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AM 034
Bro wn Univ ersit y Fall 2004
Exam #2 Frida y November 12, 2004

No computers,calculators,books, notes,or crib sheetallowed. Write your name on each sheetof
paper and start each new problem on a new page. For full credit, show all work.

(40 pts.) 1.

x0 = 3x � x2 � xy

y0 = 2y � y2 � xy

(a) Find all critical points of the system

(b) Classify all critical points

(c) Sketch, in su�cien t detail, a portrait for the system

(d) Explain each of the 6 terms in the systemin relation to populations(speciesx and species
y) and describe the resulting behavior from part (c).

Solution: For (a), the critical points are (0; 0); (0; 3); and(2; 0). The fourth C.P. cannot be found
due to a singular system.

For (b), the Jacobianmatrxi J =
�
3 � 2x � y � x

� y 2 � 2y � x

�
, yields the following

(0; 0) : A =
�
3 0
0 2

�
, so that � 1 = 2 and � 2 = 3, with � 1 =

�
0
1

�
and � 2 =

�
1
0

�
. So the c.p. is a

nodal source(unstable).

(0; 2) : A =
�

1 0
� 2 � 2

�
, so that � 1 = � 2 and � 2 = 1, with � 1 =

�
0
1

�
and � 2 =

�
1

� 2=3

�
. So the

systemis a saddle(unstable).

(0; 2) : A =
�
� 3 � 3
0 � 1

�
, so that � 1 = � 3 and � 2 = � 1, with � 1 =

�
1
0

�
and � 2 =

�
1

� 2=3

�
. Sothe

systemis a nodal sink (asym. stable).

For (c), make sure to plot the eigenlinesand c.p.'s.

For (d), 3x and 2y represent the natural birth ratesof each population, � x2 and � y2 account for the
ammount of self inhibition in the population (this determinesthe saturation levelssoa population
cannot increaseto in�nit y), and � xy is the inter-speciescompetition. For our problem, everything
is equal betweenthe two populations except birth rate, so population x with survive. Given any
initial population (except on the axis), the populations will evolve to (3; 0). On an axis, they go to
(3; 0) and (0; 2) as expected.



(10 pts.) 2. The systems

x0 = 3x � 2x2 � xy

y0 = 2y � y2 � xy

x0 = 3x � 2x2 � 2xy

y0 = 2y � y2 � xy

are only slightly di�eren t than the systemin problem 1. Brie
y describe why these2 behav-
iors are seeminglydi�eren t from problem 1. (1-2 sentences each)

Solution: In equation 2(a), the inhibition is increasein population x. This increasesthe death
rate and sincethe competition is weak, the populations can coexist. Any initial population (except
on the axis) will go to the c.p (1; 1).

In equation 2(b), the competition is also increaseswhich hurts x and helps y. Thus it will be
opposite of the behavior in equation(1) and the y population will survive for any initial population
(except on the axis).

(30 pts.) 3.

x0 = � 4y � x3

y0 = 3x � y3

(a) Explain why the systemis almostlinear. Can weusea linear systemto determinestabilit y
at the origin (0; 0) for this problem?

(b) Usea Liapunov function to test the stabilit y of the origin. Hint: Try the form V(x; y) =
ax2 + by2.



Solution: For (a), the 2nd order partial derivatives are Fxx = � 6x, Fxy = 0, Fyy = 0, Gxx = 0,
Gxy = 0, and Gyy = � 6y. Sincethey are all continuous, the systemis almost linear, by theorem.
This meansthat kg(x )k

kx k ! 0 as kxk ! 0 in the systemx0 = Jx + g(x) = F(x). Sincethe Jacobian

evaluated at (0; 0) is
�
0 � 4
3 0

�
and results in � 1;2 = �

p
3i , the c.p. is tagged a 'center', which

indicates that the stabilit y may not be determinedfrom the linearizedsystem.

For (b), V(x; y) = ax2 + by2 > 0, if a > 0 and b > 0. So V is positive de�nite. Now, determine if
we can make DV=Dt negative de�nite. DV=Dt = (� 8a + 6b)xy � (2ax4 + 2by4) < 0, if � 8a = 6b.
SoDV=Dt is negative de�nite if b= 4

3a. By theorem, then (0; 0) is asym. stable.

(20 pts.) 4.

r 0 = r 3 � 4r

� 0 = 1

(a) Sketch the phaseportrait

(b) Indicate stabilit y of the origin and any limit cycles

Solution: r=0,2 are the points of interest. If 0 < r < 2, then r 0 < 0. If r > 2, then r 0 > 0. So
(x; y) = (0; 0) is asym. stable and the limit cycle r = 2 is a repellor (unstable). Since� 0 > 0, the
rotation is ccw.


