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AM 033 | Applied Mathematics - I
Bro wn Univ ersit y Final Exam Fall 2003

Answer all questionson separatepaper (provided). Partial credit will be given for correct steps.
Begin each solution write-up on a blank sheetof paper. Stapleall sheets,including this cover sheet,
and hand in. Crib sheets,calculators,and books are not permitted.

[20 pts.] 1. Choosethe most appropriate answer for each of the following questions:

[5 pts.] (a) The two functions

f (x) = e3x and g(x) = e3(x� 1)

are

i. Linearly dependent
ii. Linearly independent

[5 pts.] (b) The longest interval in which the IVP

t(t � 4)y00+ 3ty0+ 4y = 2; y(3) = 0; y0(3) = � 1;

is certain to have a unique (twice di�eren tiable) solution is

i. t > 4
ii. t 6= 4
iii. 0 < t < 4
iv. for all t

[5 pts.] (c) For which frequency, ! , will the driving forceinduceresonancein the mass-spring
model

y00+ y0+ 1:25y = 8cos(! t):

i. ! = 1
ii. ! = 2
iii. ! =

p
6

2

iv. No resonance,the systemis overdamped



(i) (ii)

(iii) (iv)

Figure 1: Direction �elds for 1(d).

[5 pts.] (d) The direction �eld of the ODE

y0 = 1 + 2y

is given by (seeFigure 1):
(i) (ii) (iii) (iv)



[15 pts.] 2. Usethe LaplaceTransform to solve the IVP

y0 = 1 � H (t � 1); y(0) = 0:

where,H(t) represents the Heaviside function.

[5 pts.] 3. Find the LaplaceTransform of

f (t) = e4t t3:

[10 pts.] 4. Find the InverseLaplaceTransform of

(a) F (s) =
s + 9

s2 � s � 6
; (b) F (s) = e� 5s s � 3

(s � 3)2 + 4
:

[15 pts.] 5. Solve
y00� xy0 � y = 0

at the point x0 = 0 using the power seriesmethod: �nd the recurrencerelation and the �rst
4 terms of the two linearly independent solutions.

[20 pts.] 6. Find the generalsolution to

y00� y0 � 2y = 2e� t

using

[10 pts.] (a) The method of undeterminedcoe�cien ts.

[10 pts.] (b) The method of variation of parameters.

[15 pts.] 7. For the ODE
(3xy + y2)dx + (x2 + xy)dy = 0;

[5 pts.] (a) �nd the integrating factor to make the equation exact;

[10 pts.] (b) and solve the ODE.



Formulas

Laplace Transform: For f (t), de�ned for t � 0,

L [f (t)](s) =
Z 1

0
e� st f (t) dt

is said to be the Laplace transform of f , if the integral convergesfor somevalue s = s0.
Lineararit y:

L [c1f 1 + c2f 2] = c1L [f 1] + c2L [f 2]

Convolution: The convolution of two functions f and g, de�ned on the half-line [0; 1 ), is the
integral

(f � g) (t) =
Z t

0
f (t � � )g(� ) d� = (g � f ) (t):

Heaviside function: H (t) is de�ned to be

H (t) =

8
<

:

1; t > 0
1=2; t = 0
0; t < 0

# f (t) L [f (t)](s)

1. H (t) 1
s

2. H (t � a) 1
s e� as

3. t 1
s2

4. tn ; n = 1; 2; : : : n!
sn +1

5. e�t 1
s� � ; s > �

6. sin� t �
s2+ � 2 ; s > 0

7. cos� t s
s2+ � 2 ; s > 0



Prop erties of the Laplace transform

1� The di�eren tial rule:

L [f 0(t)] (s) = sL [f ](s) � f (0) L [f 00(t)] (s) = s2 L [f ](s) � sf (0) � f 0(0):

2� The convolution rule:
L [f � g](s) = L [f ](s)L [g](s)

3� The shift rules:
L [H (t � a)g(t � a)] (s) = e� as L [g](s); a > 0;

and
L [H (t � a)g(t)] (s) = e� as L [g(t + a)](s); a > 0;

whereH is the Heaviside function.

4� The atten uation rule:
L

�
eat f (t)

�
(s) = L [f ](s � a)


