
Visibly Pushdown GamesChristof L�oding1;? P. Madhusudan2;?? Olivier Serre1;?1 LIAFA, Universit�e Paris VII, Fran
e2 University of PennsylvaniaAbstra
t. The 
lass of visibly pushdown languages has been re
entlyde�ned as a sub
lass of 
ontext-free languages with desirable 
losureproperties and tra
table de
ision problems. We study visibly pushdowngames, whi
h are games played on visibly pushdown systems where thewinning 
ondition is given by a visibly pushdown language. We establishthat, unlike pushdown games with pushdown winning 
onditions, visi-bly pushdown games are de
idable and are 2Exptime-
omplete. We alsoshow that pushdown games against Ltl spe
i�
ations and Caret spe
-i�
ations are 3Exptime-
omplete. Finally, we establish the topologi
al
omplexity of visibly pushdown languages by showing that they are asub
lass of Boolean 
ombinations of �3 sets. This leads to an alterna-tive proof that visibly pushdown automata are not determinizable andalso shows that visibly pushdown games are determined.1 Introdu
tionThe theory of two-player games on graphs is a prominent area in formal veri�
a-tion and automata theory. The pe
uliar a

eptan
e 
onditions used in the studyof automata on in�nite words and trees, result in a theory of in�nite games thatserves as a simple and uni�ed framework for various proofs and 
onstru
tions inautomata theory. In parti
ular, the determina
y theorem for these games and thesolvability of in�nite games on �nite graphs are 
losely related to the de
idabilityof the monadi
 se
ond-order logi
 on trees [14, 16℄.In formal veri�
ation, in�nite games are useful in two 
ontexts. First, themodel-
he
king problem for the �-
al
ulus is intimately related to solving paritygames [6℄, the pre
ise 
omplexity of whi
h is still open. Se
ond, the theory ofgames form a natural abstra
tion of the synthesis and 
ontrol-synthesis problems,where the aim is to synthesize a system that satis�es a given spe
i�
ation [9℄.While most results in model 
he
king involve problems on �nite graphs, ab-stra
tion of data from software programs with pro
edures results in pushdownmodels, where the sta
k is required to maintain the 
all-sta
k of the program.Formal veri�
ation of these models against regular spe
i�
ations is howevertra
table sin
e emptiness of pushdown automata is de
idable. In fa
t, a variety of? Supported by the European Community Resear
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program analysis questions, stati
 
ode analysis, and 
ompiler optimization 
anbe redu
ed to rea
hability in pushdown models [10℄ and 
ontemporary softwaremodel-
he
king tools su
h as Slam [3℄ implement these de
ision pro
edures.Although 
he
king software models against regular spe
i�
ations is useful,there are important 
ontext-free requirements|spe
i�
ation of pre-post 
ondi-tions for pro
edures, se
urity properties that require sta
k inspe
tion, et
. Re-
ently, a temporal logi
 
alled Caret [1℄ has been de�ned whi
h allows spe
i�-
ation of su
h 
ontext-free properties and yet preserves de
idability of pushdownmodel-
he
king.In [2℄, the 
lass of visibly pushdown languages (Vpl) is proposed as an au-tomata theoreti
 generalization of Caret. These languages are a

epted by vis-ibly pushdown automata (Vpa), whi
h are pushdown automata whose sta
k-operations are determined by the input. Like the 
lass of regular languages,Vpl is 
losed under all Boolean operations; moreover, de
ision problems su
has in
lusion, whi
h are unde
idable for 
ontext-free languages, are de
idable forVpl. Vpl in
ludes the 
lass of languages de�ned by Caret and forms a robustsub
lass of 
ontext-free languages [2℄.Turning ba
k to games, pushdown games with parity winning 
onditions areknown to be de
idable [15℄. This shows that pushdown games with any external!-regular winning 
ondition 
an also be solved. However, it is easy to see thatsolving pushdown games against pushdown winning 
onditions is unde
idable. In[5℄ a new winning 
ondition for pushdown games was proposed, whi
h de
laresa play winning if and only if along the play, the sta
k is repeatedly bounded (i.e.there is some sta
k depth n su
h that the sta
k was below depth n in�nitelyoften). The main motivation for this winning 
ondition was that it de�ned a
lass of plays that was in the �3 level of the Borel hierar
hy (!-regular winning
onditions de�ne only sets that are in the Boolean 
losure of �2). It was shownthat solving these games was de
idable. Note that for any pushdown game, if welabel the push transitions, pop transitions, and internal transitions di�erently,then the set of repeatedly bounded plays is a visibly pushdown language.Sin
e visibly pushdown automata have a de
idable model-
he
king problemand sin
e the set of repeatedly bounded words is a Vpl, a natural questionarises: given a visibly pushdown game graph G and a Vpl L des
ribing the setof winning plays, is the game problem (G; L) de
idable? The main result of thispaper is that this problem is de
idable and is 2Exptime-
omplete. Thus, thetra
tability of visibly pushdown languages extends to the game problem as well.The main te
hni
al 
hallenge in handling visibly pushdown games is that thespe
i�
ation automaton, whi
h is a Vpa, is not, in general, determinizable [2℄.This prevents us from taking a produ
t with the game graph to redu
e it to apushdown game with internal winning 
onditions. We invent a new kind of Vpa,
alled stair Vpa, in whi
h the winning 
ondition is interpreted only at 
ertainpoints along the run, and the states met at other points are ignored. The i'thletter of a word belongs to this evaluation set if for no j > i, the sta
k depthat j is less than that at i. We then show that for every (nondeterministi
) Vpa,there exists an equivalent deterministi
 stair Vpa. We take the produ
t of the



game graph with the deterministi
 stair Vpa, and show how pushdown gameswith stair winning 
onditions 
an be solved.The above result yields a 3Exptime de
ision pro
edure for pushdown gamesagainst Caret spe
i�
ations. However, this high 
omplexity is not due to the
ontext-free nature of the spe
i�
ation, as we show the surprising result thatpushdown games against Ltl spe
i�
ations is already 3Exptime-hard. We alsoestablish that solving pushdown games against nondeterministi
 Vpa (or evennondeterministi
 B�u
hi automata) spe
i�
ations is 2Exptime-hard.Finally, we show that the 
lass Vpl is 
ontained in the Boolean 
losure of�3, B(�3). This is one level higher than the 
lass B(�2) whi
h 
ontains allregular !-languages. As a 
onsequen
e, we get an alternative proof that visi-bly pushdown automata 
annot be determinized and also establish that visiblypushdown games are determined (i.e. from any position in the game, one of theplayers must have a winning strategy).2 PreliminariesFor a �nite setX we denote the set of �nite words overX byX�, the set of in�nitewords (!-words) over X by X!, and the empty word by ". For � 2 X� [ X!and n 2 N we write �(n) for the nth letter in � and ��n for the pre�x of lengthn of �, i.e., ��0= " and ��n= �(0) � � ��(n� 1) for n � 1.A pushdown alphabet is a tuple eA = hA
; Ar; Ainti that 
omprises threedisjoint �nite alphabets|A
 is a �nite set of 
alls, Ar is a �nite set of returns,and Aint is a �nite set of internal a
tions. For any su
h eA, let A = A
[Ar[Aint.We de�ne visibly pushdown systems over eA. Intuitively, the pushdown systemis restri
ted su
h that it pushes onto the sta
k only when it reads a 
all, popsthe sta
k only at returns, and does not use the sta
k on internal a
tions. Theinput hen
e 
ontrols the kind of operations permissible on the sta
k|however,there is no restri
tion on the symbols that 
an be pushed or popped.De�nition 1 (Visibly pushdown system [2℄). A visibly pushdown system(VPS) over hA
; Ar; Ainti is a tuple S = (Q;Qin; �;�) where Q is a �nite set ofstates, Qin � Q is a set of initial states, � is a �nite sta
k alphabet that 
ontainsa spe
ial bottom-of-sta
k symbol ? and � � (Q � A
 � Q� (� n f?g)) [ (Q �Ar � � �Q) [ (Q�Aint �Q) is the transition relation.A sta
k is a nonempty �nite sequen
e over � ending in the bottom-of-sta
ksymbol ?; let us denote the set of all sta
ks as St = (� nf?g)�:f?g. A transition(q; a; q0; 
), where a 2 A
 and 
 6= ?, is a push-transition where on reading a,
 is pushed onto the sta
k and the 
ontrol 
hanges from state q to q0. Similarly,(q; a; 
; q0) is a pop-transition where 
 is read from the top of the sta
k andpopped (if the top of sta
k is ?, then it is read but not popped), and the 
ontrolstate 
hanges from q to q0. Note that on internal a
tions, there is no sta
koperation.The 
on�guration graph of a Vps S is the graph GS = (VS ; ES), whereVS = f(q; �) j q 2 Q; � 2 Stg, and ES is the set that 
ontains all triples((q; �); a; (q0; �0)) 2 VS �A� VS , that satisfy the following:



[Push℄ If a is a 
all, then 9
 2 � su
h that (q; a; q0; 
) 2 � and �0 = 
:�.[Pop℄ If a is a return, then 9
 2 � su
h that (q; a; 
; q0) 2 � and either 
 6= ?and � = 
:�0, or 
 = ? and � = �0 = ?.[Internal℄ If a is an internal a
tion, then (q; a; q0) 2 � and � = �0.For a word � = a1a2a3 � � � in A! , a run of S on � is a sequen
e � =(q0; �0)(q1; �1)(q2; �2) � � � 2 V !S of 
on�gurations, where q0 2 Qin, �0 = ? and((qi; �i); a; (qi+1; �i+1)) 2 ES for every i 2 N.A visibly pushdown automaton (Vpa) over hA
; Ar; Ainti is a tuple M =(Q;Qin; �;�;
) where (Q;Qin; �;�) is a Vps, and 
 is an a

eptan
e 
ondi-tion. In a B�u
hi Vpa, 
 = F � Q is a set of �nal states, while in a parity Vpa,
 : Q! N.For a run � = (q0; �0)(q1; �1)(q2; �2) � � � , we 
onsider the set inf (�) � Qwhi
h is the set of all states that o

ur in � in�nitely often. A word � 2 A! isa

epted by a B�u
hi Vpa if there is a run � over � whi
h in�nitely often visitsF , i.e., if inf (�)\F 6= ;. A word � 2 A! is a

epted by a parity Vpa if there is arun � over � su
h that the minimal 
olor visited in�nitely often by � is even, i.e.,if the minimal 
olor in 
(inf (�)) = f
(q) j q 2 inf (�)g is even. The languageL(M) of a Vpa M is the set of words a

epted by M.A Vpa is deterministi
 if it has a unique initial state qin , and for ea
h in-put letter and 
on�guration there is at most one su

essor 
on�guration. Fordeterministi
 Vpas we denote the transition relation by Æ instead of � and writeÆ(q; a) = (q0; 
) instead of (q; a; q0; 
) 2 Æ if a 2 A
, Æ(q; a; 
) = q0 instead of(q; a; 
; q0) 2 Æ if a 2 Ar, and Æ(q; a) = q0 instead of (q; a; q0) 2 Æ if a 2 Aint.In�nite two-player games. Let A be a �nite alphabet. A game graph G over Ais a graph G = (V; VE; VA; E) where (V;E) is a deterministi
 graph with edgeslabeled with letters of A (i.e. E � V �A�V su
h that if (v; a; v1); (v; a; v2) 2 E,then v1 = v2), and (VE; VA) partitions V between two players, Eve and Adam.An in�nite two-player game is a pair G = (G; 
), where the winning 
ondition
 
an be of two kinds: An internal winning 
ondition 
 is a subset of V ! andan external winning 
ondition 
 is a subset of A! .The players, Eve and Adam, play in G by moving a token between positions.A play from some initial node v0 pro
eeds as follows: the player owning v0 movesthe token to some vertex v1 along an edge of the form e0 = (v0; a0; v1) 2 E. Thenthe player owning v1 moves the token to v2 along an edge e1 = (v1; a1; v2), andso on, forever. If one of the players 
annot make a move, the other player wins.Otherwise, the play is an in�nite sequen
e � = v0a0v1a1 � � � 2 (V:A)! in G. Forinternal winning 
onditions, Eve wins � if v0v1v2 � � � 2 
, and Adam wins itotherwise. If 
 is an external winning 
ondition, Eve wins � if a0a1a2 � � � 2 
,and Adam wins it otherwise. A partial play is any pre�x of a play.A strategy for Eve is a fun
tion assigning to any partial play ending in somenode in v 2 VE an edge (v; a; v0) 2 E. Eve respe
ts a strategy f during someplay � = v0a0v1a1 � � � if for any i � 0 su
h that vi 2 VE, (vi; ai+1; vi+1) =f(v0a0v1a1 � � � vi). Finally, a strategy f is said to be winning from some positionv, if any play starting from v where Eve respe
ts f is winning for her.



A visibly pushdown game H = (S; QE; QA;M) 
onsists of a Vps S, a VpaM (both over a 
ommon pushdown alphabet eA), and a partition hQE; QAi ofthe state set Q of S. H de�nes the game GH = (G; 
), where G = (V; VE; VA; E),(V;E) is the 
on�guration graph of S, VE = f(q; �) j q 2 QEg, and VA = f(q; �) jq 2 QAg. The set 
 is the external winning 
ondition 
 = L(M).We 
an now state the main problem we address in this paper: Given a visiblypushdown game H = (S; QE; QA;M) and a state pin of S, is there a strategyfor Eve that is winning for her from the position (pin;?), in the game GH?3 Deterministi
 Stair VpasVisibly pushdown automata over !-words 
annot be determinized [2℄. In thisse
tion, in order to obtain a determinization theorem, we propose a new modeof a

eptan
e for Vpas. Instead of evaluating the a

eptan
e 
ondition on thewhole run, we evaluate it only on a subsequen
e of the run. This subsequen
eis obtained by dis
arding those 
on�gurations for whi
h a future 
on�gurationof smaller sta
k height exists. The sequen
e thus obtained is non-de
reasingwith respe
t to the sta
k height, and hen
e we dub Vpas using this mode ofa

eptan
e as stair Vpas (denoted StVpa). The main theorem of this se
tionis that for every nondeterministi
 B�u
hi Vpa, we 
an e�e
tively 
onstru
t anequivalent deterministi
 parity StVpa.For Y � N and � 2 X! (for some set X) we de�ne the subsequen
e �jY 2X� [X! of � indu
ed by Y as follows. Let n0 < n1 < n2 < � � � be an as
endingenumeration of the elements in Y . Then �jY= �(n0)�(n1)�(n2) � � � .For w 2 A� we de�ne the sta
k height sh(w) indu
tively by sh(") = 0 andsh(ua) =8<: sh(u) if a 2 Aint;sh(u) + 1 if a 2 A
;maxfsh(u)� 1; 0g if a 2 Ar:For � 2 A! de�ne Steps� = fn 2 N j 8m � n : sh(��m) � sh(��n)g. Note thatSteps� is in�nite for ea
h � 2 A! .Let Lmwm denote the set of all minimally well-mat
hed words|the words ofthe form 
wr 2 A�, where the last letter r 2 Ar is the mat
hing return for the�rst letter 
 2 A
 (formally, 
 2 A
, r 2 Ar, sh(w) = 0 and for any pre�x w0 ofw, sh(
w0) > 0).For any word � 2 A! , we 
an group maximal subwords of � whi
h are inLmwm, and get a unique fa
torization � = w1w2 : : : where ea
h wi 2 Lmwm [A.It is easy to see that if wi = 
, for some 
 2 A
, then there is no j > i su
hthat wj = r, for some r 2 Ar. In fa
t, the points at whi
h the word fa
torizes isexa
tly Steps�, i.e. n 2 Steps� i� 9i � 0 : jw1 : : : wij = n.To de�ne a

eptan
e for StVpas, we evaluate the a

eptan
e 
ondition atthe subsequen
e �jSteps� for any run � on �, i.e. at the positions after ea
h pre�xw1 : : : wi, where i 2 N.



De�nition 2 (Stair Vpa). A (nondeterministi
) stair Vpa (StVpa) M =(Q;Qin; �;�;
) over hA
; Ar; Ainti has the same 
omponents as a Vpa. A word� 2 A! is a

epted by M if there is a run � of M on � su
h that �jSteps� satis�esthe a

eptan
e 
ondition 
 of M. The language a

epted by M is L(M) = f� 2A! j M a

epts �g.Example 1. Let Lrb = f� 2 A! j 9`8m 9n > m : sh(� �n) = `g (withAint = ;, Ar = frg, and A
 = f
g) be the set of all repeatedly bounded words.As shown in [2℄ there is no deterministi
 Vpa for this language. Now 
onsiderthe parity StVpa Mrb with states q1; q2, initial state q1, sta
k alphabet � =f
;?g, 
oloring fun
tion 
(q1) = 1,
(q2) = 2, and transition fun
tion Æ(q1; 
) =Æ(q2; 
) = (q1; 
) and Æ(q1; r; 
) = Æ(q2; r; 
) = Æ(q1; r;?) = Æ(q2; r;?) = q2. Fora run � of this StVpa the sequen
e �jSteps� 
ontains in�nitely many q1 i� theinput 
ontains in�nitely many unmat
hed 
alls and thus L(Mrb) = Lrb.We aim at proving that for ea
h nondeterministi
 B�u
hi Vpa M there is anequivalent deterministi
 parity StVpa D. Let � 2 A! and let the fa
torizationof � be � = w1w2 : : :. A stair Vpa reading � 
an refer to the states after ea
hwi only. In order to 
apture the way M a
ts on a subword wi, we use summaryinformation whi
h, intuitively, des
ribes all possible transformationsM 
an un-dergo when reading the word wi. For this purpose letM = (Q;Qin; �;�; F ) andset TQ = 2Q�f0;1g�Q. The transformation Twi 2 TQ indu
ed by wi is de�nedas follows: (q; f; q0) 2 Twi i� there is a run of M on wi leading from (q;?) to(q0; �), for some � 2 St, with f = 1 i� this run meets some state in F . Notethat the initial sta
k 
ontent does not matter if wi 2 A
 [ Aint [ Lmwm, and ifwi 2 Ar, we know that when wi o

urs in �, the sta
k must be empty.Now 
onsider the sequen
e �� = Tw1Tw2 : : : 2 T !Q . M a

epts � i� we 
anstring together a 
onsistent run using the summaries in �� su
h that it visits Fin�nitely often. Formally, a word � 2 T !Q is good if there exists � 2 Q! su
h that�(0) 2 Qin and for all i 2 N, (�(i); fi; �(i+1)) 2 �(i), for some fi 2 f0; 1g, wherefi = 1 for in�nitely many i 2 N. Then it is easy to see that � 2 L(M) i� �� isgood. Note that the set of all good words over TQ is in fa
t a regular !-languageover the alphabet TQ. Hen
e we 
an build a deterministi
 parity automatonST = (S; sin; Æ; 
) whi
h a

epts the set of all good words. Moreover, ST 
an be
onstru
ted su
h that S = 2O(jQj�log jQj) [13℄.We 
an also show that the summary information 
an be generated by adeterministi
 Vps. Formally, there is a deterministi
 Vps C with output su
hthat on reading any �nite word w, if the fa
torization of w is w01 : : : w0k, C outputsthe transformation Tw0k on its last transition. Su
h a Vps C is easy to 
onstru
t:the state-spa
e of C is TQ with initial state IdQ = f(q; 0; q) j q 2 Qg. On readingan internal a
tion a 2 Aint (or on reading a return when the sta
k is empty),C updates its state from T to T Æ Ta and outputs Ta; on reading a 
all 
 2 A
,it pushes 
 and the 
urrent state T onto the sta
k, updates the state to IdQ,and outputs T
; on reading a return r 2 Ar when the sta
k is nonempty, itpops T 0 and 
 2 A
, updates its state from T to T 0 ÆS
2� (T
;
 Æ T Æ Tr;
), andoutputs S
2� (T
;
 Æ T Æ Tr;
). Here, T1 Æ T2 is de�ned to be the set of all triples



(q; f; q0) su
h that there are some elements (q; f1; q1) 2 T1, (q1; f2; q0) 2 T2 andf = maxff1; f2g. The transformation T
;
 (resp. Tr;
) is the one indu
ed by thetransitions pushing 
 on reading 
 (resp. popping 
 on reading r).We are now ready to 
onstru
t the deterministi
 parity StVpa D a

eptingL(M). The state-spa
e of D is TQ � S, and we will 
onstru
t D su
h that afterreading any �nite word w with fa
torization w = w01; : : : w0k, the se
ond 
ompo-nent of D's state is the state whi
h ST would rea
h on the word Tw01 : : : Tw0k .D inherits the parity 
ondition from ST and it is easy to see that the aboveproperty ensures that D a

epts L(M).D simulates the Vps C on the �rst 
omponent and the se
ond 
omponentis updated using the outputs of C. In addition to the information stored on thesta
k by C, when reading a 
all symbol 
 2 A
, D also pushes onto the sta
kthe state it was in before the 
all symbol was read. When D reads a returnsymbol and the sta
k is not empty, the se
ond 
omponent needs to be updatedto Æ(s; T ) where s is the state ST was in before it read the 
all 
orresponding tothe 
urrent return, and T is the summary of the segment from the 
orresponding
all to the 
urrent return. The state s is available on the top of the sta
k (sin
eD had pushed it at the 
orresponding 
all) and T 
orresponds to the output ofC; hen
e D 
an update the se
ond 
omponent appropriately. We have:Theorem 1. For ea
h nondeterministi
 B�u
hi Vpa M over A there exists adeterministi
 parity StVpa D su
h that L(M) = L(D). Moreover, we 
an 
on-stru
t D su
h that it has 2O(jQj2) states, where Q is the state-spa
e of M.As Theorem 1 shows, evaluating the a

eptan
e 
ondition on �jSteps� instead of� in
reases the expressive power of deterministi
 Vpas. A nondeterministi
 Vpa
an guess the positions of Steps� (and verify its 
orre
tness), and hen
e staira

eptan
e does not 
hange the expressive power of nondeterministi
 Vpas.Theorem 2. For ea
h nondeterministi
 parity StVpa M one 
an 
onstru
t anondeterministi
 B�u
hi Vpa M0 su
h that L(M) = L(M0).4 GamesIn this se
tion, our main aim is to prove that the problem of solving visiblypushdown games as stated at the end of Se
tion 2 is in 2Exptime. Our �rst stepis to internalize the winning 
ondition M by transforming it to a deterministi
stair Vpa and then taking its produ
t with the game graph de�ned by H. Thisresults in a game with a stair parity winning 
ondition, whi
h we then solve.A stair parity game ST = (S; QE; QA; 
ol) 
onsists of aVps S = (Q;Qin; �;�),a partition hQE; QAi ofQ, and a 
oloring fun
tion 
ol : Q! N. The game de�nedby ST is G ST = (G; 
) with G = (V; VE; VA; E), where (V;E) is the 
on�gu-ration graph of S, VE = f(p; �) j p 2 QEg, and VA = f(p; �) j p 2 QAg. Theset 
 is the internal winning 
ondition 
 = f� 2 V ! j min
ol(�jSteps�) is evengwhere min
ol(�) = minfi j 91n s:t: 
ol(�(n)) = ig. Here, Steps� is the nat-ural adaption of the de�nition of Steps� to sequen
es of 
on�gurations, i.e,Steps� = fn 2 N j 8m � n j�(m)j � j�(n)jg.



Note that the labeling of the edges in a stair parity game does not matterand, in the sequel, we will ignore it.To transform a visibly pushdown game H = (S; QE; QA;M) into a stairparity game let D be some deterministi
 StVpa su
h that L(D) = L(M). Sin
eS and D are over the same pushdown alphabet eA, we 
an take the syn
hronizedprodu
t S
D to get a pushdown system S 0 (ignoring the a

eptan
e 
ondition).We then have a stair parity game ST = (S 0; Q0E; Q0A; 
ol), where the partition ofthe state-spa
e is inherited from H and the 
oloring fun
tion is inherited fromthe 
oloring fun
tion of D. Sin
e D is deterministi
 one 
an easily show thefollowing proposition, where qin denotes the initial state of D.Proposition 1. Let pin 2 Q. Then (pin;?) is winning for Eve in GH if andonly if ((pin; qin);?) is winning for Eve in G ST .Now we explain how to adapt the 
lassi
al te
hniques for pushdown paritygames and its variants [15, 4, 11℄ in order to solve stair parity games.Let ST = (S; QE; QA; 
ol) be a stair parity game, where S = (Q;Qin; �;�)and let G = (V; VE; VA; E) be the asso
iated game graph. We 
onstru
t a �nitegame graph G with a parity winning 
ondition, su
h that Eve has a winningstrategy in G i� she has a winning strategy in G. Intuitively, in G, we keep tra
kof only the 
ontrol state and the symbol on the top of the sta
k. The interestingaspe
t of the game is when it is in a 
ontrol state p with top-of-sta
k 
, and theplayer owning p wants to push a letter 
0 onto the sta
k. For every strategy ofEve there is a 
ertain set of possible (�nite) 
ontinuations of the play that willend with popping this 
0 symbol from the sta
k. We require Eve to de
lare theset R of all states the game 
an be in after the popping of 
0 along these plays.Adam now has two 
hoi
es|he 
an either 
ontinue the game by pushing 
0onto the sta
k and updating the state (we 
all this a pursue move), or he 
anpi
k some state p00 2 R and 
ontinue from that state, leaving 
 on the top of thesta
k (we 
all this a jump move). If he does a pursue move, then he remembersR and if there is a pop-transition on 
0 later on in the play, the play stops rightthere and Eve is de
lared the winner if and only if the resulting state is in R.The 
ru
ial point to note is that the jump transitions along in�nite playsin G (i.e. plays that never meet a pop-transition with the sta
k being non-empty) essentially skip words of Lmwm, and hen
e the play really 
orresponds toevaluating a play � in the pushdown game at Steps�. Therefore the stair parity
ondition gets evaluated along the play and ensures 
orre
tness of the redu
tion.Let us now des
ribe the 
onstru
tion more pre
isely. The main nodes of Gare tuples in Q� � � 2Q. A node (p; 
;R) has 
olor 
ol(p) and belongs to Evei� p 2 QE. Intuitively, a node (p; 
;R) denotes that the 
urrent state of S is p,
 is the symbol on the top of the sta
k, and R is the 
urrent 
ommitment Evehas made, i.e. Eve has 
laimed that if a pop-
 transition is exe
uted, then theresulting state will be in R. The starting node is (pin;?; ;).In order to simulate an internal-transition (p; p0) 2 �, we have edges ofthe form (p; 
;R) ! (p0; 
; R) in G. Also, if the sta
k is empty, pop-transitionsare handled like internal transitions: if (p;?; p0) 2 �, then there is an edge(p;?; R)! (p0;?; R) in G.



Pop-transitions are not simulated but are represented in G by edges to avertex tt (winning for Eve) and a vertex ff (winning for Adam) to verify the
laims made by Eve. Re
all that in (p; 
;R) the set R represents the 
laim ofEve that on a pop-
 transition the next state will be in R. Hen
e, in G there is anedge from (p; 
;R) to tt if there is p0 2 R and a pop-transition (p; 
; p0) 2 �. If pbelongs to Eve, then this transition 
an be used by Eve to win the game be
auseshe was able to prove that her 
laim was 
orre
t. If there is a pop-transition(p; 
; p0) 2 � with p0 =2 R, then there is an edge from (p; 
;R) to ff , whi
h 
anbe used by Adam to win (if p belongs to Adam) sin
e Eve made a false 
laim.The simulation of a push-transition takes pla
e in several steps. For a node(p; 
;R) the player owning p �rst pi
ks a parti
ular push-transition (p; p0; 
0) bymoving to the node (p; 
;R; p0; 
0), whi
h belongs to Eve. Then Eve proposes a setR0 � Q 
ontaining the states that she 
laims to be rea
hed if 
0 gets eventuallypopped. She does this by moving to the node (p; 
;R; p0; 
0; R0), whi
h belongs toAdam. Now, Adam has two kinds of 
hoi
es. He 
an do a jump move by pi
kinga state p00 2 R0 and move to the node (p00; 
; R). Or he 
an do a pursue moveby moving to the node (p0; 
0; R0).If G denotes the parity game played on G, we get the following result whi
h
an be shown using similar methods as, e.g., in [15, 4, 11℄.Theorem 3. Let pin 2 Q. Eve has a winning strategy from (pin;?) in the push-down game G ST if and only if she has a winning strategy in G from (pin;?; ;). Inaddition, one 
an e�e
tively build pushdown strategies for both players in G ST .As a 
orollary of Theorem 3, Proposition 1, and the fa
t that the transforma-tion from Proposition 1 preserves pushdown strategies, we have the following:Corollary 1. The problem of de
iding the winner in a visibly pushdown gameis in 2Exptime and pushdown strategies 
an be e�e
tively built for both players.It is a well known result that there always exists memoryless winning strate-gies in parity games [6, 17℄. Nevertheless, it is not the 
ase for the pre
edingwinning 
onditions:Proposition 2. There exist a stair parity (resp. visibly) pushdown game and a
on�guration winning for Eve su
h that any winning strategy for Eve from thisposition requires in�nite memory.Visibly pushdown games are solvable in 2Exptime, as we showed above.Let us now 
onsider pushdown games where the alphabet A is a subset of 2Pwhere P is a �nite set of propositions. Caret is a temporal logi
 that 
an ex-press a sub
lass of 
ontext-free languages whi
h is 
ontained in Vpl [1, 2℄. From
onstru
tions in [1℄, it follows that for every Caret formula ' over 2P , and apartition eA of 2P into 
alls, returns, and internal a
tions, we 
an 
onstru
t aB�u
hi visibly pushdown automaton of size 2O(j'j) over eA whi
h a

epts the pre-
ise set of strings that satisfy '. Hen
e, it follows that solving visibly pushdowngames against Caret spe
i�
ations is in 3Exptime.



However, this high 
omplexity is not due to the pushdown nature of thespe
i�
ation nor due to the fa
t that we are dealing with !-length plays. Ifwe 
onsider pushdown games against an Ltl spe
i�
ation ', we 
an solve thisby �rst 
onstru
ting a nondeterministi
 B�u
hi automaton a

epting the modelsof ' and then 
onstru
ting an equivalent deterministi
 parity automaton for it(resulting in an automaton whose size is doubly exponential in '). Then, we
an take the produ
t of the pushdown game and this automaton, and solve theresulting parity pushdown game in exponential time [15℄. The whole pro
edureworks in 3Exptime. By a redu
tion from the word problem for alternatingdoubly exponential spa
e bounded Turing ma
hines one 
an show that this is alower bound as well:Theorem 4. Given a pushdown game and an Ltl formula, 
he
king whetherEve has a winning strategy is 3Exptime-
omplete.We also establish the exa
t 
omplexity of the following pushdown game problems:Theorem 5.{ Given a pushdown game and a Caret formula, 
he
king whether Eve has awinning strategy is 3Exptime-
omplete.{ Given a pushdown game and a nondeterministi
 B�u
hi automaton, 
he
kingwhether Eve has a winning strategy is 2Exptime-
omplete.{ Given a visibly pushdown game graph and a nondeterministi
 B�u
hi Vpa,
he
king whether Eve has a winning strategy is 2Exptime-
omplete.5 Topologi
al ComplexityIt is well known that the 
lass of regular !-languages is 
ontained in the Boolean
losure of the se
ond level of the Borel hierar
hy. Our goal is to show that thistopologi
al 
omplexity is in
reased only by one level when we pass to visiblypushdown languages, i.e., we show that the 
lass of visibly pushdown languagesis 
ontained in the Boolean 
losure of the third level of the Borel hierar
hy. Formore details on the de�nitions and results used in this se
tion we refer the readerto [7℄ for set-theory in general and to [12℄ for results related to !-languages.For a set X we 
onsider X! as a topologi
al spa
e with the Cantor topology.The open sets of X! are those of the form U �X! for U � X�. A set L � X! is
losed if its 
omplement L� = X! n L is open.To de�ne the �nite levels of the Borel hierar
hy we start with the 
lass �1 ofopen sets. For ea
h n � 1,�n is the 
lass of 
omplements of �n-sets and �n+1 isthe 
lass of 
ountable unions of �n-sets. By B(�n) we denote the 
lass of �niteBoolean 
ombinations of �n-sets (using union, interse
tion, and 
omplement).For L1 � X!1 ; L2 � X!2 we say L1 redu
es 
ontinuously to L2 if there is a
ontinuous mapping ' : X!1 ! X!2 su
h that '�1(L2) = L1, i.e., � 2 L1 i�'(�) 2 L2 for all � 2 X!1 . A language L � X! is 
alled �n-
omplete if it is in�n and every K 2 �n 
ontinuously redu
es to L. The de�nition of �n-
ompletesets is analogous.



We show the result that any Vpl L belongs to B(�3) by using the modelof stair Vpa introdu
ed in Se
tion 3. Let L � A! be a Vpl and let M =(Q; qin; �; Æ; 
) be a deterministi
 parity stair Vpa with L(M) = L. To showthat L is in B(�3), we de�ne for ea
h q 2 Q the language Lq 
ontaining all thewords � for whi
h the run of M on � in�nitely often visits q on positions fromSteps�, and show that Lq belongs to �3. The language L itself 
an be writtenas a �nite Boolean 
ombination of the sets Lq 
orresponding to the de�nition ofthe parity a

eptan
e 
ondition: � 2 A! is in L i� � 2 Lq for some q with 
(q)even and � =2 Lq0 for all q0 with 
(q0) < 
(q).For the de�nition of Lq we will use the following sets of �nite words.{ For ea
h q 2 Q, let Uq � A� be the set of all words w su
h that the run ofM on w ends in a 
on�guration with state q.{ Let Umr = (A
 [ Aint [ Lmwm)� be the set of all words without unmat
hedreturns.{ Let U0 = (Ar [ Aint [ Lmwm)� be the set of all words of sta
k height 0.We des
ribe Lq by stating that for ea
h position m 2 N there is a positionn > m that is in Steps� and the pre�x of � up to position n is in Uq. The onlydiÆ
ulty is to express that position n is in the set Steps�. For this we distinguishtwo 
ases (whi
h are not mutually ex
lusive). Position n is in Steps� if ��n hassta
k height 0 or if the suÆx of � starting from position n does not 
ontain anyunmat
hed returns. Formally, for � 2 A! and n 2 N we get that n 2 Steps� andthe run of M on ��n ends in a 
on�guration with state q i� � is in the setLq;n = [(Uq \ An):A! ℄ \ "(U0 \ An):A! [ \n0>n(An:Umr \ An0):A!!# :The basi
 sets involved in this de�nition are of the form U:A! for U �nite (sin
ewe always interse
t with the set of words up to a 
ertain length). These sets areopen as well as 
losed. Sin
e the 
lass of 
losed sets is 
losed under 
ountableinterse
tions and �nite unions we obtain that Lq;n is 
losed for ea
h q and n.By adding the quanti�
ations for m and n we obtain the following de�nitionof Lq: Lq = Tm2NSn>m Lq;n. It dire
tly follows from the de�nition that Lq isin �3 and hen
e we obtain the following theorem.Theorem 6. The 
lass of !-Vpls is 
ontained in B(�3).One should note that there are nondeterministi
 B�u
hi Vpas a

epting �3-
omplete sets. The language Lrb from Example 1 is shown to be �3-
omplete in[5℄. The 
omplement of this language is �3-
omplete and is also a Vpl (sin
evisibly pushdown languages are 
losed under 
omplement).There are no 
omplete sets for the 
lass B(�3) but it is not diÆ
ult to seethat there areVpls that are true B(�3)-sets in the sense that they are neither in�3 nor in �3. A simple way to de�ne su
h a language is to 
onsider an alphabetA with priorities assigned to the letters, i.e., there are k 
alls, k internal a
tions,and k returns, respe
tively, and they are assigned numbers from 1 to k. If we



de�ne L to be the language 
ontaining all � su
h that �jSteps� satis�es the parity
ondition w.r.t. the numbers assigned to the letters, then it is not diÆ
ult to seethat L is neither in �3 nor in �3. But obviously L 
an be a

epted by a StVpathat moves on ea
h letter to a state with the 
orresponding priority.Furthermore, let us note that languages a

epted by deterministi
 Vpas arein B(�2). The proof is similar to the one showing that regular !-languages are inB(�2) [12℄. From this result we obtain an alternative proof that the language Lrb
annot be a

epted by a deterministi
 Vpa, sin
e Lrb is �3-
omplete. Finally,the results of this se
tion imply that games with a Vpl winning 
ondition aredetermined be
ause games with Borel winning 
onditions are determined [8℄.Referen
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