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1 Introduction

A function S is a spline of degree k if it conforms to the following three
conditions.

1. The domain of S is [a, b].
2.8,8,5”. .., and S&=1 are continuous.

3. There are points z; (the knots of S) such that a = 29 < 21 < ... <
Zn = b and such that S is a polynomial of degree k on each subinterval

(i, Tit1].
Splines have a variety of uses. In CS257, we will deal specifically with

the subset of splines that interpolate data points. Assume we have a set of
n + 1 data points (x;,y;).
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An interpolating spine has one additional requirement.
4. S(x;) =y; for i € [0,n]

The most common choice of degree is three. The resulting splines are
called cubic splines. We use cubic spines for several reasons.

e Because S, S, and S” are continuous, these spines appear to be smooth
to the eye.

e They are not prohibitively smooth.



e They leave enough “left-over” conditions to be applicable in many
cases.

e Odd polynomials have better properties.

e Cubic Splines are best available.

Hence forth, if unqualified the word spline refers to an interpolating cubic
spline.

2 Big Picture

We will create a spline S(x) by creating a cubic polynomial S;(x) for each
[, zi+1]. We will then piece these n polynomials together in such a way
as to conform to the three spline conditions and interpolate the n 4+ 1 data
points.

So(x) my<az<um
Si(z) = <z<uz
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There are n cubic polynomials. Each polynomial has four coefficients.
This results in 4n parameters. We use 4n — 2 of these parameters to force
the cubic spline to interpolate the data points and conform to the spline
requirements of continuity in the function and its first two derivatives. These
conditions break down as follows. Note that the left column sums to 4n — 2.

Condition Range Number of Constraints
Sl(ml):yz iZO,...,n—l n
Si(Tig1) =viq1  i=0,...,n—1 n

Si(zi) = Sjq(x) i=0,....n—2 n-1
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Si(x;) =S () i=0,....n—2 n—1
This leaves two free parameters. There are several common choices.

e Fixed slope at the end points



e Natural spline
S"(xg) = S"(x,) =0

e Not-a-knot condition

S is continuous at z71 and x,_1.

3 Natural Spline Example

Find a natural spline S(x) for the points

The first step is two write out the spline.
S(z) = So(x) = azx® +bx? +cx+d x€[-1,0]
T Si(m)=exrd+ fat+gr+h oz €[0,1]

Our next step is to use the spline conditions to find the coefficients
ab,c,de,f,g. Requiring Sy and S to interpolate the data points we find
that

50(0) =2=d=2

So<—1) =1l=—-a+b—c=-1

Sl (0) =2=h=2
Si()=-1=e+f+g=-3

Requiring continuity of the of the first derivatives we find

S'(z) = So(x) = 3az? 4+ 2bx + ¢ x € [-1,0]
Si(z) =3ex* +2fx+g x€]0,1]

S5(0) = S1(0) = c=g
Requiring continuity of the of the second derivatives we find

1" o S”(ZE) =6ar +2b x¢€ [—1,0]
§@) = { 5?’(:):) =6ex +2f x€l0,1]

Sp(0) =5S7(0)=b=f

Finally requiring the natural spine conditions to hold we find
Sy(=1)=0=3a=0b
S7(1)=0=3e=—f

3



Solving all the linear equations we find that

a=—1
b=-3
c=-1
d=2
e=1
f=-3
g=-—1
h=2

We can plot this and see the results. Note that the first and second
derivatives are both continuous and the second derivative is zero at the
endpoints.

S(x)
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4 Automation

There are many ways to automate the construction of splines. Here we will
diverge from our textbook. Consider again the natural spline

So(x) my<az<um
Si(z) = <z<uz
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"(z)is continuous

(
(i) = 8" () = 0
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Let z; = S”(x;). Because we are using natural spines, this implies 29 = 2, =
0. Suppose now we also know z; for all i € [1,n — 1]. Because S is a set
of cubic polynomials with continuous second derivatives, S”(z) is a linear
interpolating spline over the points (z;,z;). For example, in the previous
section, S” was a linear spline over the points (-1,0) , (0,-6), (1,0). We can
simple write out one of S”’s linear functions. Note that S} is z; at the left
end point and z;41 at the right.

Si(x) = xfﬁ(!ﬁ —zi) + o= (T — 2)
—3H () + £ (i — 7)

Integrating twice we find

Si(x) = Zé%(x — )3+ 6%'1_(36%1 —z) +ex+d
- Zé%(x — ;)3 + 6'3}; (riv1 — )3 + ci(z — ;) + di(wit1 — 2)




We have enforced that the second derivatives are continuous. We still
must enforce that

o S(z;) =y; fori € [0,n]
e S'(x) is continuous
Enforcing that S(z;) = y; yields conditions on both the left and right end-
points of a .5;
Sz<xz) =Y =0+ (ﬁih‘;‘%_‘_o"’_dihi
=d; = }% — %hl
Si(l‘i+1) =Yi+1 = Zé;: h? +04+c¢h; +0

) 2
= ¢ = y;:gl _ zg1 h;

Enforcing continuity of the first derivatives yields equations relating S; and
Si—1.

S) = e m) g e R e
Si(xi) = Pap — a4 b (bi = - (i1 — yz)>

hi— hi_
Si_1(w5) = gtz + =52 + b

Imposing continuity yeilds
Si—1(zi) = Si(xi) = hi—1zi—1 + 2(hi—1 + hi)zi + hizig1 = 6(b; — bi—1)
Note that above equation already encodes interpolating the data points (be-

cause we substituted for ¢; and d;) and continuity of the second derivates.
Now we are ready to write out this in matrix form. Letting

up = 2(hi—1 + h;)
V; = 6(bz - bi—l)

we find the following

20 — 0
hi—12zi—1 +uizi + hizig1 =v; 1 € [1, n— 1]
Zn =0

This can be organized in to a matrix.

[ 1 0 20 0
ho Ul h1 Z1 (%]
hl u9 hg Z9 ()
hp—o up—1 hpq Zn—1 Un—1
i 0 1 1 1Lz | | 0 |



The first and last equation can be eliminated to get a tridiagonal system of
order n — 1.

— w — Z1 U1
hi wuz hs o Vo
hn—3 Up—2 hp_2
h Zn—1 Un—1
L n—2 Un—1 |

One way to solve the system is to use Gaussian Elimination without
pivoting.

1. Forward substitution. For ¢ =2,3,...,n—1

Uy < Uj — —

ViU T

2. Backward substitution. First assign z,_1

Un—1
Zn—1 <

Up—1

Next assign the rest. Fori=n—-2,n—-3,...,1

v, — hizign
7 — 2
U

5 Algorithm

Input: n + 1 interpolation points (zg, 40), - - -, (Tn, Yn)
Output: Cubic interpolating spline S(z)

1. Fori=0,1,...,n — 1 compute
hi =xiy1 — x5

bi — Yit1 _yL

(3

2. Set
Uy = 2(h0 + hl)
v = 6(b1 — bo)
and then compute for i =2,3,...,n—1

2
i—

wi = 2(hi + higr) — ot

Ui—1

v; = 6(b; — b;_q) — Mi=Lvi=L

Ui—1



3. Set

zZ0 = 0
zn =20
and then compute fori =n—1,n—2,...,1
P hizit1
Uj

4. Substitutes all the coefficients into the S;’s.

Sz<a:) = ZéT*:(x — xi)?’ + GZTL(%‘H — 13)3

+ (y}:’l - Ziglhi> (x — i) + (% - %hi) (Tig1 — @)

It can be shown that for all 7, u; is never zero. The algorithm cannot fail.

6 Nested Evaluation

The above form is hard to work with. What we really want is to write
Si(x) = A; + Bi(x — ;) + Ci(x — 2;)* + Di(z — x;)?

This is the Taylor series of .S; about x;.

Ai = Si(x;) By =Si(xi) Ci=358(x;) Di=LSi(xy)
By the definition of S;,

A=y

Rembering that z; = S/ (z;),
=2
2

Working through the rest we find,

h; hi i+1—Yi Zitl1—24
Bi = —ﬁzz‘_kl — ?ZZ + 7yl+hi Yi D’L = 7“%}“ a

)

Finally, we put the polynomial into nested form

SZ(IL‘) = Al + (:L‘ — l’z)(Bz =+ (l’ — IL‘z)(Cl + (l’ — {L‘Z)DZ))
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