescanbe de ned.
A vedor in thesecondocal frameis mappel to the vectorin
the rst framewith the samelocal coordnates. We usethis
mappng to transportdesirablevelodty vectas from theter
minatingfaceof thetrajectoryto the startingface. Note that
boththe locd framesand magping charge whenthe tracing
directioncharges. This schene alsodegenerate into vector
translationin 2D whenthemeshis actudly representing at

surface.

Velocity Inter polation

Note thatin this pape, a velodty eld is representedsa
piecavise constah vedor eld. The velocities at triangle
edgesarenot continwus. Therefore the velodty at theend
of the tracedtrajectoryshouldbe rst smoothlyinterpolated
beforebeing transportedo avoid visual discontinuties and
otherartifacts. Beforeintroducirg our generinterpolation
schemelet us rst look athow to interpolae thevelodty ata
vertex.

Figure3: Velocity interpolation at a vertex whose
neighboringfacesareformedby folding a at
surface.

The rst choice we tried is to performvector interpolation
in the 3D space Unfortundely, we foundit to be problem-
atic. Considerthe situationin Figure3, wherewe would like
to interpolatethe velodty atv,. Theresultfrom simple3D
interpolationshouldbe closeto zero. But this con icts with
thefactthatneighboringfacesof v, forma at surfacewhen
beingunfolded andin that planeall velodties arethe same.
Naturally, thevelocity atv 4 is expectedto bethe sametoo.

To correctlyinterpolae the velocity at a vertex, whatwe
really neel is to atten its 1-ring neighborhoa rst. In
this pager, local attening is achieved with af ne mappngs
(paramérizations). In Figure 4, we shav how vedor f is

f¢=aef+ bet

Vo

g W

Figure4: A localafne transformatiorde ned by map-
ping two basisvectorsey ande;.

mappel when the triangleit lies on is transformedo a dif-
ferentshape Supposeunit vedors ey ande; collinea with
two edgesof thetriangleshavn in the gure aretransformed
to €9 ande?. If we conside e, ande; asthe basisvedors
of anafne frame,the transformedvectorsed ande de ne
anew afn e frame. An afne transformbetwee the origi-
nal andnew afn e framescanbe easilyderived. This af ne
transformcanbe appliedto ary vedor de nedin the origi-
nal frameto obtainits correspoding new vedor in the nen
frame. Meanwlile, theinverseaf ne transformis alsowell-
de nedsoa vector canbe mappedfrom the new framebadk
to theoriginal frame.

Figure5: Vertex velocity interpolation in a local
parametrizatiomplane.

With thesedlocal af n e mapping, velodty interpolationat
avertex proceedsasfollows. We performthe unfolding pro-
cessasin Figure5. We mapthe unit vectas pointing from
v; towardsits neighloring vertices onto a unit circle lying
on a paramérization planesuchthat the relative proportion
of their andes is presered. A local afne transformcan
be derived for eachfaceadja@ntto v; usingthesemappel
unit vectors. Then the velodty vedor at eachfacecenteris
mappé to a new vector on the paramérization planeusing
thederived af n e transformfor the face. Theweighted aver-
ageof thetransformedrelocity vectasis theaveragevelocity
atvertex v; in the paramédrizationplare. Theangleof aface
at this vertex is usedasthe weight. Note thatthereis a dis-



tinctaf ne transformfor eat face theaveragevelocity in the
paranetrizationplanecanna be uniquely mappée badk onto
themesh.

Figure6: Velocity interpolationwithin atriangle.

Our generdvelocity interpolationschene is illustratedin
Figure6. Assumewe areinterpolatingthe velocity at pointp
on faceTy whoseverticesarevg, vq, andv,. Also assume
p is within thetriangleformedby v, v, andcy whichis the
certer of faceTy. We usetheinterpolatedveloaty of vg, v1
(mappa backontofaceT,) andthefacevelocity of Ty atits
certer to interpolde thatof p. Naturally the baryentric co-
ordinates of p with respectto this smallertriangle are used
asthe averagingweights. To ensurethe continuty of inter-
polated velodty acrosghe sharededgeof two adjacet faces,
this scheneneedto beenhanced

SupposeTy andT; aretwo adjaentfacesandvgy andv,
arethe verticesof their sharededee. If we atten the 1-ring
structureat v, therearetwo distinctaf n e mapping associ-
atedwith To andT,, respectrely. Vertex vy hasanaverage
velocity in its local paramérizationplare. Theinverseaf ne
transformassociateavith To mapsthis average velocity back
to avecta uy, coplararwith To. A vedor ug; coganarwith
T, canalsobe geneatedsimilarly. In gereral, u, anduy,
are not the sameeven if we atten Ty and T, into a plane
alongtheir sharededge. We decidel to linearly interpolae
betweenthesetwo vedorsto achieve continuaisinterpolated
velocity atthesharededge Supmsethecerterof Ty iscg and

the centerof T is c;. Let pbethe ande betwea linesvyp
andvgco, £ betheande betwee linesvgc, andvgcy after
attening. Theinterpolationcoef cientbetwesnuy, anduy,
is de nedto be £. Thus, theinterpolatedvelogty atvy is

H 1
liE

£

Moy,
uf = Uo + Uk (12)
Theinterpolate velocity u¥ atv, is de nedsimilarly. The

nal interpolatedvelocity u, atp is

Up = Rug+ uy+ (1 ®j _)ug (12)
where uB is the face velocity at the certer of Tp, and
(® ;1i ®; ) representhebaryceantric coordindesof p
insidethetriangleformedby vy, v; andcy.

Advection of Scalar Fields

At the last substef eachtime step,the scalardersity eld
is adwectedandinterpolated.This partonly differsfrom the
adwection of the velocity eld in two aspects.For a dersity
eld de ned on vertices, it is not obvious from which face
to startthe tracingandwith whatvelocity. We usethe aver
agevertex velodty in its paranetrizationplaneto determine
the facewherethe velocity vedor lies and mapthe average
velodty bad ontoit. And the restof tracingis exactly the
sameasthatof velocity eld. Unlike velodty adwection, we
donotneel to transporivecorsandperformvectorinterpola-
tion. Densityinterpolationattheendof thetrajectoryis much
simplersincedersity valuesarede nedon verticesinsteadof
facecenters We only needto usethe baryentriccoadinates
of theendmint of thetrajectorywith respecto theverticesof
theterminatingfaceto interpolatefrom the dersity valuesat
thosevertices.Theinterpolaed densityis depaitedontothe
vertex wherethetracingstarted.

Implementation

The sparsematrix equation in (6) can be solved using ei-
ther conjugate gradient (CG), or premnditional cornjugate
gradient (PCG).In the caseof PCG,we usethe Incomgete
Cholesly Fadorization(ICF) asin [8].

To hardle mesheswith openbourdaries,a few placesin
the implemernation needto be modi ed. Whensolving the
Poissonequdion for pressure,the pressurevalues on the



Figure8: Densityis periodicallydepositedntothetop of a Pawn model,andgravity drivestherestof thesimula-
tion. Themeshhas130050verticesand260096faces.

Figure9: Fluid o wsonaBunry model. Themeshhas139122verticesand277804faces.

L X J

Figure7: Fluid o ws on a Spheremodelwith a striped
initial density distribution. The mesh has
98306verticesand196608faces.

meshboundariesareacttally the bourdary cordition for the
Poissorequation. In practice we useDirichlet boundary con-
ditionsandsetthe pressurdo be 0 at boundaryvertices.The
cod cient matrixin (6) needto beadjustedo accanmodae
this type of bourdary conditions. Whensettingup the local
afn e transformsduring velodty interpolationat bourdary
vertices, we keep the original andes when they are mapped
into theparamérizationplaneunlesshe summatiorof all the
andessurroundhg avertex exceed 2% whichin practicewe
did not noticeary. Semi-Lagangiantracingcango beyond
the meshbourdary, in which casesmoothlydeaeasingthe

Figure10: Fluid ows on a high genusTorus model.
The meshhas271356verticesand 542720
faces.

densityhelpsprevent undesirablediscontinities. Note that
our currentimplemertation doesnot enforcezerodivergene
attheboundaryvertices.

Experimental Results

Listed herearethe resultsof several examples. In the Pawn
example shawvn in Figure 8, we periodially deposit dersity



Figurell:Fluid o ws on the Hypersheeimodel. The
meshhas117877verticesand234752faces.

ontothetop of it, andlet gravity drive the restof the simu-
lation. The mockl is derived from an original Pawn mocel
after ve iterationsof Loop subdvision. If we run our pro-
gramon the original coarsePawn model with 1625 faces,
we can achieve a framerate of 6fpson a 1.7GHz Pertium
IV Xeon processor Becauseof incompessibility, the uid
movesin the opposite direction of gravity in someregions.
In termsof the bunny modelshowvn in Figure 9, we initially
placedersity ashorizortal strips,andusegravity to pull them
down. Notethatthe bunny modelis not a waterprod mockel
andhassomeholeson the bottomandbetwea the forelegs.
The uid movesinterestinglyarourd theseregions. The uid
behavior at openmeshboundariesis even moreclearin the
hypersheemodé shavn in Figure 11 wherethe uid escaps
whencrossingheboundary We useDirichlet bourdarycon-
dition for both examples. Note thatit is alsoa straightfor
wardimplemenationto re ect the uid velodty vector once
it reacestheboundary In thetriple torusexample shavn in
Figure 10, we shav our methodworks equally well for high
gerusmockels.

Thevideosfor theexamplesin this paper maybefoundat:

http://  www-sal.cs. uiuc.edulyy  z/
research /surface _flow

Discussiors

In this pape, we describeda novel uid simulationmethod
directly performed on triangle meshes. It eliminates
paranetrizationdistortionsandenforcesincomgressibilty on
closedsurfaces. This work canbe potertially genealizedto
other types of manifold meshesand even unstructured3D
grids. So far our algorithmworks for inviscid and incom-
pressible uid simulation. For a more complicded and re-
alistic uid solver, further studiesof the undelying physics

foundaion is essential. We would alsolike to improve the
performane of our solver espeally by usinganappopriate
precorditionerfor the corjugategradien methal.
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