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Abstract. We investigate the problem of model checking Interval-valued
Discrete-time Markov Chains (IDTMC). IDTMCs are discrete-time nite
Markov Chains for which the exact transition probabilities are not kndwn.
stead in IDTMCs, each transition is associated with an interval in which the ac-
tual transition probability must lie. We consider two semantic interpretatians fo
the uncertainty in the transition probabilities of an IDTMC. In the rst interpre
tation, we think of an IDTMC as representing a (possibly uncountablei)yfarh
(classical) discrete-time Markov Chains, where each member of thigyfana
Markov Chain whose transition probabilities lie within the interval range given
in the IDTMC. This semantic interpretation we call Uncertain Markov Chains
(UMC). In the second semantics for an IDTMC, which we call Intervalrkbv
Decision Process (IMDP), we view the uncertainty as being resolvedighro
non-determinism. In other words, each time a state is visited, we adwdissar
pick a transition distribution that respects the interval constraints, and take a
probabilistic step according to the chosen distribution. We show that the PCTL
model checking problem for both Uncertain Markov Chain semanticdrated

val Markov Decision Process semantics is decidable in PSPACE. We raige p
lower bounds for these model checking problems.

1 Introduction

Discrete time stochastic models suchzascrete Time Markov Chain®TMCs) have
been used to analyze the correctness, reliability, an@pednce of systems [8, 11, 19,
13]. In a DTMC, the system is assumed to have nitely manyestaand the system's
future behavior is completely determined by its currentesterom each state of the
system, the probability of transitioning to any other giwtate at the next step is xed
and is given by the transition probability matrix of the DTMC

The assumption that the system makes transitions accotaliagxed distribution
at each step and that this distribution is precisely knowermwmodeling, is a strong
assumption that may often not hold in practice [12, 15, 2§, lf4he system being
modeled is an open system, i.e., interacts with an envirobntteen uncertainty in the
transitions may arise due to imperfect information aboetghvironment. For example,
consider a system that interacts with an imperfect comnatioic medium that may lose
messages. The probability of message loss may either depetttbice of the commu-
nication medium or on a complicated, time-varying dependemm events that are not
precisely understood at the time of modeling the system tiarcsource of impreci-
sion is that the transition probabilities in the system nhage often estimated through
statistical experiments, which only provide bounds on thaedition probabilities.



In order to faithfully capture these system uncertaintiessiochastic models,
the model ofinterval-valued Discrete-time Markov Chains (IDTM@as been intro-
duced [12, 14]. These are DTMC models where the exact priiyatfi taking a state
transition is not known, and instead the transition prolitghis assumed to lie within
a range associated with the transition. Two semantic irgéafions have been sug-
gested for such modelkincertain Markov ChaingUMC) [12] is an interpretation of
an IDTMC as a family of (possibly uncountably many) DTMCs e each member of
the family is a DTMC whose transition probabilities lie wittthe interval range given
in the IDTMC. In the second interpretation, callederval Markov Decision Process
(IMDP), we view the uncertainty as being resolved through-determinism. In other
words, each time a state is visited, we adversarially pidiaasition distribution that
respects the interval constraints, and take a probabikstip according to the chosen
distribution. Thus, IMDPs allow the possibility of modaija non-deterministic choice
made from a set of (possibly) uncountably many choices. ADRVtan be seen as a
generalization of Markov Decision Processes (MDPs) [1Z13B,

We investigate the problem of model checking PCTL speciara for IDTMC.
The two semantic interpretations of IDTMCs yield very diéfiat model checking re-
sults (whenever the property has at least two probabiligtierators, not necessarily
nested; see example in Figure 1) and require different ilgoic techniques. For the
case of UMCs, we show that PCTL model checking problem caedheced to nding
feasible solutions to inequality constraints, much likéhie case of DTMC and MDP [8,
4,3,19, 7]. However, there is one important difference. @biestraints to be solved in
the case of UMCs are polynomial and not just linear (as for CE\ANd MDPSs). Since
theexistential theory of realis decidable in PSPACE [18, 6], the feasibility of the poly-
nomial constraints arising in model checking, can be ddterchby making a “query”
to the existential theory of reals. Thus, the PCTL model kimecproblem for UMCs
is in PSPACE. In practice, however, this algorithm may notHeemost ef cient. The
constraints we obtain during model checking all take a sppdarm: the polynomials
arebilinear L. Therefore, it might be more ef cient to instead use alduris for solv-
ing bilinear matrix inequalitiegBMIs) [10, 9] or tools developed for this purpose [16].
Checking feasibility of BMIs is known to be NP-hard [24], bk exact complexity,
which is lower than PSPACE, is unknown. On the other handhéndase of IMDPs,
we show that the model checking problem can be reduced tolmbdeking an MDP
of exponential size. We then use known results for MDPs tavsthat IMDPs can be
model checked in PSPACE. We also present an iterative mbaekang algorithm for
IMDPs which may prove to be more ef cient in practice.

In addition to demonstrating the decidability of the modeécking problem, we
also prove lower bounds on the complexity of the model chreckiroblem. We show
that the model checking problem for UMCs is NP-hard and cekdRl; thus, for UMCs
the problem is unlikely to be in P. A straightforward corojlaf our results is that
solving BMls is also co-NP-hard. For IMDPs, we can only showaPdness; in fact,
even this is a consequence of the P-hardness of (classitMYXOmodel checking.

! The highest power of any variable in the polynomial is 1, and any term igribeuct of at
most two variables.



The rest of the paper is organized as follows. We brie y déscrelated work next.
In Section 2 we formally de ne IDTMC and give its semantics@sIC and IMDP.
PCTL and the model checking problem is introduced in Se@ioWe then revisit the
model checking algorithm for DTMC (Section 4) and presentoained version of the
classical algorithm. The ideas in the section play a keyiroteir UMC model checking
algorithm. Section 5 (UMC) and Section 6 (IMDP) contain owaimresults about the
model checking problem, providing both upper and lower lfsurfrinally we present
our conclusions in Section 7. Due to lack of space, we do regeprt any proofs here;
all proofs including motivating examples of UMCs and IMDRs\de found in [23].

Related Work. The model of IDTMCs has been introduced independently bys-Jon
son and Larsen [12] and Kozine and Utkin [14] under the naimtesval speci cation
systemsandinterval-valued nite Markov chaingespectively. However, they consider
different semantic interpretations. Jonsson and Larsesider the UMC interpreta-
tion and study bisimulation and simulation preorders fahsan interpretation. Kozine
and Utkin, on the other hand, take the IMDP interpretatiod present algorithms to
compute the probability distribution on the states affteteps. Neither of these papers
investigate the PCTL model checking problem which is theugoof this paper. We
introduce new names to emphasize the subtle semanticatifferin the two interpreta-
tions. A more general model callgeneralized Markov processks describing in nite
families of Markov Chains was introduced in [1]. In that pgpleey showed that model
checking such models with respect to PCTla more general logic than PCTL) is de-
cidable and has elementary complexity. PCTL model chedkinglassical DTMC and
MDP models has been considered in [8, 4, 3, 19, 7].

2 Formal Models

De nition 1. A discrete-time Markov chai(DTMC) is a 4-tupleM = (S;s/;P;L),
where

1. Sis a nite set of states

2. 51 2 Sistheinitial state, p

3. P:S S! [0 1]isatransition probability matrixsuch that o, P(s;s9) =1,
and

4.L:S! 22" is alabelingfunction that maps states to sets of atomic propositions
from a setAP.

A non-empty sequence = S$pS1S; is called apathof M , if eachs; 2 S and
P(si;si+1) > Oforalli 0. We denote thé!" state in a path by [i]= s;. We let
Path(s) be the set of paths starting at staté\ probability measure on paths is induced
by the matrixP as follows.

Letsp;s1;::i;8 2 SwithP(s;;si+1) > Oforall0 i<k .ThenC(spS::::sk)
denotes aylinder setconsisting of all paths 2 Path(sy) such that [i] = s; (for
0 i k). LetB bethe smallest-algebra oPath(sy) which contains all the cylinders
C(soS1:::sk). The measure on cylinder sets can be de ned as follows

! ifk =0
(C(sos1:::8¢)) = P(so:s1) P(sk 1;sk) otherwise



Theprobability measur@nB is then de ned as the unique measure that agrees with
(as de ned above) on the cylinder sets.

De nition 2. An Interval-valued Discrete-time Markov cha{(fDTMC) is a 5-tuple
| =(S;s;P;P;L), where

1. Sis a nite set of states

2. 51 2 Sistheinitial state,

3. P:S S! [0;1]is atransition probability matrixwhere eaclP (s; %) gives the
lower boundof the transition probability from the stateto the states®,

4, P:S S! [0 1]is atransition probability matrixwhere eact® (s; s9) gives the
upper bounaf the transition probability from the stateto the states®,

5.L:S! 247 isalabelingfunction that maps states to sets of atomic propositions
from a setAP.

We consider two semantics interpretations of an IDTMC mod@inely Uncertain
Markov Chains (UMC) and Interval Markov Decision Proceg$BtDP).

Uncertain Markov Chains An IDTMC | may represent an in nite set of DTMCs,
denoted byl ], where for each DTM(S; s ;P;L) 2 [I ] the following is true,

—P(s;8) P(s;9) PB(s;s) for all pairs of states ands®in S

In the Uncertain Markov Chains semantics, or simply, in thé@$, we assume that the
external environment non-deterministically picks a DTMGn the sefl ] at the be-
ginning and then all the transitions take place accordinbeahosen DTMC. Note that
in this semantics, the external environment makes only @medeterministic choice.
Henceforth, we will use the term UMC to denote an IDTMC intetpd according to
the Uncertain Markov Chains semantics.

Interval Markov Decision Processesin the Interval Markov Decision Processes se-
mantics, or simply, in the IMDPs, we assume that before etransition the external
environment non-deterministically picks a DTMC from thé[$& and then takes a one-
step transition according to the probability distributmfithe chosen DTMC. Note that
in this semantics, the external environment makes a nogretistic choice before ev-
ery transition. Henceforth, we will use the term IMDP to denan IDTMC interpreted
according to the Interval Markov Decision Processes sdngarwe now formally de-
ne this semantics.

Let Step$s) be the set of probability density functions ov&rde ned as follows:

X
Stepgs)= f :S! R ?j (s9=1andP(s;s) (s% P(s;s") foralls’2 Sg

s02s

In an IMDP, at every state 2 S, a probability density function is chosen non-
deterministically from the setep$s). A successor stat?is then chosen according to
the probability distribution oversS.



A path inanIMDPI = (S;s;P;P;L) is a non-empty sequence of the form
So!' s !? i, wheres; 2 S, 41 2 Step$§si), and 41 (Sj+1) > Oforalli 0.
A path can be either nite or in nite. We use,, to denote a nite path. Lefast( , )
be the last state in the nite path,, . As in DTMC, we denote thé" state in a path
by [i] = si. We letPath(s) andPath, (s) be the set of all in nite and nite paths,
respectively, starting at state To associate a probability measure with the paths, we
resolve the non-deterministic choices byaatversary which is de ned as follows:

De nition 3. AnadversanA of an IMDPI is a function mapping every nite path,

ofl onto an element of the set Stépst( , )). LetA, denote the set of all possible ad-
versaries of the IMDR . Let Path' (s) denote the subset of Pg#) which corresponds
toA.

The behavior of an IMDR = (S;s;P;P;L) under a given adversa#yis purely
deterministic. The behavior of a IMDIPfrom a states can be described by an in nite-
state DTMCM A = (S#;sf'; PA;LA) where

— SA = Path, (s),
- st = s, and (

PA( L 0y A n (89 if O isoftheform |
0

otherwise

A(! fin ) 0

There is a one-to-one correspondence between the path aindPath’* (s) of | .
Therefore, we can de ne a probability measmmbé\ over the set of pathBath* (s)
using the probability measure of the DTMZ A.

3 Probabilistic Computation Tree Logic (PCTL)
In this paper we consider a sub-logic of PCTL that excludesthady-state probabilis-
tic operators. The formal syntax and semantics of this legés follows.

PCTL Syntax
true jaj: j "~ jPp ()
U jX
wherea 2 AP is an atomic propositions, 2 f<; ;>; g ,p 2 [0;1], andk 2 N.
Here represents atateformula and represents pathformula.
PCTL Semantics for DTMC

The notion that a state (or a path ) satis esa formula ina DTMCM is denoted
bysiEwm or Ewm_ ), andis de ned inductively as follows:

Fwm “true
SEm a iff a2 L(s)
SFEwm iff s 6jm

SFM [ ifij:M 1andsj=M 2

SFEm Pp () iff Probf 2 Path(s)j Em g/p

Fm X iff [1]Fwm

Fm 121U 2 iff 9 O( [ilFm 2and8j<i: [[1Fm 1)



S | true

SF a iff a2 AP(s)

SE : iff s 6

SE 1” , iffsE i1andsE

SFE Pp () iff ProbS(f 2 Patf(s)j F g /p

forallA 2 A
F X iff [1]FE
0 =P_4(Xa) v P ,(Xb) F mol . o
: ’ U iff 9 O( i and8j < i:
Fig. 1. Example IDTMC and PCTL for- © ' 2 (IIF 2andg) i1F
mula . The UMC interpretation of the Fig. 2. PCTL semantics for IMDP

IDTMC satis es , whereas the IMDP in-
terpretation of the IDTMC violates

It can shown that for any path formulaand any stats, the setff 2 Path(s) j
Fwm gis measurable [25]. A formulR,, ( ) is satis ed by a stats if Prob[path
starting ats satises ]/ p . The path formul&X holds over a path if holds at the
second state on the path. The formulaU , is true over a path if , holds in some
state along , and holds along all prior states along
Given a DTMCM and a PCTL state formula, Mj= iff 5, Fum

PCTL Semantics for UMC
Given a UMCI and a PCTL state formula, we sayl j= iff, forall M 2 [l ],
M j= .Notethatl 68 does notimply that j= : . This because if 68 , there

may existM ;M °2 [I JsuchthaM j= andM °F :
PCTL Semantics for IMDP

The interpretation of a state formula and a path formula of Pfor IMDPs is same as
for DTMCs except for the state formulas of the foRy, ( ).

The notion that a state(or a path ) satis esa formula inaIMDPI is denoted
bysiE (or F ), andis de ned inductively in Figure 2.

The model checking of IDTMC with respect to the two semartans give different
results. For example, consider the IDTMC in Figure 1 and t@&Pformula . The
UMC semantics of this IDTMC satis es, while the IMDP semantics violates

4 Revisiting DTMC Model-Checking

In this section we outline the basic model checking algarifor (classical) DTMCs.
The algorithm that we outline here for DTMCs is not the mostieft (like the one
presented in [8]); however the main ideas presented helrfowil the crux of our model
checking algorithm for UMCs.

The algorithm for model checking DTMCs will reduce the peahlto checking the
feasibility of simultaneously satisfying a nite set of polomial inequalities. This fea-
sibility test can be done by checking if a rst-order formwléh existential quanti ers
about the real numbers is true. More precisely, we need tokctie formula of the

1)



nomialand/ 2f=;6; ; ;<;> g.lItiswell-known that this problem can be decided
in PSPACE [18, 6F.

The model checking algorithm for DTMC takes a DTMC = (S;s/;P;L) and a
PCTL formula as input. The outputisthe set$at= fs2 SjsfFEu g, i.e., the
set of all states of the model that satisiy\We sayM j= iff 5, 2 Sat( ).

The algorithm works by recursively computing the se{ S3tfor each sub-formula

Oof as follows.

Sat(true) = S Sat(a) = fsja2 L(S)g
Sat(: )= SnSat( ) Sat( 1™ 2)=Sat( 1)\ Sat( 2)
Sat(Pp ( )= fs2Sjps( ) /pg

whereps( ) = Probf 2 Path(s) j Fwm g. The computation of the set
Sat(P; ( )) requires the cqmputation of( ) ateverystats 2 S.
If =X ,thenps( )= qopsa( ) P(5:8).
To computeps( 1 U 2), we rst split the set of stateS into three disjoint subsets,
S0, S¥es andS? whereS™ = Sat(: 1 7: ), S = Sat( ), and S? =
S n(S"™ [ SYS). Moreover, letS?™ be the sefs j ps( 1 U ) = 0gnS™ and
S>0 pe the sefs j ps( 1 U ») > 0g. Note thatS = S>°[ S?° [ S"°, By [8],
fxs=ps( 1U 2)]js2 Sgiga solution of the following linear equation system.
<0 if s2 8™
Xs = if s2 S¥e 1)
s P(s;89)xs0 if s2 S7
Note that the equation system (1) can have in nite numbepobft®ns. For exam-
ple, consider the formulaue U a, wherea is an atomic proposition and the DTMC
M = (fsg;s;P;L), whereP(s;s) =1 andL(s) = ;. Note thats 2 S™. The linear
equation system (1) that is instantiated for compupg@rue U a) for M is Xs = Xs.
The system has in nite number of solutions.
We can ensure thdixs = ps( 1 U 2) j s 2 Sgis a unique solution of a system
of equations as follows. Fix a such thatD < < 1. Consider the following linear
equation system.

8
<0 if s2 S™
x2= b if s2 SYes 2
T s P(sisHx% ifs2 87
Lemma 1. x> 0iffs2 S>0.

Lemma 2. The system of linear equations(2) has a unique solution.

Lemma3. x? =0 iffs2 S?° [ S,

2 If one takes the computational model to be Turing machines, then thi hetds when the
coef cients of the polynomials are rationals. One the other hand, if onsiders a model of
computation that is appropriate for real number computation, like the mp®ged by Blum,
Shub, and Smale [5], then the algorithm can handle even real coefscien



Consider the following system of constraints.

x2=0iff xs=0foralls2 S (3)
wherex? are variables of (2) anis are variables of (1).

Lemma 4. The system of linear equations (h) and (2) has a unigue solution given
that the constraints it§3) hold. Moreover, for this unique solutiony = ps( 1 U 2),
foralls2 S.

Note that the set of constraints (1), (2), and (3) can beawitbmpactly as follows.
8 8
<0 if s2 S™ <0 if s2 S™

Xs=. b fs2s®  x¢= if s2 S (4)

" s P(SiSYxe0 ifS2 S? T s P(sisYx% ifs2 87

— 0
s>0 Xs = sXg

where for eacls 2 S, we introduce the variables, such that we can impose the
constraint thaks = 0 iff X2 = 0. The satis ability of the set of constraints (4) can be
easily reduced to checking if a formula with existentialgfiiars belongs to the theory
of reals. The constructed formula is linear in the size of@fiéVC.

5 Model Checking UMC

In this section, we reduce the problem of model-checking adibichecking the feasi-
bility of a bilinear matrix inequality. (More details abobilinear matrix inequality can
found in [23].) In the non-trivial reduction, we introduc@amber of auxiliary variables
to achieve the goal. Note that a simpler PSPACE algorithniginvdvoids the extra aux-
iliary variables by guessing their values non-determicadly, is possible and is easy
to come up from our reduction. However, we believe that tHeveng reduction is
important from the perspective of implementation in preestising algorithms to solve
bilinear matrix inequalities (BMIs).

Given a UMCI and a PCTL state formula, our goal is to check whethérj=

. In other words, for everf 2 [I], M j= . Thus, to check whethdr j= ,
we check if there exists somd 2 [l ] such thatM j= : . If such anM does
not exist, we conclude thatj= . We will view the problem of discovering whether
aM 2 |[I]satises: as problem of checking the feasibility of a set of bilinear
inequality constraints as follows. Each transition praliglof the DTMC M that we
are searching for, will be a variable taking a value withia bounds. We will also have
variables denoting the satisfaction (or non-satisfagtideach subformula at each state,
and variables denoting the probability of a path subfornbelag satis ed at each state.
Inequality constraints on these variables will ensuretiey all have consistent values.
We now describe this construction formally.

Letus x an UMC | = (S;s;P;P;L) and a PCTL formula . Let M =
(S;s;P;L) be an arbitrary Markov chain i ].

For every pair of states; s° 2 S, let the variablgsso denote the transition proba-
bility from sto s®in M , i.e., psso denotesP (s; sY). SinceM is an arbitrary DTMC in
B], by the de nition of UMC, the following constraints hold: Fevery states 2 S,

<025 Psso = 1 and for every pair of statess°2 S, P(s;8)  psso P(s; )



Given any PCTL formula , let us de ne the sesubf% ) (of state sub-formulas)
recursively as follows:

subfRa) = fag subf§: )= f. g[ subfg )
subf§ 1~ 2)=1f 1~ »9[ subf§ 1)[ subf§ ») subf§P, ()= P ( )g[ subfg )
subf§ 1 U )= subf§ 17: ) subf§X ) = subfg )

Given a states 2 S and any formula °2 subf§ ), eithers Oors N 0
For eachs 2 S and each 02 subfg ), let the variablet ° be such thaty, =1
iff s Em % and,tg 0 iff s 6ju ° Following the de nition of the various
logical operators in PCTL, we can set up a set of constraimsng these variables
such that for any 2 [l ], the values taken by these variables is consistent with thei
intended semantic interpretation. We introduce the falhgnadditional variables to
aid in setting up these constramts For every stafe S and 02 subf$ ), Iet the
auxmary variabled ¢ andu ° be such that, =1 fo =0 () ug =1
andt, =0 f =1 () us0 = 1CIearIy, so,fs , andug are related by
the foIIowing set of constralnts:

tf."=0  to +fe =1 2t = ug +1

For every formula °2 subf% ) of the formPy, () and for every state 2 S, let
p; be the variable such thpt denoteProbf 2 Path(s)j Fm ginM.

For each stats 2 S and for each © 2 subf§ ) exactly one of the following
constraints hold depending on the form &f

t =1 if °=a2L(s) ts"=0 if °= a62(s)
0 e 0_ . — 4+ ° e 0
ts —1 tst if = 1 tsits? = tg if = 1" 2
() 0. 0 0 0.
Us ps Us E"’ f% if °=P p( ) usops Us Op+ tg if 0= Psp ()
Us ps + f Us plf 0= P p( ) Us Ps + ts Us plf 0= P<p( )

where s slack variable that is required to be strictly greatentba

Note that the above constraints do not re ect the fact thaech °2 subf$ )
of the formP,, ( ), ps denotesProbf 2 Path(s) j Fwm 0. To set up such
constraints, we introduce the sethfR ) (of path sub-formulas) as follows:

subfRa) = ; subfR: )= subfR )
SubfRL 1~ 2) = subfR 1) [ subfR 2) SubfRPyp ( )= f g[ subfR )
subfRl 1 U )= subfR 1) [ subfR ») subfRX )= subfR )

Thus for all sub-formula of of the formP,, (), subfR ) contains .
Forany 2 subfR ) ofthe formX ; and for eacls 2 S the following constraint

holds: X
Ps = psso'[sol
s02s
For each 2 subf§ ) of the form ;U , ands 2 S the following constraints
hold. X
Ps = tsz + tsll\: ZWS Ws = PssoPs

s02s

As in simple DTMC, if we consider the above constraints otlilgn we may not have
unique solution for certaip, . Therefore, we xa suchtha®D< < 1. Then, asin



simple DTMC model-che%king, foroeachZ subfR ) oftheform ;U ,ands2 S,
we introduce the variablgg andwg , such that the following constraints hold.
0 A 0 0 X 0
Ps = ts2+ 1ttt 2w Ws = PssoPs
s02s

We wantp, = O if pg = 0. To ensure this, for each 2 subfR ) of the form
1U s ands 2 S, we introduce the auxiliary variable and ensure that the following
constraint hold.

0

s >0 Ps = sPs

S S 0o, 0 o
Let V(15 ) = T gl  gs02sfPsse0 [ o5 opsubfg )fts ifs iUs 9
s2s: 2subfR )fPsiWs ;p(; ;WZ ; ¢ g denote the set of variables over which the
above constraints are described anddét; ) denote the above set of constraints.

Lemma 5. For every solutiorl : V(I; )! RofC(l; ),there existsaDTM®™ =
(S;s;P;L) 2 [l ]such that the following holds:

. 1 (psso) = P(s;sY) for anys;s°2 S
Ctoif " 2f01gandu,’ 2f 1;1gforanys2 Sand °2 subfg )
t,'=17f,°=07u, =1iffsEy Oforanys2 Sand °2 subf§ )
t.’=07f,"=17u"= 1iffsEy COforanys2 Sand °2 subfg )
. ps = Probf 2 Path(s)j Fwm gforany 2 subfR )

arwN R

The proof follows from the observations made while settipghe constraints. An
immediate consequence of the Lemma 5 is the following thmore

Theorem 1. If there exists a solutiom of C(I ; ) such thatl (t5 ) = 1, then there
existsarM 2 [l ] such thatM j =

In order to check ifl j= , the model checking algorithm sets up the constraints
C(l;: ) and checks its feasibility. Clearly, checking the feadipibf C(l ;: ) is
equivalent to checking if a sentence with existential quenst is valid for the reals;
the size of the sentence is polynomial in the size of the UM@wéler, the constraints
C(l ;: ) are bilinear constraints, and we need to satisfy the cotipmof all these
constraints (not an arbitrary boolean function). The failisi of such constraints can
be more ef ciently checked viewing them &dlinear matrix inequalities(BMIs) for
which algorithms [10, 9] and tools [16] have been develofbtbre details can seen
in [23].) We also observe that to prove that the model cherkioblem can be solved
in PSPACE, we could have constructed a simpler set of canttiiay rst guessing the
values of the variablet:so; uso; andf ° for the subformulas © and then solving the
constraints resulting from those guesses; since NPSPACERAGE, we can obtain
a deterministic algorithm from this. However, we believattin practice solving this
single BMI presented here will be more ef cient than solvilig exponentially many
simpler BMIs that this alternative approach would yield.

10



5.1 Complexity of Model-checking UMC

We showed that the model-checking problem for UMC can beaedto checking the
validity of a formula in the existential theory of the realtierefore, the model-checking
problem of UMC is in PSPACE.

The model checking problem for UMCs is however intractate:can reduce both
the satis ability and validity of propositional booleanrfaulas to the model checking
problem (details in [23]).

Theorem 2. The model checking problem for UMC with respect to PCTL ishdR}
and co-NP-hard.

6 Model-checking IMDP

We consider the problem of model checking IMDPs in this sectiVe will solve the
problem by showing that we can reduce IMDP model checking ¢aleh checking
(classical) a Markov Decision Process (MDP) [4, 20]. Beforesenting this reduction
we recall some basic properties of the feasible solutions lafear program and the
de nition of an MDP.

6.1 Linear Programming

Consider an IMDR = (S;s;P;P;L). Foragivens 2 S, letlE(s) be the following
set of inequaggies over the variablegsso j s°2 Sg:
Psso = 1 P(s;s%  psso P(s;s)foralls®2 S
s02s
Denition4. Amap 5: S ! [0;1]is called abasic feasible solutiofBFS) to the
above set of inequalities (B) iff fpsso = 5(s9 j s 2 Sgis a solution of IEs)
and there exists a s&® S suchthatjS§ j Sj 1 and for alls® 2 SO either

S(s) = P(s;s9) or S(s®) = B(s;s).

Let S bethe setof all BFS dE(s). The set of BFS of linear program have the spe-
cial property that every other feasible solution can be esged as a linear combination
of basic feasible solutions. This is the content of the neappsition.

Proposition 1. Letfpsso = psso j S° 2 Sg be some solution of (8). There there are
0 s 1forall S2 3, suchthat
P P
Psso= 55 s s S(sOforallsf2 S and ws =1

Lemma 6. The number of basic feasible solutions ofdfin the worst case can be
O(jSj2si 1).

6.2 Markov Decision Processes (MDP)

A Markov decision process (MDP) is a Markov chain that has-deterministic tran-
sitions, in addition to the probabilistic ones. In this s@ttwe formally introduce this
model along with some well-known observations about them.
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De nition 5. If S is the set of stateg, of a systemnext-state probability distribution
isafunction :S! [0;1]suchthat _,5 (s)=1.Fors2 S, p(s) represents the
probability of making a direct transition te from the current state.

De nition 6. A Markov decision Process (MDP) is a 4-tufide= ( S;s; ;L ), where

1. Sis a nite set of states,

2. 5 2 Sisthe initial state,

3. L:S! 2% isalabeling function that maps states to sets of atomic sijpns
from a setAP,

4. s afunction which associates to eagl2 S a niteset (s)=f §;:::; § gof
next-state probability distributiorfer transitions froms.

A path inan MDPD = (S;s; ;L) is a non-empty sequence of the fosgn! *
sy 1%, wheres; 2S, 41 2 (Si),and .1 (si+1) > Oforalli 0. A path can be
either nite or in nite. We use , to denote a nite path. Ldast( , ) be the last state
in the nite path ,, . As in DTMC, we denote thé" state in a path by [i] = s;.
We let Path(s) and Path,, (s) be the set of all in nite and nite paths, respectively,
starting at states. To associate a probability measure with the paths, we vegbke
non-deterministic choices by a randomizatiersary which is de ned as follows:

De nition 7. A randomizedadversaryA of an MDPD is a function mapping every
nite path , of D and ap element of the seflast( ,)) to [0; 1], such that for a
given nite path , of D, 2 (ast ) A( n; ) =1.LetAp denote the set of

all possible randomized adversaries of the MDPLet Patl{ (s) denote the subset of
Path(s) which corresponds to an adversay

The behavior of an MDP under a given randomized adversamyriyprobabilis-
tic. If an MDP has evolved to the staseafter starting from the statg and following
the nite path , , thenit chooses the next-state distribution2 (s) with probability
A( n; %).Then it chooses the next stai‘éxfy,ith probability $(s%. Thus the proba-
bility that a direct transition te°takes placeis ., (s) A( 1 %) S(sY. Thus as for
IMDPs, one can de ne DTMMDA* that captures the probabilistic behavior of MDP
under adversani and also associate a probability measure on execution. gaien
a MDPD and a PCTL formula , we can de ne wherD j= ' in a way analogous to
the IMDPs (see Figure 2).

6.3 The Reduction

We are now ready to describe the model checking algorithniM@Ps. Consider an
IMDP | = (S;s;P;P;L). Recall from Section 6.1, we can describe the transition
probability distributions from state that satisfy the range constraints as the feasible
solutions of the linear programi(s). Furthermore, we denote by* is the set of all
BFS of IE(s). De ne the following MDPD = (S%s?; ;L 9 whereS®= S,s? = g,
L9= L,andforalls2 S, (s)= S.Observe thab is exponentially sized ih, since
(s) is exponential (see Lemma 6).

The main observation behind the reduction is that the MDRcaptures” all the

possible behaviors of the IMDP. This is the formal content of the next proposition.
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Proposition 2. For any adversanA for | , we can de ne a randomized adversaky

0
such thatProbl.” = Prob2” " for everys, whereProbX” is measure on paths from
de ned by machineX underA. Similarly for every adversanj for D, we can nd an
adversaryA®for | that de nes the same probability measure on paths.

Proof. Consider an adversanA for |. For a path , let A( ) = 2
Stepslast(  )). We know from Proposition 1, that there ares for 2 3 such
that

= P
(9= s s 5(Hforalls2s and ws =1
0
We now de neAY o ; )= . ltis straightforward to see throbl,” = Prob?” .
The converse direction also can be proved similarly. u

An important consequence of the above observation is th@fivlg main theorem.
Theorem 3. For any PCTL formuld , 1 j= " iffDj= .

Thus, in order to model check IMDIP, we can model check the MDIP for which
algorithms are known [4, 20]. The algorithms for MDP run imé¢i (and space) which is
polynomial in the size of the MDP. Thus, if we directly modieeckD we get an EXP-
TIME model checking algorithm fdr. However, we can improve this to get a PSPACE
algorithm. The reason for this is that it is known that as famedel checking MDPs is
concerned, we can restrict our attentiord&terministic, memorylesslversaries, i.e.,
adversaries that always pick the same single non-detesticichoice whenever a state
is visited.

Proposition 3 ([4, 20]).Let A4et be the set of deterministic, memoryless adversaries
for MDP D, i.e., forall A 2 A 4et, A(S; ) =1 for exactly one 2 (s). Consider a
PCTL formula’ = Py, () such that the truth or falsity of every subformula ofn
every state ob is already determined. Thddj= ' iff DA F ' forall A 2 A get.

For every subformula of the forr®,, ( ), our model checking algorithm, will
model check each of the DTM3”, whereA is a deterministic, memoryless ad-
versary. This will give us the desired PSPACE algorithm.

Theorem 4. The model-checking algorithm for IMDP is in PSPACE.

Proof. From Lemma 6, we know that the total number of BFS9{§Sj2SI 1). Hence

for every subformul@,, ( ), all of these model checking problems can be solved in
PSPACE. u

6.4 lterative Algorithm

The above PSPACE algorithm is computationally expensivdaige IMDPs. There-
fore, we propose an alternative iterative algorithm magdaby a similar algorithm
in [2].

13



The iterative model checking algorithm for PCTL over IMDPsrits exactly as
for DTMCs with the exception of handling &, ( ). For these, we need to check if
p( ) = Probf(f 2 Pattf'(s)j j @) satises the bound p for all adver-
sariesA 2 A, . Letpl®( ) andpg" ( ) be theminimumor maximumprobability,
respectively, for all adversarids2 A | , i.e.,

P () € supaga, 08 (1 PE™ () Einf aza, [0 (I
Thenif/ 2f<; g,

Sa(Pp ()= fs2Sjpi™()/pg

andif/ 2f>; g,
Sa(Pp ()= fs2sSjpl™( )/pg

We next describe how to compute the valp8& ( ) andp™™ ( )for = X and
= ;U ,.Recallthat 3 isthe setof all BFS ofE(s). It can be shown following [2]

thatp®® =1lim i, pe®") where:
8
1 if s2 S¥**°
% 0 if s2 S
pmax(n): 0 HSZ S?ananO
s P .~max( n 1)
E maxs Pgs0js925g2 S s02 5 Pss0:Pso
' ifs2 S7andn> 0
andp™™ =1im ;. p" ™ where:
8
1 if s 2 SYes
% 0 if 52 ™
prin(m = 0 ifs2 S”andn =0
s . P .-min(n 1)
E ming pgs0js92Sg2 s s02s psso-pso

ifs2 S?andn> 0
Note that although the size of® can beO(jSj2S! 1) (by Lemma 6), the compu-
tation of the expressions

( X max( n 1)) : ( X min( n 1))
MaXsp_ ojs02sg2 s Pss0:Pso Oor MiNgp_ ojs02sg2 s Psso:Pso
s02s s02s
(5)
can be done iO(jSj) time as follows:

We consider the orderings;;s;;:::;Sjs; of the states ofS such that
pmax(n 1), ymax(n 1>;:::;pg';;x<” Y is in descending order. Then the following result
holds.

Lemma?7.
a) There exists a1 i | Sj such thatfls(s;sl);:::;lsF(s;si )P (S;Sis1);
iD::;P(s;sJ-S,-)g is a BFS of IEs), whereq = 1 1 l)Is(s;s,-)

i+ jjsiP(s§):
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b) and for thati ( )

X
maXip  ojst2sg2 5 Psso:ple " P = pl" Vg
X s02s X
+ S GOk P " VP(sis)
TGy (i+1) i Si
Proof.
a) Letip be de ned as follows: ”
io=minfij P(s;g)+ P(s;s)) 1g
j=1 j=i+l

Observe that such ary must exist if the IMDP is well-de ned. Consider the

o 1) I5(s;sj) (0+1) ] Si P(s;s;). This solution is a BFS dfE(s).

simple algebraic simpli cation it can be shown that

X X X
pg;ax( n 1) :IS(S; Sj )+ prsr:ax( n 1) :q+ pgllax( n 1) P (S; Sj ) psso:prsnoax( n 1)
1§ (1 (i+1) jj Sj st2s
given the fact thapl®{(" V' pmax(n D ... pg'};“ "D andP(s;9)  psso

P(s;sY) foralls°2 S. u

pontn Dopoin(n D pi D s inascending order, then the above Lemma

holds with max replaced by min.
The expressions (5) can be compute@®i)Sj) time by nding ani asin Lemma?7.

6.5 Lower Bound for IMDP model-checking

We can show that the model checking problem for IMDPs is REHEe result follows
from observing that the problem of determining the truthueabf propositional logic
formula under an assignment (which is known to be P-compbate be reduced to the
PCTL model checking problem of DTMCs; since DTMCs are sgébl®Ps, the result
follows. The details can be found in [23].

7 Conclusion

We have investigated the PCTL model checking problem fordamantic interpreta-
tions of IDTMCs, namely UMC and IMDP. We proved the upper bdgiand the lower
bounds on the complexity of the model checking problem feséhmodels. Our bounds
however are not tight. Finding tight lower and upper bourmastiese model-checking
problems is an interesting open problem.
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