
Invisc id and Incompress ible Fluid Simulation on

Triangle Meshes

Lin Shi YizhouYu

ComputerScience,Universityof Illinois atUrbana-Champaign

201NorthGoodwinAvenue,Urbana,IL 61801,USA

email: f linshi,yyzg@uiuc.edu

Simulating �uid motion on manifold surfacesis an in-
terestingbut rarely explored areabecause of the dif�cu lty
of establishingplausible physical models. In this paper,
we introducea novel methodfor inviscid �uid simulation
over meshes.It canenforceincompressibility on closedsur-
facesby utilizing a discretevector �eld decompositional-
gorithm. It alsoincludeseffective implementationsof semi-
Lagrangiantracingandvelocity interpolationschemes. Dif-
ferentfrom previouswork, our method performssimulations
directly on trianglemeshes andthuseliminatesparametriza-
tion distortions.Our implementationcanproduceconvincing
�uid motionon surfacesandhasinteractive performancefor
mesheswith tensof thousandsof faces.
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Intr oduction
Fluid simulationon manifoldsis a challenging problem with
many applications.Therehasbeen previouswork in thephys-
ical scienceswhich deals with �uid �o w on a sphere,which
canserve asa model for our atmosphere. In graphics, such
simulationsprovide a means to con� ne �uid �o ws to a geo-
metricshape andcanbeusedfor creatinginterestingspecial
visual effects,suchasobjectswith elegant dynamic appear-
ancesandsoapbubbleswith swirling diffractionpatterns.

Existingphysics-based equationsfor �uid dynamicswork

in 3D spaces. Simulating�o wson�at surfacescanbeconsid-
eredasa specialcaseof 3D simulation.However, dueto the
geometric properties of curved surfaces,physically accurate
�uid simulationson surfacesare still being investigatedby
researchers[1]. Ourgoalin graphics is to developtechniques
thatcanproducevisuallyconvincing,physicallyplausiblere-
sults. Stam[2] proposedsucha solution for Catmull-Clark
subdivision surfaces[3]. His method performs�uid simula-
tion in the2D parametrization spaceof acurved surface.

In this paper, we provide a solution for triangle meshes
whicharewidely usedfor representingfree-formobjectsand
canserve asthe control polyhedra of Loop subdivision sur-
faces[4]. Our methoddirectly simulatesan incompressible
and inviscid �uid on a meshinsteadof its parametrization
space. Becausea meshis a discretizationof an underlying
smoothsurface,ourstrategy is to usethissamediscretization
or its subdivisionsfor �uid simulationaswell andadapt ev-
erystepof apreviousnumerical solutionfor regular 3D grids
to this irregular surfacediscretization.During suchadapta-
tion, we maintainimportant physical propertiesof the �uid .
We demonstratethat our methodnot only eliminatesdistor-
tions and guaranteesthe zero divergence property, but also
producesvisually convincing results.
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RelatedWork
The modeling of �uid phenomena hasreceived muchatten-
tion from thecomputergraphicscommunity over thelasttwo
decades. Recent work in this directionsimulatesthe equa-
tions of �uid dynamics. Foster and Metaxas [5] usedrela-
tively coarse grids to produce nice smoke motion in three-
dimensions.Their simulationsarestableonly whenthetime
stepis suf�cie ntly small. To alleviatethis problemandmake
thesimulationsmoreef�c ient,Stamintroduced a new model
which is unconditionallystableandcould berunatany speed
[6]. This was achieved using a combination of a semi-
Lagrangianadvectionscheme[7] andimplicit solvers. Fed-
kiw et. al. [8] introduced vorticity con�nementanda higher-
orderinterpolationtechnique.As aresult,thesimulationscan
keep �ner detailson relatively coarsegrids. Wei et. al. [9]
simulatedthemotionanddeformationof lightweightobjects
in awind generatedby theLattice-BoltzmannModel.

The focusof this paper is surface�o ws while the afore-
mentioned�uid simulationtechniquesareall concernedwith
volumetric �uids. Thus, the most relatedprevious work in
graphics is presentedin [2] whichintroducesanicetechnique
to solve thisproblem for Catmull-Clark subdivisionsurfaces.
This methoddoes simulationsin thesurfaceparametrization
spaceandalleviatesparametrizationdistortionsby incorpo-
rating the metric tensor. Though the amount of distortion
was reduced signi�cantly, it still exists and is noticeable.
There hasnot been any techniquesto completely eliminate
suchparametrizationdistortionsasfar aswe know. In addi-
tion to distortions,it is alsohardto simulateincompressible
�o ws in the parametrization spaceby enforcingthe zerodi-
vergenceproperty. On thecontrary, themethod presented in
this paper directly simulates�uids on surfacemeshes.Our
method eliminatesdistortionsandguaranteesthezerodiver-
genceproperty.

Background

The PoissonEquation
Originally emerging from IsaacNewton's law of gravitation,
thePoissonequationwith Dirichlet boundarycondition is for-
mulatedas

r 2f = r ¢w; f j@­ = f ¤ j@­ ; (1)

where f is an unknown scalar function, w is a guidance
vector �eld, f ¤ providesthe desirablevalueson the bound-
ary of ­ , r 2 = @2

@x 2 + @2

@y2 + @2

@z2 is the Laplacian op-

erator, r ¢w = @wx
@x + @wy

@y + @wz
@z is the divergence of

w = (wx ; wy ; wz ). Sincethe Poissonequation de�nes the
Laplacian of an unknown scalar function, solving the equa-
tion is actually theprocessof reconstructingthescalarfunc-
tion from its local differentialproperty.

Vector Field Decomposition
Fluid simulationiscloselyrelatedtoHelmholtz-Hodgevector
�eld decomposition[10] which uniquely exists for a smooth
3D vector �eld w de� nedin a region ­ :

w = r Á + r £ À+ h; (2)

whereÁ is a scalarpotential �eld with r £ (r Á) = 0, À is
a vector potential �eld with r ¢(r £ À) = 0, and h is a
�eld that is bothdivergenceandcurl free. Theuniquenessof
thisdecompositionrequiresproperboundaryconditions. The
scalarpotential�eld Á from thisdecompositionhappensto be
thesolutionof thefollowing least-squaresminimization

min
Á

Z Z

­
kr Á ¡ wk2dA; (3)

whosesolutioncanalsobe obtained by solving the Poisson
equation, r 2Á = r ¢w.

DiscreteFieldsand

Decomposition
Oneprerequisite of solving differentialequations over a tri-
anglemeshis to overcomeits irregularconnectivity in com-
parisonto a regular image or voxel grid. One recent ap-
proachto circumventthisdif�cu lty is to approximatesmooth
�elds with discrete�elds �rst andthenrede�ne thedifferen-
tial propertiesandequationsfor thediscrete�elds [11, 12]. A
discretevector �eld ona trianglemeshis de�ned to bepiece-
wiseconstantwith a constantvector within each triangle. A
discretepotential�eld isde� nedtobeapiecewiselinearfunc-
tion,Á(x) =

P
i B i (x)Ái , with B i beingthepiecewise-linear

basisfunctionvalued1 atvertex v i and0 atall othervertices,
andÁi beingthevalueof Á at v i .
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For a discretevector �eld w on a mesh,its divergenceat
vertex v i canbede� nedto be

(Divw)(v i ) =
X

Tk 2 N ( i )

r B ik ¢wjTk j (4)

whereN (i ) is thesetof trianglessharingthevertex v i , jTk j
is theareaof triangleTk , andr B ik is thegradientvector of
B i within Tk . Note that this divergence is dependent on the
geometryand1-ringstructuresof theunderlying mesh.

Given the de� nitions of discrete�elds and their diver-
gence, the discretePoissonequation [12] can be expressed
as

Div(r Á) = Divw; (5)

which is actually asparselinearsystem,

Af = b; (6)

that canbe solved numerically usingthe conjugate gradient
method. We still call (5) the Poissonequation for conve-
nience.

Overview
Our methodsimulatesinviscid andincompressible�uids on
meshesthat aremanifold surfaces. The basicequations for
such�uids in a 3D spaceare:

5 ¢u = 0 (7)
@u
@t

= ¡ (u ¢5 )u ¡ 5 P + f (8)

A numerical implementation solving the above incom-
pressibleschemeconsistsof thefollowing basicsteps[8]:

1. Compute an intermediate�uid velocity �eld, f u¤g,
from (8) ignoring the pressureterm by �rst addingex-
ternalforcetimesthetimestep,andthensolvingthead-
vectionpart(u ¢r )u by usingsemi-Lagrangiantracing
[7];

2. ObtainthepressureP by solvingthePoissonequation,

r 2P =
1

4 t
r ¢u¤; (9)

where4 t is thesizeof thetime step;

3. Obtainthedivergencefreecomponent of f u¤g by sub-
tractingthegradient of P from the intermediateveloc-
ity,

u = u¤ ¡ 4 tr P: (10)

4. Advect the density�eld ½usingsemi-Lagrangian trac-
ing again.

Weadapt thesestepsfrom regular 3D gridsto mesheswith
irregularconnectivity. Beforerevisingthesesteps,weneed to
clarify the discretizationscheme on meshes�rst. Following
thede�nition of discrete�eld sonmeshes,we de�neaveloc-
ity �eld asapiecewiseconstantvector �eld andapressureor
density�eld asa piecewise linear scalar�eld. The constant
velocity vector within each triangle is de�ned at the center
of thetrianglewhile pressureor densityvalues arede� nedat
the meshvertices. The pressureor density at a point inside
a triangleis linearly interpolatedfrom thevalues at thethree
verticesof the triangleusing the barycentric coordinatesof
thepoint asinterpolationcoef� cients.

With sucha discretizationscheme on meshes,we summa-
rize the revisionsof the above numerical simulationas fol-
lows.

² In the �rst step,we add the accelerationonto the ve-
locity �eld andthensolve velocity advection by imple-
mentingsemi-Lagrangian tracingon the meshsurface.
Detailswill beintroducedin thenext section.

² In the second step, to solve the Poissonequation for
pressureon meshes,we replacethe original equation
with the discretePoissonequation in (5). In the cur-
rent context, the unknowns in the equation shouldbe
pressurevaluesat the meshvertices. To be consistent,
wealsomultiply theright hand sideof (5) with 1

4 t . The
solutionto this equation is a piecewise linear pressure
functionde� nedover themeshsurface.

² In the third step,the original schemecanbe followed
without any change sincethereis a constantintermedi-
atevelocity vector within each triangleandthegradient
of thepressurefunctionis alsoa constantvector within
eachtriangle.This stepenforces incompressibility.

² In the laststep,we alsoneedto adapt semi-Lagrangian
tracing for density advection, which will also be dis-
cussedin thenext section.

Theserevisionsproduceaworkingnumerical solutionfor vi-
sual�uid simulationonmeshes.Wewill discussin detailhow
to performtheadvection of velocity anddensity �elds in the
next section.
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Advectionon Meshes
Semi-Lagrangiantracingis thekey componentof themethod
we useto performthe advection of both velocity �elds and
density �eld s. In a 3D space,if we would like to obtainthe
advectedvelocity at a point r with the reversedvelocity di-
rectionu r , semi-Lagrangian tracingis simply carriedout by
transportingthevelocity at r + u r dt to r , wheredt is thetime
step.

Performingsemi-Lagrangian tracing on meshes is more
complicated. Since the velocity of a triangle is de�ned at
its center, velocity tracingalwaysstartsfrom thecenter of a
triangle. On theotherhand, sincedensity (scalar)valuesare
de� nedonvertices,wehaveto starttracingfrom there.How-
ever, the reversedvelocity direction at a vertex is not well
de� nedwithout a careful interpolationscheme. In this sec-
tion, we �rst describeamethodto advectvelocities,andthen
generalizeit to solve theadvection of density(scalar)�elds.

Advectionof Velocity Fields
In a 3D space,thedestinationof semi-Lagrangian tracingis
still in thesamespace. However, on a curved meshsurface,
r + u r dt is not necessarilyon the samesurfaceany more.
To overcome this dif�cu lty, the key point is to generate a
curved trajectoryon themeshby wrappingthetracingdirec-
tion around the surfaceandtreatingthe sharededgeof two
adjacent facesproperly when the trajectorycrossesit from
one of the faces. It is naturalto requirethat the trajectory
continue in the adjacent facefrom its intersectionwith the
sharededge.

0T

1T

1T

0T

Figure1: FlatteningfacesT0 andT1: rotatefaceT0 to

the sameplaneasT1, androtatethe velocity

vectorusingthesamematrixoperation.

How can we de�ne the tracing direction on the adjacent
faceto guaranteecontinuity? Thesituationis shown in Fig-

ure 1. We �rst needto de�ne the continuity of vector �elds
acrossfaces.The vector �eld on two adjacent facesis con-
sideredto becontinuousat their sharededgeif the resulting
vector �eld from thefollowing operationis continuousat the
sharededge: theoperationsimply rotateoneof the faces,as
well asthevectorson it, along thesharededgeontotheplane
wheretheother faceresides.Accordingto thisde� nition, it is
straightforwardto de� nethetracingdirectionon theadjacent
face.Notethattherearetwo possiblechoicesin theabovero-
tation.More reasonably we usetheonethatmakestwo faces
endupondifferentsidesof theedge. Thisguaranteesthatour
algorithmdegenerates into theoriginal �uid algorithmfor 2D
spaceswhen themeshis actuallyrepresentinga �at surface.
And this is animportantissuewhenadapting theoriginal al-
gorithmfor meshes.We call it degeneracy concern.
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�
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�
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�

z
�

z
�

0T 1T

0C

Figure2: Thevelocity vectorat theendof a tracedtra-

jectory in faceT1 is transportedto the begin-

ning of the trajectoryat thecenterof faceT0.

Thex-axisof thelocal framein T0 is thestart-

ing tracingdirection.

Oncethe endof the trajectoryhasbeen reached, the ve-
locity thereneeds to be transportedto the point where we
startedtracing.In a 3D space, velocity vectorscanbesimply
translated.However, on a meshsurface,a translatedvector
will not necessarily belong to thesamesurfaceany more. In
addition,a curved surfacechange its orientationconstantly.
Translatedvectorscannot re�ect thisorientationchange.Our
solutionto this problemis basedon local framesde� nedin
thestartingfaceandtheterminatingfaceof thetrajectory. It
is illustratedin Figure2. Wede� nea local frameinsidea tri-
anglefacewith respectto a tracingdirectionasfollows. The
unit vector alongthe speci�c tracingdirectionin the faceis
thex-axis. Thenormalvector of the faceis they-axis. The
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z-axisis simply thecrossproduct between thex- andy-axes.
A mapping between vectorsin the two facescanbede� ned.
A vector in thesecondlocal frameis mapped to thevector in
the �rst framewith the samelocal coordinates. We usethis
mapping to transportdesirablevelocity vectors from the ter-
minatingfaceof thetrajectoryto thestartingface.Notethat
both the local framesandmapping change whenthe tracing
directionchanges. This scheme alsodegenerates into vector
translationin 2D whenthemeshis actually representinga�at
surface.

Velocity Inter polation

Note that in this paper, a velocity �eld is representedas a
piecewise constant vector �eld. The velocities at triangle
edgesarenot continuous. Therefore,the velocity at the end
of the tracedtrajectoryshouldbe �rst smoothlyinterpolated
beforebeing transportedto avoid visual discontinuities and
otherartifacts. Beforeintroducing our general interpolation
scheme, let us�rst look athow to interpolate thevelocity ata
vertex.
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Figure3: Velocity interpolation at a vertex whose

neighboringfacesareformedby folding a �at

surface.

The�rst choice we tried is to performvector interpolation
in the 3D space. Unfortunately, we found it to be problem-
atic. Considerthesituationin Figure3, wherewe would like
to interpolatethe velocity at v4. The resultfrom simple3D
interpolationshouldbecloseto zero. But this con� icts with
thefactthatneighboringfacesof v4 form a �at surfacewhen
beingunfolded andin that planeall velocities arethe same.
Naturally, thevelocity at v4 is expectedto bethesame,too.

To correctly interpolate the velocity at a vertex, what we
really need is to �atten its 1-ring neighborhood �rst. In
this paper, local �attening is achieved with af�ne mappings
(parametrizations). In Figure 4, we show how vector f is

0 1f e ea b¢ ¢ ¢= +

0v¢
1v¢

2v¢

0e¢

1e¢

0e

0 1f e ea b= +

0v

1e

1v

2v

Figure4: A localaf�ne transformationde�ned by map-

ping two basisvectorse0 ande1.

mapped when the triangle it lies on is transformedto a dif-
ferentshape. Supposeunit vectors e0 ande1 collinear with
two edgesof thetriangleshown in the�gure aretransformed
to e0

0 ande0
1 . If we consider e0 ande1 asthe basisvectors

of anaf�ne frame,the transformedvectorse0
0 ande0

1 de�ne
a new af�n e frame. An af�ne transformbetween the origi-
nal andnew af�n e framescanbeeasilyderived. This af�ne
transformcanbe appliedto any vector de�ned in the origi-
nal frameto obtainits corresponding new vector in the new
frame. Meanwhile, the inverseaf�ne transformis alsowell-
de�nedsoa vector canbemappedfrom thenew frameback
to theoriginal frame.
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Figure5: Vertex velocity interpolation in a local

parametrizationplane.

With theselocal af�n e mappings, velocity interpolationat
a vertex proceedsasfollows. We performtheunfoldingpro-
cessasin Figure5. We mapthe unit vectors pointing from
v i towardsits neighboring vertices onto a unit circle lying
on a parametrization planesuchthat the relative proportion
of their angles is preserved. A local af�ne transformcan
be derived for eachfaceadjacent to v i usingthesemapped
unit vectors. Then the velocity vector at eachfacecenteris
mapped to a new vector on the parametrization planeusing
thederived af�n e transformfor theface.Theweightedaver-
ageof thetransformedvelocity vectorsis theaveragevelocity
at vertex v i in theparametrizationplane. Theangleof a face
at this vertex is usedasthe weight. Note that thereis a dis-
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tinct af�ne transformfor each face,theaveragevelocity in the
parametrizationplanecannot beuniquely mapped back onto
themesh.
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Figure6: Velocity interpolationwithin a triangle.

Our general velocity interpolationscheme is illustratedin
Figure6. Assumeweareinterpolatingthevelocity atpointp
on faceT0 whoseverticesarev0, v1, andv2. Also assume
p is within thetriangleformedby v0, v2 andc0 which is the
center of faceT0. We usetheinterpolatedvelocity of v0, v1

(mapped backontofaceT0) andthefacevelocity of T0 at its
center to interpolate thatof p. Naturally, thebarycentricco-
ordinates of p with respectto this smallertriangleareused
asthe averagingweights. To ensurethe continuity of inter-
polated velocity acrossthesharededgeof two adjacent faces,
this schemeneeds to beenhanced.

SupposeT0 andT1 aretwo adjacent faces,andv0 andv2

aretheverticesof their sharededge. If we �atten the1-ring
structureat v0, therearetwo distinctaf�n e mappings associ-
atedwith T0 andT1, respectively. Vertex v0 hasanaverage
velocity in its local parametrizationplane. Theinverseaf�ne
transformassociatedwith T0 mapsthisaveragevelocity back
to avector uv

00 coplanarwith T0. A vector uv
01 coplanarwith

T1 canalsobe generatedsimilarly. In general, uv
00 anduv

01

are not the sameeven if we �atten T0 and T1 into a plane
along their sharededge. We decided to linearly interpolate
betweenthesetwo vectorsto achievecontinuousinterpolated
velocity atthesharededge. Supposethecenterof T0 is c0 and

thecenterof T1 is c1. Let µ betheangle between linesv0p
andv0c0 , £ betheangle between linesv0c1 andv0c0 after
�attening. Theinterpolationcoef� cientbetweenuv

00 anduv
01

is de�nedto be µ
£ . Thus, theinterpolatedvelocity at v0 is

uv
0 =

µ
1 ¡

µ
£

¶
uv

00 +
µ
£

uv
01: (11)

The interpolated velocity uv
2 at v2 is de�ned similarly. The

�nal interpolatedvelocity up atp is

up = ®uv
0 + ¯ uv

2 + (1 ¡ ®¡ ¯ )u f
0 (12)

where u f
0 is the face velocity at the center of T0, and

(®; ¯ ; 1 ¡ ® ¡ ¯ ) representthebarycentric coordinatesof p
insidethetriangleformedby v0, v1 andc0.

Advectionof ScalarFields
At the lastsubstepof eachtime step,thescalardensity �eld
is advectedandinterpolated.This partonly differs from the
advection of the velocity �eld in two aspects.For a density
�eld de�ned on vertices, it is not obvious from which face
to startthe tracingandwith whatvelocity. We usetheaver-
agevertex velocity in its parametrizationplaneto determine
the facewherethe velocity vector lies andmapthe average
velocity back onto it. And the restof tracing is exactly the
sameasthatof velocity �eld. Unlike velocity advection, we
donotneed to transportvectorsandperformvector interpola-
tion. Densityinterpolationattheendof thetrajectoryis much
simplersincedensity valuesarede� nedonverticesinsteadof
facecenters.Weonly needto usethebarycentriccoordinates
of theendpoint of thetrajectorywith respectto theverticesof
theterminatingfaceto interpolatefrom thedensity valuesat
thosevertices.Theinterpolateddensityis depositedontothe
vertex wherethetracingstarted.

Implementation
The sparsematrix equation in (6) can be solved using ei-
ther conjugate gradient (CG), or preconditioned conjugate
gradient (PCG).In the caseof PCG,we usethe Incomplete
Cholesky Factorization(ICF) asin [8].

To handle mesheswith openboundaries,a few placesin
the implementation needto be modi�ed. Whensolving the
Poissonequation for pressure,the pressurevalues on the
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Figure8: Densityis periodicallydepositedontothetopof aPawn model,andgravity drivestherestof thesimula-

tion. Themeshhas130050verticesand260096faces.

Figure9: Fluid �o wsonaBunny model.Themeshhas139122verticesand277804faces.

Figure7: Fluid �o ws on a Spheremodelwith a striped

initial density distribution. The mesh has

98306verticesand196608faces.

meshboundariesareactually theboundarycondition for the
Poissonequation.In practice,weuseDirichlet boundarycon-
ditionsandsetthepressureto be0 at boundaryvertices.The
coef�cient matrix in (6) needsto beadjustedto accommodate
this type of boundary conditions. Whensettingup the local
af�n e transformsduring velocity interpolationat boundary
vertices,we keep the original angles when they aremapped
into theparametrizationplaneunlessthesummationof all the
anglessurrounding avertex exceeds2¼, which in practicewe
did not noticeany. Semi-Lagrangiantracingcango beyond
the meshboundary, in which casesmoothlydecreasingthe

Figure10:Fluid �o ws on a high genusTorus model.

The meshhas271356verticesand 542720

faces.

densityhelpsprevent undesirablediscontinuities. Note that
our currentimplementationdoesnot enforcezerodivergence
at theboundaryvertices.

Experimental Results
Listedherearethe resultsof several examples. In the Pawn
example shown in Figure8, we periodically deposit density
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Figure11:Fluid �o ws on the Hypersheetmodel. The

meshhas117877verticesand234752faces.

onto the top of it, andlet gravity drive the restof the simu-
lation. The model is derived from an original Pawn model
after � ve iterationsof Loop subdivision. If we run our pro-
gramon the original coarsePawn model with 16256 faces,
we can achieve a frame rate of 6fps on a 1.7GHzPentium
IV Xeon processor. Becauseof incompressibility, the �uid
moves in the oppositedirectionof gravity in someregions.
In termsof thebunny modelshown in Figure9, we initially
placedensity ashorizontal strips,andusegravity to pull them
down. Note that thebunny modelis not a waterproof model
andhassomeholeson thebottomandbetween the forelegs.
The�uid movesinterestinglyaround theseregions. The�uid
behavior at openmeshboundariesis even moreclear in the
hypersheetmodel shown in Figure11wherethe�uid escapes
whencrossingtheboundary. WeuseDirichlet boundarycon-
dition for both examples. Note that it is also a straightfor-
ward implementationto re�ect the�uid velocity vector once
it reachestheboundary. In thetriple torusexampleshown in
Figure10, we show our methodworksequally well for high
genusmodels.

Thevideosfor theexamplesin thispapermaybefoundat:

http:// www-sal.cs. uiuc.edu/˜yy z/
research /surface flow

Discussions
In this paper, we describeda novel �uid simulationmethod
directly performed on triangle meshes. It eliminates
parametrizationdistortionsandenforces incompressibility on
closedsurfaces.This work canbepotentially generalizedto
other typesof manifold meshesand even unstructured3D
grids. So far our algorithm works for inviscid and incom-
pressible�uid simulation. For a more complicated and re-
alistic �uid solver, further studiesof the underlying physics

foundation is essential.We would also like to improve the
performance of our solver especially by usinganappropriate
preconditionerfor theconjugategradient method.
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