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7.1 Write out the characteristic equation for the given differential equation

(a) ¥ — 2y +6y=0, (b) (D?+5D —10)y =0, where D = d/dx.
Solution.
(a) A2 —2\+6=0, (b) A2 +5X1—10=0.

7.2 The characteristic equation for a certain differential equation is given. Give the form of the
general solution.
(a) N> +2\ -3 =0, (b) A2 =2\ +2=0.

Solution. (a) The general solution:
y(x) = C1 " + Cye ™.
(b) The general solution:

y(x) = e*(Cy cos (x) + Cysin (z)).

7.3 Write the general solution of the differential equation

(@) v +y —2y=0, (b) 25y" —20y' +4y =0, (c) ¥ +y +1.25y=0.

Solution. (a)
y(t) = Cre' + Cye ™.

(b) The characteristic equation (5A — 2)? = 0 has one double root, A\ = 2/5, therefore its
general solution is
y(t) = 6_2t/5 [Cl + Ogﬂ .

(c) X
y(t) = e V2 [C) cost + Cy sint], since Ay 9 = —5 + 1.

7.4 Solve the initial value problems

(a) y// + 8y/ - 9y = Oa y(l) = 3, y,(l) = —7’
(b) 16y" +24y" + 9y =0, y(0) =1, ¢/(0)=—11;
(¢) 99" +9y +2.5y =0, y(0) =1, ¢'(0)=-3/2.



Solution.

(a) y(t) = e 2D 4 9¢tL,
(b) The characteristic equation is (4\ 4 3)* = 0. Therefore the general solution is

y(t) = (Cr+ Cat) e = y(t) = (1 —tloi) =3/,

t t
(c) y(t)=e"? {sin 6 6 cos 61 .

7.5 Find a second solution of the given Bessel equation

2 1

2y +xy + (22 —0.25)y =0, z >0, yi(x) = 2 1/?

sin x.

Solution. We change the dependent variable by setting y(z) = v(x)y;(x), where v(z) should
be determined. Substition of y and its derivatives into the given differential equation yields

2 [0"yy + 20'yy + oyf] + 2 [y + oyy] + () (2® — 0.25)y; = 0.
We regroup terms containg v, v/, and v” to obtain
w2y v + V207 Y]+ ] +o[2? ) + oyl + (2% — 0.25)y1] = 0.
Since y; is a solution of the given differential equation, we have
2y u' + u20% y) 4+ 2] =0, where u = v'.

Separation of variables yields

d 11
_u:_(ﬂju_) de, — lnu:—2lny1—ln$=—1n(l'y%)-
U Y1 xz

In the above integration, we ignored arbitrary constant because we are looking for just another

solution. Hence 1

2

U/:u:—2: -
TYy;  sin

T

One more integration leads to

1
v(m):/ —— = —cot z,
sin® x

and another linearly independent solution will be

1/2

yo(z) = v(x)ys () = —x 7/ cosz.



