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Abstract. We investigate the problem of model checking Interval-valued
Discrete-time Markov Chains (IDTMC). IDTMCs are discrete-time �nite
Markov Chains for which the exact transition probabilities are not known.In-
stead in IDTMCs, each transition is associated with an interval in which the ac-
tual transition probability must lie. We consider two semantic interpretations for
the uncertainty in the transition probabilities of an IDTMC. In the �rst interpre-
tation, we think of an IDTMC as representing a (possibly uncountable) family of
(classical) discrete-time Markov Chains, where each member of the family is a
Markov Chain whose transition probabilities lie within the interval range given
in the IDTMC. This semantic interpretation we call Uncertain Markov Chains
(UMC). In the second semantics for an IDTMC, which we call Interval Markov
Decision Process (IMDP), we view the uncertainty as being resolved through
non-determinism. In other words, each time a state is visited, we adversarially
pick a transition distribution that respects the interval constraints, and take a
probabilistic step according to the chosen distribution. We show that the PCTL
model checking problem for both Uncertain Markov Chain semantics andInter-
val Markov Decision Process semantics is decidable in PSPACE. We also prove
lower bounds for these model checking problems.

1 Introduction

Discrete time stochastic models such asDiscrete Time Markov Chains(DTMCs) have
been used to analyze the correctness, reliability, and performance of systems [8, 11, 19,
13]. In a DTMC, the system is assumed to have �nitely many states, and the system's
future behavior is completely determined by its current state. From each state of the
system, the probability of transitioning to any other givenstate at the next step is �xed
and is given by the transition probability matrix of the DTMC.

The assumption that the system makes transitions accordingto a �xed distribution
at each step and that this distribution is precisely known when modeling, is a strong
assumption that may often not hold in practice [12, 15, 26, 14]. If the system being
modeled is an open system, i.e., interacts with an environment, then uncertainty in the
transitions may arise due to imperfect information about the environment. For example,
consider a system that interacts with an imperfect communication medium that may lose
messages. The probability of message loss may either dependon choice of the commu-
nication medium or on a complicated, time-varying dependence on events that are not
precisely understood at the time of modeling the system. Another source of impreci-
sion is that the transition probabilities in the system model are often estimated through
statistical experiments, which only provide bounds on the transition probabilities.



In order to faithfully capture these system uncertainties in stochastic models,
the model ofInterval-valued Discrete-time Markov Chains (IDTMC)has been intro-
duced [12, 14]. These are DTMC models where the exact probability of taking a state
transition is not known, and instead the transition probability is assumed to lie within
a range associated with the transition. Two semantic interpretations have been sug-
gested for such models.Uncertain Markov Chains(UMC) [12] is an interpretation of
an IDTMC as a family of (possibly uncountably many) DTMCs, where each member of
the family is a DTMC whose transition probabilities lie within the interval range given
in the IDTMC. In the second interpretation, calledInterval Markov Decision Process
(IMDP), we view the uncertainty as being resolved through non-determinism. In other
words, each time a state is visited, we adversarially pick a transition distribution that
respects the interval constraints, and take a probabilistic step according to the chosen
distribution. Thus, IMDPs allow the possibility of modeling a non-deterministic choice
made from a set of (possibly) uncountably many choices. An IMDP can be seen as a
generalization of Markov Decision Processes (MDPs) [17, 3,21].

We investigate the problem of model checking PCTL speci�cations for IDTMC.
The two semantic interpretations of IDTMCs yield very different model checking re-
sults (whenever the property has at least two probabilisticoperators, not necessarily
nested; see example in Figure 1) and require different algorithmic techniques. For the
case of UMCs, we show that PCTL model checking problem can be reduced to �nding
feasible solutions to inequality constraints, much like inthe case of DTMC and MDP [8,
4, 3, 19, 7]. However, there is one important difference. Theconstraints to be solved in
the case of UMCs are polynomial and not just linear (as for DTMCs and MDPs). Since
theexistential theory of realsis decidable in PSPACE [18, 6], the feasibility of the poly-
nomial constraints arising in model checking, can be determined by making a “query”
to the existential theory of reals. Thus, the PCTL model checking problem for UMCs
is in PSPACE. In practice, however, this algorithm may not bethe most ef�cient. The
constraints we obtain during model checking all take a special form: the polynomials
arebilinear 1. Therefore, it might be more ef�cient to instead use algorithms for solv-
ing bilinear matrix inequalities(BMIs) [10, 9] or tools developed for this purpose [16].
Checking feasibility of BMIs is known to be NP-hard [24], butthe exact complexity,
which is lower than PSPACE, is unknown. On the other hand, in the case of IMDPs,
we show that the model checking problem can be reduced to model checking an MDP
of exponential size. We then use known results for MDPs to show that IMDPs can be
model checked in PSPACE. We also present an iterative model checking algorithm for
IMDPs which may prove to be more ef�cient in practice.

In addition to demonstrating the decidability of the model checking problem, we
also prove lower bounds on the complexity of the model checking problem. We show
that the model checking problem for UMCs is NP-hard and co-NP-hard; thus, for UMCs
the problem is unlikely to be in P. A straightforward corollary of our results is that
solving BMIs is also co-NP-hard. For IMDPs, we can only show P-hardness; in fact,
even this is a consequence of the P-hardness of (classical) DTMC model checking.

1 The highest power of any variable in the polynomial is 1, and any term is theproduct of at
most two variables.
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The rest of the paper is organized as follows. We brie�y discuss related work next.
In Section 2 we formally de�ne IDTMC and give its semantics asUMC and IMDP.
PCTL and the model checking problem is introduced in Section3. We then revisit the
model checking algorithm for DTMC (Section 4) and present a modi�ed version of the
classical algorithm. The ideas in the section play a key rolein our UMC model checking
algorithm. Section 5 (UMC) and Section 6 (IMDP) contain our main results about the
model checking problem, providing both upper and lower bounds. Finally we present
our conclusions in Section 7. Due to lack of space, we do not present any proofs here;
all proofs including motivating examples of UMCs and IMDPs can be found in [23].

Related Work.The model of IDTMCs has been introduced independently by Jons-
son and Larsen [12] and Kozine and Utkin [14] under the namesinterval speci�cation
systemsandinterval-valued �nite Markov chains, respectively. However, they consider
different semantic interpretations. Jonsson and Larsen consider the UMC interpreta-
tion and study bisimulation and simulation preorders for such an interpretation. Kozine
and Utkin, on the other hand, take the IMDP interpretation and present algorithms to
compute the probability distribution on the states aftert steps. Neither of these papers
investigate the PCTL model checking problem which is the focus of this paper. We
introduce new names to emphasize the subtle semantic difference in the two interpreta-
tions. A more general model calledgeneralized Markov processesfor describing in�nite
families of Markov Chains was introduced in [1]. In that paper, they showed that model
checking such models with respect to PCTL� (a more general logic than PCTL) is de-
cidable and has elementary complexity. PCTL model checkingfor classical DTMC and
MDP models has been considered in [8, 4, 3, 19, 7].

2 Formal Models

De�nition 1. A discrete-time Markov chain(DTMC) is a 4-tupleM = ( S; sI ; P ; L ),
where

1. S is a �nite set of states,
2. sI 2 S is theinitial state,
3. P : S� S ! [0; 1] is atransition probability matrix, such that

P
s02 S P(s; s0) = 1 ,

and
4. L : S ! 2AP is a labelingfunction that maps states to sets of atomic propositions

from a setAP.

A non-empty sequence� = s0s1s2 � � � is called apathof M , if eachsi 2 S and
P(si ; si +1 ) > 0 for all i � 0. We denote thei th state in a path� by � [i ] = si . We let
Path(s) be the set of paths starting at states. A probability measure on paths is induced
by the matrixP as follows.

Let s0; s1; : : : ; sk 2 S with P(si ; si +1 ) > 0 for all 0 � i < k . ThenC(s0s1 : : : sk )
denotes acylinder setconsisting of all paths� 2 Path(s0) such that� [i ] = si (for
0 � i � k). LetB be the smallest� -algebra onPath(s0) which contains all the cylinders
C(s0s1 : : : sk ). The measure� on cylinder sets can be de�ned as follows

� (C(s0s1 : : : sk )) =
�

1 if k = 0
P (s0 ; s1) � � � P (sk � 1 ; sk ) otherwise
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Theprobability measureonB is then de�ned as the unique measure that agrees with
� (as de�ned above) on the cylinder sets.

De�nition 2. An Interval-valued Discrete-time Markov chain(IDTMC) is a 5-tuple
I = ( S; sI ; �P ; P̂ ; L ), where

1. S is a �nite set of states,
2. sI 2 S is theinitial state,
3. �P : S � S ! [0; 1] is a transition probability matrix, where each�P(s; s0) gives the

lower boundof the transition probability from the states to the states0,
4. P̂ : S � S ! [0; 1] is a transition probability matrix, where eacĥP(s; s0) gives the

upper boundof the transition probability from the states to the states0,
5. L : S ! 2AP is a labelingfunction that maps states to sets of atomic propositions

from a setAP.

We consider two semantics interpretations of an IDTMC model, namely Uncertain
Markov Chains (UMC) and Interval Markov Decision Processes(IMDP).

Uncertain Markov Chains An IDTMC I may represent an in�nite set of DTMCs,
denoted by[I ], where for each DTMC(S; sI ; P ; L ) 2 [I ] the following is true,

– �P(s; s0) � P(s; s0) � P̂ (s; s0) for all pairs of statess ands0 in S

In the Uncertain Markov Chains semantics, or simply, in the UMCs, we assume that the
external environment non-deterministically picks a DTMC from the set[I ] at the be-
ginning and then all the transitions take place according tothe chosen DTMC. Note that
in this semantics, the external environment makes only one non-deterministic choice.
Henceforth, we will use the term UMC to denote an IDTMC interpreted according to
the Uncertain Markov Chains semantics.

Interval Markov Decision ProcessesIn the Interval Markov Decision Processes se-
mantics, or simply, in the IMDPs, we assume that before everytransition the external
environment non-deterministically picks a DTMC from the set [I ] and then takes a one-
step transition according to the probability distributionof the chosen DTMC. Note that
in this semantics, the external environment makes a non-deterministic choice before ev-
ery transition. Henceforth, we will use the term IMDP to denote an IDTMC interpreted
according to the Interval Markov Decision Processes semantics. We now formally de-
�ne this semantics.

Let Steps(s) be the set of probability density functions overS de�ned as follows:

Steps(s) = f � : S ! R� 0 j
X

s02 S

� (s0) = 1 and �P (s; s0) � � (s0) � P̂ (s; s0) for all s0 2 Sg

In an IMDP, at every states 2 S, a probability density function� is chosen non-
deterministically from the setSteps(s). A successor states0 is then chosen according to
the probability distribution� overS.

4



A path � in an IMDP I = ( S; sI ; �P ; P̂ ; L ) is a non-empty sequence of the form
s0

� 1! s1
� 2! : : :, wheresi 2 S, � i +1 2 Steps(si ), and� i +1 (si +1 ) > 0 for all i � 0.

A path can be either �nite or in�nite. We use� �n to denote a �nite path. Letlast(� �n )
be the last state in the �nite path� �n . As in DTMC, we denote thei th state in a path
� by � [i ] = si . We letPath(s) andPath�n (s) be the set of all in�nite and �nite paths,
respectively, starting at states. To associate a probability measure with the paths, we
resolve the non-deterministic choices by anadversary, which is de�ned as follows:

De�nition 3. AnadversaryA of an IMDPI is a function mapping every �nite path� �n

of I onto an element of the set Steps(last(� �n )) . LetA I denote the set of all possible ad-
versaries of the IMDPI . Let PathA (s) denote the subset of Path(s) which corresponds
to A.

The behavior of an IMDPI = ( S; sI ; �P ; P̂ ; L ) under a given adversaryA is purely
deterministic. The behavior of a IMDPI from a states can be described by an in�nite-
state DTMCM A = ( SA ; sA

I ; P A ; L A ) where

– SA = Path�n (s),
– sA

I = s, and

– P A (� �n ; � 0
�n ) =

(
A(� �n )( s0) if � 0

�n is of the form� �n
A ( � fin )

! s0

0 otherwise

There is a one-to-one correspondence between the paths ofM A andPathA (s) of I .
Therefore, we can de�ne a probability measureProbA

s over the set of pathsPathA (s)
using the probability measure of the DTMCM A .

3 Probabilistic Computation Tree Logic (PCTL)

In this paper we consider a sub-logic of PCTL that excludes the steady-state probabilis-
tic operators. The formal syntax and semantics of this logicis as follows.

PCTL Syntax
� ::= true j a j : � j � ^ � j P ./p ( )
 ::= � U � j X �

wherea 2 AP is an atomic propositions,./ 2 f <; � ; >; �g , p 2 [0; 1], andk 2 N.
Here� represents astateformula and represents apathformula.

PCTL Semantics for DTMC

The notion that a states (or a path� ) satis�esa formula� in a DTMC M is denoted
by s j= M � (or � j= M � ), and is de�ned inductively as follows:

s j= M true
s j= M a iff a 2 L (s)
s j= M : � iff s 6j= M �
s j= M � 1 ^ � 2 iff s j= M � 1 ands j= M � 2

s j= M P./p ( ) iff Probf � 2 Path(s) j � j= M  g ./ p
� j= M X � iff � [1] j= M �
� j= M � 1 U � 2 iff 9i � 0 (� [i ] j= M � 2 and8j < i: � [j ] j= M � 1)
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Fig. 1. Example IDTMC and PCTL for-
mula � . The UMC interpretation of the
IDTMC satis�es � , whereas the IMDP in-
terpretation of the IDTMC violates�

s j= true
s j= a iff a 2 AP(s)
s j= : � iff s 6j= �
s j= � 1 ^ � 2 iff s j= � 1 ands j= � 2

s j= P./p ( ) iff ProbA
s (f � 2 PathA (s) j � j=  g) ./ p

for all A 2 A
� j= X � iff � [1] j= �
� j= � 1 U � 2 iff 9i � 0 (� [i ] j= � 2 and8j < i: � [j ] j= � 1)

Fig. 2.PCTL semantics for IMDP

It can shown that for any path formula and any states, the setf � 2 Path(s) j
� j= M  g is measurable [25]. A formulaP./p ( ) is satis�ed by a states if Prob[path
starting ats satis�es ] ./ p . The path formulaX � holds over a path if� holds at the
second state on the path. The formula� 1 U � 2 is true over a path� if � 2 holds in some
state along� , and� holds along all prior states along� .

Given a DTMCM and a PCTL state formula� , M j = � iff sI j= M � .

PCTL Semantics for UMC

Given a UMCI and a PCTL state formula� , we sayI j = � iff, for all M 2 [I ],
M j = � . Note thatI 6j= � does not imply thatI j = : � . This because ifI 6j= � , there
may existM ; M 0 2 [I ] such thatM j = � andM 0 j= : � .

PCTL Semantics for IMDP

The interpretation of a state formula and a path formula of PCTL for IMDPs is same as
for DTMCs except for the state formulas of the formP./p ( ).

The notion that a states (or a path� ) satis�esa formula� in a IMDP I is denoted
by s j= � (or � j= � ), and is de�ned inductively in Figure 2.

The model checking of IDTMC with respect to the two semanticscan give different
results. For example, consider the IDTMC in Figure 1 and the PCTL formula � . The
UMC semantics of this IDTMC satis�es� , while the IMDP semantics violates� .

4 Revisiting DTMC Model-Checking

In this section we outline the basic model checking algorithm for (classical) DTMCs.
The algorithm that we outline here for DTMCs is not the most ef�cient (like the one
presented in [8]); however the main ideas presented here will form the crux of our model
checking algorithm for UMCs.

The algorithm for model checking DTMCs will reduce the problem to checking the
feasibility of simultaneously satisfying a �nite set of polynomial inequalities. This fea-
sibility test can be done by checking if a �rst-order formulawith existential quanti�ers
about the real numbers is true. More precisely, we need to check if a formula of the
form 9x1; : : : ; xn P(x1; : : : ; xn ) is valid over the reals, whereP is a boolean function
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of atomic predicates of the formf i (x1; : : : ; xn ) ./ 0, wheref i is a multivariate poly-
nomial and./ 2 f = ; 6= ; � ; � ; <; > g. It is well-known that this problem can be decided
in PSPACE [18, 6]2.

The model checking algorithm for DTMC takes a DTMCM = ( S; sI ; P ; L ) and a
PCTL formula� as input. The output is the set Sat(� ) = f s 2 S j s j= M � g, i.e., the
set of all states of the model that satisfy� . We sayM j = � iff sI 2 Sat(� ).

The algorithm works by recursively computing the set Sat(� 0) for each sub-formula
� 0 of � as follows.

Sat(true) = S Sat(a) = f s j a 2 L (S)g
Sat(: � ) = S n Sat(� ) Sat( � 1 ^ � 2) = Sat( � 1) \ Sat(� 2)

Sat(P./p ( )) = f s 2 S j ps ( ) ./ p g

where ps( ) = Probf � 2 Path(s) j � j= M  g. The computation of the set
Sat(P./p ( )) requires the computation ofps( ) at every states 2 S.

If  = X � , thenps( ) =
P

s02 Sat( � ) P(s; s0).
To computeps(� 1 U � 2), we �rst split the set of statesS into three disjoint subsets,

Sno , Syes, andS? whereSno = Sat( : � 1 ^ : � 2), Syes = Sat( � 2), and S? =
S n (Sno [ Syes). Moreover, letS?no be the setf s j ps(� 1 U � 2) = 0 g n Sno and
S> 0 be the setf s j ps(� 1 U � 2) > 0g. Note thatS = S> 0 [ S?no [ Sno . By [8],
f xs = ps(� 1 U � 2) j s 2 Sg is a solution of the following linear equation system.

xs =

8
<

:

0 if s 2 Sno

1 if s 2 Syes
P

s02 S P (s; s0)xs0 if s 2 S?
(1)

Note that the equation system (1) can have in�nite number of solutions. For exam-
ple, consider the formulatrue U a, wherea is an atomic proposition and the DTMC
M = ( f sg; s;P ; L ), whereP(s; s) = 1 andL(s) = ; . Note thats 2 S?no . The linear
equation system (1) that is instantiated for computingps(true U a) for M is xs = xs.
The system has in�nite number of solutions.

We can ensure thatf xs = ps(� 1 U � 2) j s 2 Sg is a unique solution of a system
of equations as follows. Fix a
 such that0 < 
 < 1. Consider the following linear
equation system.

x0
s =

8
<

:

0 if s 2 Sno

1 if s 2 Syes
P

s02 S 
 P (s; s0)x0
s0 if s 2 S?

(2)

Lemma 1. x0
s > 0 iff s 2 S> 0.

Lemma 2. The system of linear equations in(2) has a unique solution.

Lemma 3. x0
s = 0 iff s 2 S?no [ Sno .

2 If one takes the computational model to be Turing machines, then this result holds when the
coef�cients of the polynomials are rationals. One the other hand, if one considers a model of
computation that is appropriate for real number computation, like the one proposed by Blum,
Shub, and Smale [5], then the algorithm can handle even real coef�cients.
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Consider the following system of constraints.

x0
s = 0 iff xs = 0 for all s 2 S (3)

wherex0
s are variables of (2) andxs are variables of (1).

Lemma 4. The system of linear equations in(1) and (2) has a unique solution given
that the constraints in(3) hold. Moreover, for this unique solutionxs = ps(� 1 U � 2),
for all s 2 S.

Note that the set of constraints (1), (2), and (3) can be written compactly as follows.

xs =

8
<

:

0 if s 2 Sno

1 if s 2 Syes
P

s02 S P (s; s0)xs0 if s 2 S?
x0

s =

8
<

:

0 if s 2 Sno

1 if s 2 Syes
P

s02 S 
 P (s; s0)x0
s0 if s 2 S?

(4)

� s > 0 xs = � sx0
s

where for eachs 2 S, we introduce the variable� s, such that we can impose the
constraint thatxs = 0 iff x0

s = 0 . The satis�ability of the set of constraints (4) can be
easily reduced to checking if a formula with existential quanti�ers belongs to the theory
of reals. The constructed formula is linear in the size of theDTMC.

5 Model Checking UMC
In this section, we reduce the problem of model-checking a UMC to checking the feasi-
bility of a bilinear matrix inequality. (More details aboutbilinear matrix inequality can
found in [23].) In the non-trivial reduction, we introduce anumber of auxiliary variables
to achieve the goal. Note that a simpler PSPACE algorithm, which avoids the extra aux-
iliary variables by guessing their values non-deterministically, is possible and is easy
to come up from our reduction. However, we believe that the following reduction is
important from the perspective of implementation in practice using algorithms to solve
bilinear matrix inequalities (BMIs).

Given a UMCI and a PCTL state formula� , our goal is to check whetherI j =
� . In other words, for everyM 2 [I ], M j = � . Thus, to check whetherI j = � ,
we check if there exists someM 2 [I ] such thatM j = : � . If such anM does
not exist, we conclude thatI j = � . We will view the problem of discovering whether
a M 2 [I ] satis�es : � as problem of checking the feasibility of a set of bilinear
inequality constraints as follows. Each transition probability of the DTMC M that we
are searching for, will be a variable taking a value within the bounds. We will also have
variables denoting the satisfaction (or non-satisfaction) of each subformula at each state,
and variables denoting the probability of a path subformulabeing satis�ed at each state.
Inequality constraints on these variables will ensure thatthey all have consistent values.
We now describe this construction formally.

Let us �x an UMC I = ( S; sI ; �P ; P̂ ; L ) and a PCTL formula� . Let M =
(S; sI ; P ; L ) be an arbitrary Markov chain in[I ].

For every pair of statess; s0 2 S, let the variablepss0 denote the transition proba-
bility from s to s0 in M , i.e.,pss0 denotesP(s; s0). SinceM is an arbitrary DTMC in
[I ], by the de�nition of UMC, the following constraints hold: For every states 2 S,P

s02 S pss0 = 1 and for every pair of statess; s0 2 S, �P(s; s0) � pss0 � P̂ (s; s0)
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Given any PCTL formula� , let us de�ne the setsubfS(� ) (of state sub-formulas)
recursively as follows:

subfS(a) = f ag subfS(: � ) = f: � g [ subfS(� )
subfS(� 1 ^ � 2) = f � 1 ^ � 2g [ subfS(� 1) [ subfS(� 2) subfS(P./p ( )) = fP ./p ( )g [ subfS( )
subfS(� 1 U � 2) = subfS(� 1 ^ : � 2) subfS(X � ) = subfS(� )

Given a states 2 S and any formula� 0 2 subfS(� ), eithers j= M � 0 or s 6j= M � 0.
For eachs 2 S and each� 0 2 subfS(� ), let the variablet � 0

s be such thatt � 0

s = 1
iff s j= M � 0; and, t � 0

s = 0 iff s 6j= M � 0. Following the de�nition of the various
logical operators in PCTL, we can set up a set of constraints among these variables
such that for anyM 2 [I ], the values taken by these variables is consistent with their
intended semantic interpretation. We introduce the following additional variables to
aid in setting up these constraints. For every states 2 S and� 0 2 subfS(� ), let the
auxiliary variablesf � 0

s , andu� 0

s be such thatt � 0

s = 1 () f � 0

s = 0 () u� 0

s = 1
andt � 0

s = 0 () f � 0

s = 1 () u� 0

s = � 1 Clearly,t � 0

s , f � 0

s , andu� 0

s are related by
the following set of constraints:

t � 0

s f � 0

s = 0 t � 0

s + f � 0

s = 1 2 t � 0

s = u� 0

s + 1

For every formula� 0 2 subfS(� ) of the formP./p ( ) and for every states 2 S, let
p 

s be the variable such thatp 
s denotesProbf � 2 Path(s) j � j= M  g in M .

For each states 2 S and for each� 0 2 subfS(� ) exactly one of the following
constraints hold depending on the form of� 0:

t � 0

s = 1 if � 0 = a 2 L (s) t � 0

s = 0 if � 0 = a 62L (s)
t � 0

s = 1 � t � 1
s if � 0 = : � 1 t � 1

s t � 2
s = t � 0

s if � 0 = � 1 ^ � 2

u� 0

s p 
s � u� 0

s p + �f � 0

s if � 0 = P� p ( ) u� 0

s p 
s � u� 0

s p + �t � 0

s if � 0 = P>p ( )
u� 0

s p 
s + �f � 0

s � u� 0

s p if � 0 = P� p ( ) u� 0

s p 
s + �t � 0

s � u� 0

s p if � 0 = P<p ( )

where� is slack variable that is required to be strictly greater than 0.
Note that the above constraints do not re�ect the fact that for each� 0 2 subfS(� )

of the form P./p ( ), p 
s denotesProbf � 2 Path(s) j � j= M  g. To set up such

constraints, we introduce the setsubfP(� ) (of path sub-formulas) as follows:

subfP(a) = ; subfP(: � ) = subfP(� )
subfP(� 1 ^ � 2) = subfP(� 1) [ subfP(� 2) subfP(P./p ( )) = f  g [ subfP( )
subfP(� 1 U � 2) = subfP(� 1) [ subfP(� 2) subfP(X � ) = subfP(� )

Thus for all sub-formula of� of the formP./p ( ), subfP(� ) contains .
For any 2 subfP(� ) of the formX � 1 and for eachs 2 S the following constraint

holds:
p 

s =
X

s02 S

pss 0t � 1
s0

For each 2 subfS(� ) of the form� 1 U � 2 ands 2 S the following constraints
hold.

p 
s = t � 2

s + t � 1 ^: � 2
s w 

s w 
s =

X

s02 S

pss 0p 
s

As in simple DTMC, if we consider the above constraints only,then we may not have
unique solution for certainp 

s . Therefore, we �x a
 such that0 < 
 < 1. Then, as in

9



simple DTMC model-checking, for each 2 subfP(� ) of the form� 1 U � 2 ands 2 S,
we introduce the variablesp

0 
s andw

0 
s , such that the following constraints hold.

p
0 
s = t � 2

s + t � 1 ^: � 2
s w

0 
s w

0 
s = 


X

s02 S

pss 0p
0 
s

We wantp 
s = 0 if p

0 
s = 0 . To ensure this, for each 2 subfP(� ) of the form

� 1 U� 2 ands 2 S, we introduce the auxiliary variable�  
s and ensure that the following

constraint hold.

�  
s > 0 p 

s = �  
s p

0 
s

Let V (I ; � ) = f � g [
S

s;s 02 S f pss0g [
S

s2 S;� 02 subfS( � ) f t � 0

s ; f � 0

s ; u� 0

s g [
S

s2 S; 2 subfP( � ) f p 
s ; w 

s ; p
0 
s ; w

0 
s ; �  

s g denote the set of variables over which the
above constraints are described and letC(I ; � ) denote the above set of constraints.

Lemma 5. For every solutionI : V (I ; � ) ! R of C(I ; � ), there exists a DTMCM =
(S; sI ; P ; L ) 2 [I ] such that the following holds:

1. I (pss0) = P(s; s0) for anys; s0 2 S
2. t � 0

s ; f � 0

s 2 f 0; 1g andu� 0

s 2 f� 1; 1g for anys 2 S and� 0 2 subfS(� )
3. t � 0

s = 1 ^ f � 0

s = 0 ^ u� 0

s = 1 iff s j= M � 0 for anys 2 S and� 0 2 subfS(� )
4. t � 0

s = 0 ^ f � 0

s = 1 ^ u� 0

s = � 1 iff s j= M � 0 for anys 2 S and� 0 2 subfS(� )
5. p 

s = Probf � 2 Path(s) j � j= M  g for any 2 subfP(� )

The proof follows from the observations made while setting up the constraints. An
immediate consequence of the Lemma 5 is the following theorem.

Theorem 1. If there exists a solutionI of C(I ; � ) such thatI (t �
sI

) = 1 , then there
exists anM 2 [I ] such thatM j = � .

In order to check ifI j = � , the model checking algorithm sets up the constraints
C(I ; : � ) and checks its feasibility. Clearly, checking the feasibility of C(I ; : � ) is
equivalent to checking if a sentence with existential quanti�ers is valid for the reals;
the size of the sentence is polynomial in the size of the UMC. However, the constraints
C(I ; : � ) are bilinear constraints, and we need to satisfy the conjunction of all these
constraints (not an arbitrary boolean function). The feasibility of such constraints can
be more ef�ciently checked viewing them asbilinear matrix inequalities(BMIs) for
which algorithms [10, 9] and tools [16] have been developed.(More details can seen
in [23].) We also observe that to prove that the model checking problem can be solved
in PSPACE, we could have constructed a simpler set of constraints by �rst guessing the
values of the variablest � 0

s ; u� 0

s ; andf � 0

s for the subformulas� 0, and then solving the
constraints resulting from those guesses; since NPSPACE = PSPACE, we can obtain
a deterministic algorithm from this. However, we believe that in practice solving this
single BMI presented here will be more ef�cient than solvingthe exponentially many
simpler BMIs that this alternative approach would yield.

10



5.1 Complexity of Model-checking UMC

We showed that the model-checking problem for UMC can be reduced to checking the
validity of a formula in the existential theory of the reals.Therefore, the model-checking
problem of UMC is in PSPACE.

The model checking problem for UMCs is however intractable:we can reduce both
the satis�ability and validity of propositional boolean formulas to the model checking
problem (details in [23]).

Theorem 2. The model checking problem for UMC with respect to PCTL is NP-hard
and co-NP-hard.

6 Model-checking IMDP
We consider the problem of model checking IMDPs in this section. We will solve the
problem by showing that we can reduce IMDP model checking to model checking
(classical) a Markov Decision Process (MDP) [4, 20]. Beforepresenting this reduction
we recall some basic properties of the feasible solutions ofa linear program and the
de�nition of an MDP.

6.1 Linear Programming

Consider an IMDPI = ( S; sI ; �P ; P̂ ; L ). For a givens 2 S, let IE(s) be the following
set of inequalities over the variablesf pss0 j s0 2 Sg:X

s02 S

pss 0 = 1 �P (s; s0) � pss 0 � P̂ (s; s0) for all s0 2 S

De�nition 4. A map� s : S ! [0; 1] is called abasic feasible solution(BFS) to the
above set of inequalities IE(s) iff f pss0 = � s(s0) j s0 2 Sg is a solution of IE(s)
and there exists a setS0 � S such thatjS0j � j Sj � 1 and for all s0 2 S0 either
� s(s0) = �P(s; s0) or � s(s0) = P̂ (s; s0).

Let � s be the set of all BFS ofIE(s). The set of BFS of linear program have the spe-
cial property that every other feasible solution can be expressed as a linear combination
of basic feasible solutions. This is the content of the next proposition.

Proposition 1. Let f pss0 = �pss0 j s0 2 Sg be some solution of IE(s). There there are
0 � � � s � 1 for all � s 2 � s, such that

�pss0 =
P

� s 2 � s � � s � s(s0) for all s0 2 S and
P

s2 S � � s = 1

Lemma 6. The number of basic feasible solutions of IE(s) in the worst case can be
O(jSj2jSj� 1).

6.2 Markov Decision Processes (MDP)

A Markov decision process (MDP) is a Markov chain that has non-deterministic tran-
sitions, in addition to the probabilistic ones. In this section we formally introduce this
model along with some well-known observations about them.

11



De�nition 5. If S is the set of states of a system, anext-state probability distribution
is a function� : S ! [0; 1] such that

P
s2 S � (s) = 1 . For s 2 S, p(s) represents the

probability of making a direct transition tos from the current state.

De�nition 6. A Markov decision Process (MDP) is a 4-tupleD = ( S; sI ; �; L ), where

1. S is a �nite set of states,
2. sI 2 S is the initial state,
3. L : S ! 2AP is a labeling function that maps states to sets of atomic propositions

from a setAP,
4. � is a function which associates to eachs 2 S a �nite set � (s) = f � s

1; : : : ; � s
k s

g of
next-state probability distributionsfor transitions froms.

A path� in an MDPD = ( S; sI ; �; L ) is a non-empty sequence of the forms0
� 1!

s1
� 2! : : :, wheresi 2 S, � i +1 2 � (si ), and� i +1 (si +1 ) > 0 for all i � 0. A path can be

either �nite or in�nite. We use� �n to denote a �nite path. Letlast(� �n ) be the last state
in the �nite path� �n . As in DTMC, we denote thei th state in a path� by � [i ] = si .
We let Path(s) and Path�n (s) be the set of all in�nite and �nite paths, respectively,
starting at states. To associate a probability measure with the paths, we resolve the
non-deterministic choices by a randomizedadversary, which is de�ned as follows:

De�nition 7. A randomizedadversaryA of an MDPD is a function mapping every
�nite path � �n of D and an element of the set� (last(� �n )) to [0; 1], such that for a
given �nite path� �n of D,

P
� 2 � ( last( � fin )) A(� �n ; � ) = 1 . Let A D denote the set of

all possible randomized adversaries of the MDPD. Let PathA (s) denote the subset of
Path(s) which corresponds to an adversaryA.

The behavior of an MDP under a given randomized adversary is purely probabilis-
tic. If an MDP has evolved to the states after starting from the statesI and following
the �nite path� �n , then it chooses the next-state distribution� s 2 � (s) with probability
A(� �n ; � s). Then it chooses the next states0 with probability � s(s0). Thus the proba-
bility that a direct transition tos0 takes place is

P
� s 2 � (s) A(� �n ; � s)� s(s0). Thus as for

IMDPs, one can de�ne DTMCDA that captures the probabilistic behavior of MDPD
under adversaryA and also associate a probability measure on execution paths. Given
a MDPD and a PCTL formula' , we can de�ne whenD j= ' in a way analogous to
the IMDPs (see Figure 2).

6.3 The Reduction

We are now ready to describe the model checking algorithm forIMDPs. Consider an
IMDP I = ( S; sI ; �P ; P̂ ; L ). Recall from Section 6.1, we can describe the transition
probability distributions from states that satisfy the range constraints as the feasible
solutions of the linear programIE(s). Furthermore, we denote by� s is the set of all
BFS of IE(s). De�ne the following MDPD = ( S0; s0

I ; �; L 0) whereS0 = S, s0
I = sI ,

L 0 = L, and for alls 2 S, � (s) = � s. Observe thatD is exponentially sized inI , since
� (s) is exponential (see Lemma 6).

The main observation behind the reduction is that the MDPD “captures” all the
possible behaviors of the IMDPI . This is the formal content of the next proposition.
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Proposition 2. For any adversaryA for I , we can de�ne a randomized adversaryA0

such thatProbI A

s = ProbD A 0

s for everys, whereProbX A

s is measure on paths froms
de�ned by machineX underA. Similarly for every adversaryA for D, we can �nd an
adversaryA0 for I that de�nes the same probability measure on paths.

Proof. Consider an adversaryA for I . For a path � �n let A(� �n ) = � 2
Steps(last(� �n )) . We know from Proposition 1, that there are� � s for � s 2 � s such
that

� (s0) =
P

� s 2 � s � � s � s(s0) for all s0 2 S and
P

s2 S � � s = 1

We now de�neA0(� �n ; � s) = � � s . It is straightforward to see thatProbI A

s = ProbD A 0

s .
The converse direction also can be proved similarly. ut

An important consequence of the above observation is the following main theorem.

Theorem 3. For any PCTL formula' , I j = ' iff D j= ' .

Thus, in order to model check IMDPI , we can model check the MDPD for which
algorithms are known [4, 20]. The algorithms for MDP run in time (and space) which is
polynomial in the size of the MDP. Thus, if we directly model checkD we get an EXP-
TIME model checking algorithm forI . However, we can improve this to get a PSPACE
algorithm. The reason for this is that it is known that as far as model checking MDPs is
concerned, we can restrict our attention todeterministic, memorylessadversaries, i.e.,
adversaries that always pick the same single non-deterministic choice whenever a state
is visited.

Proposition 3 ([4, 20]).Let A det be the set of deterministic, memoryless adversaries
for MDP D, i.e., for all A 2 A det , A(s; � ) = 1 for exactly one� 2 � (s). Consider a
PCTL formula' = P./p ( ) such that the truth or falsity of every subformula of in
every state ofD is already determined. ThenD j= ' iff DA j= ' for all A 2 A det .

For every subformula of the formP./p ( ), our model checking algorithm, will
model check each of the DTMCsDA , whereA is a deterministic, memoryless ad-
versary. This will give us the desired PSPACE algorithm.

Theorem 4. The model-checking algorithm for IMDP is in PSPACE.

Proof. From Lemma 6, we know that the total number of BFSs isO(jSj2jSj� 1). Hence
the total number of DTMCsDA for A 2 A det is O(jSj jSj 2jSj2 �j Sj ). By reusing space
for every subformulaP./p ( ), all of these model checking problems can be solved in
PSPACE. ut

6.4 Iterative Algorithm

The above PSPACE algorithm is computationally expensive for large IMDPs. There-
fore, we propose an alternative iterative algorithm motivated by a similar algorithm
in [2].
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The iterative model checking algorithm for PCTL over IMDPs works exactly as
for DTMCs with the exception of handling ofP./p ( ). For these, we need to check if
pA

s ( ) = ProbA
s (f � 2 PathA (s) j � j=  g) satis�es the bound./ p for all adver-

sariesA 2 A I . Let pmax
s ( ) andpmin

s ( ) be theminimumor maximumprobability,
respectively, for all adversariesA 2 A I , i.e.,

pmax
s ( ) def= sup A 2A I

[pA
s ( )]; pmin

s ( ) def= inf A 2A I [pA
s ( )]:

Then if ./ 2 f <; �g ,

Sat(P./p ( )) = f s 2 S j pmax
s ( ) ./ p g

and if ./ 2 f >; �g ,

Sat(P./p ( )) = f s 2 S j pmin
s ( ) ./ p g

We next describe how to compute the valuespmax
s ( ) andpmin

s ( ) for  = X � and
 = � 1 U� 2. Recall that� s is the set of all BFS ofIE(s). It can be shown following [2]
thatpmax

s = lim n !1 pmax( n )
s where:

pmax( n )
s =

8
>>>>><

>>>>>:

1 if s 2 Syes

0 if s 2 Sno

0 if s 2 S? andn = 0

maxf �pss 0 j s02 S g2 � s

nP
s02 S �pss 0:pmax( n � 1)

s0

o

if s 2 S? andn > 0

andpmin
s = lim n !1 pmin( n )

s where:

pmin( n )
s =

8
>>>>><

>>>>>:

1 if s 2 Syes

0 if s 2 Sno

0 if s 2 S? andn = 0

min f �pss 0 j s02 S g2 � s

nP
s02 S �pss 0:pmin( n � 1)

s0

o

if s 2 S? andn > 0

Note that although the size of� s can beO(jSj2jSj� 1) (by Lemma 6), the compu-
tation of the expressions

maxf �pss 0 j s02 S g2 � s

(
X

s02 S

�pss 0:pmax( n � 1)
s0

)

or min f �pss 0 j s02 S g2 � s

(
X

s02 S

�pss 0:pmin( n � 1)
s0

)

(5)

can be done inO(jSj) time as follows:
We consider the orderings1; s2; : : : ; sjSj of the states of S such that

pmax( n � 1)
s1 ; pmax( n � 1)

s2 ; : : : ; pmax( n � 1)
sj S j is in descending order. Then the following result

holds.

Lemma 7.

a) There exists an1 � i � j Sj such thatf P̂ (s; s1); : : : ; P̂ (s; si � 1); q; �P(s; si +1 );
: : : ; �P (s; sjSj )g is a BFS of IE(s), where q = 1 �

P
1� j � ( i � 1) P̂ (s; sj ) �

P
( i +1) � j �j Sj

�P (s; sj ).
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b) and for thati

maxf �pss 0 j s02 S g2 � s

(
X

s02 S

�pss 0:pmax( n � 1)
s0

)

= pmax( n � 1)
s i :q

+
X

1� j � ( i � 1)

pmax( n � 1)
s j :P̂ (s; sj ) +

X

( i +1) � j �j S j

pmax( n � 1)
s j : �P (s; sj )

Proof.
a) Let i 0 be de�ned as follows:

i 0 = min f i j
iX

j =1

P̂ (s; sj ) +
j S jX

j = i +1

�P (s; sj ) � 1g

Observe that such ani 0 must exist if the IMDP is well-de�ned. Consider the
solution f P̂ (s; s1); : : : ; P̂ (s; si 0 � 1); q; �P(s; si 0 +1 ); : : : ; �P (s; sjSj )g where q = 1 �
P

1� j � ( i 0 � 1) P̂ (s; sj ) �
P

( i 0 +1) � j �j Sj
�P (s; sj ). This solution is a BFS ofIE(s).

b) Let f �pss1 ; : : : ; �pss j S j g be any solution (it may be BFS or not) ofIE(s). Then by
simple algebraic simpli�cation it can be shown that

X

1� j � ( i � 1)

pmax( n � 1)
s j :P̂ (s; sj )+ pmax( n � 1)

s i :q+
X

( i +1) � j �j S j

pmax( n � 1)
s j : �P (s; sj ) �

X

s02 S

�pss 0:pmax( n � 1)
s0

given the fact thatpmax( n � 1)
s1 � pmax( n � 1)

s2 � : : : � pmax( n � 1)
sj S j , and �P(s; s0) � �pss0 �

P̂ (s; s0) for all s0 2 S. ut

Similarly, if we consider the orderings1; s2; : : : ; sjSj of the states ofS such that

pmin( n � 1)
s1 ; pmin( n � 1)

s2 ; : : : ; pmin( n � 1)
sj S j is in ascending order, then the above Lemma

holds with max replaced by min.
The expressions (5) can be computed inO(jSj) time by �nding ani as in Lemma 7.

6.5 Lower Bound for IMDP model-checking

We can show that the model checking problem for IMDPs is P-hard. The result follows
from observing that the problem of determining the truth value of propositional logic
formula under an assignment (which is known to be P-complete) can be reduced to the
PCTL model checking problem of DTMCs; since DTMCs are special IMDPs, the result
follows. The details can be found in [23].

7 Conclusion
We have investigated the PCTL model checking problem for twosemantic interpreta-
tions of IDTMCs, namely UMC and IMDP. We proved the upper bounds and the lower
bounds on the complexity of the model checking problem for these models. Our bounds
however are not tight. Finding tight lower and upper bounds for these model-checking
problems is an interesting open problem.
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