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ABSTRACT

Pattern discovery in long sequences is of great importance in
many applications including computational biology study, con-
sumer behavior analysis, system performance analysis, etc. In
a noisy environment, an observed sequence may not accurately
reflect the underlying behavior. For example, in a protein se-
quence, the amino acid N is likely to mutate to D with little
impact to the biological function of the protein. It would be
desirable if the occurrence of D in the observation can be re-
lated to a possible mutation from N in an appropriate manner.
Unfortunately, the support measure (i.e., the number of occur-
rences) of a pattern does not serve this purpose. In this paper,
we introduce the concept of compatibility matriz as the means
to provide a probabilistic connection from the observation to
the underlying true value. A new metric match is also pro-
posed to capture the “real support” of a pattern which would
be expected if a noise-free environment is assumed. In addition,
in the context we address, a pattern could be very long. The
standard pruning technique developed for the market basket
problem may not work efficiently. As a result, a novel algo-
rithm that combines statistical sampling and a new technique
(namely border collapsing) is devised to discover long patterns
in a minimal number of scans of the sequence database with
sufficiently high confidence. Empirical results demonstrate the
robustness of the match model (with respect to the noise) and
the efficiency of the probabilistic algorithm.

1. INTRODUCTION

Pattern discovery in long sequences is of great importance in
many applications such as computational biology [5, 6]. As an
important metric, the support [2, 10, 14, 18, 20] (or some deriva-
tion of support) is widely used to qualify significant patterns.
Due to the presence of noise, a symbol may be misrepresented
by some other symbols. This substitution may prevent an oc-
currence of a pattern from being recognized and in turn slashes
the support of that pattern. As a result, a frequent pattern
may be “concealed” by the noise. This phenomenon commonly
exists in many applications.

o Bio-Medical Study. Mutation of amino acids is a common
phenomenon studied in the context of biology. Some mu-
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tations are proved to occur with a non-negligible proba-
bility under normal circumstances and incur little change
to its biological functionalities. For example, the amino
acid N is likely to mutate to D with little impact to the
behavior [9]. In this sense, they should not be considered
as totally independent individuals.

o Consumer Behavior. It happens frequently that a cus-
tomer may end up buying a slightly different merchant
from what he (she) originally wanted due to various rea-
sons, such as the desired one was out of stock or mis-
placed. Allowing obscurity in item matching may conduce
to unveil the customer’s real purchase intention.

This problem becomes critical when the pattern is long be-
cause a long pattern is much more vulnerable to distortion
caused by noise. Our experiments in Section 5 show that, even
with a moderate degree of noise, a frequent long pattern may
have as much as 60% chance to be labeled as an infrequent pat-
tern. In addition, the set of patterns that fail to be detected
using the support model may be very crucial. For example,
our experiments also show that the loss of these vital patterns
may significantly degrade the performance of the classifier built
upon the set of frequent patterns.

Let’s take the gene sequence analysis as an example. The
length of a gene expression can range up to a few thousands if
amino acids are taken as the granularity of the analysis. Fig-
ure 1(a) shows a fragment of gene expression that is found in
campylobacter jejuni genome [11]. Some clinical studies show
that, the amino acids N, K, and V are relatively more likely
to mutate to amino acids D, R, and I, respectively. The cor-
responding gene expressions after the mutation are shown in
Figure 1(b), (c), and (d) respectively. Even though all of these
mutated gene expressions somewhat differ from the standard
one in Figure 1(a), it is more equitable to treat them as possi-
ble (degraded) occurrences of the standard expression than to
consider them as totally independent gene expressions.

AM T K Y QV CEBIRHUJI GP OL I N X
(a) afragment of gene expression in Campylobactier Jgjuni Genome
A M T K Y QV CEBRUHUJ GP OL I @ X
(b) N mutatesto D
A M T ® Yy Q v.EBRWHUJ GP OWL I N X
(c) K mutatestoR
A M T K Y Q@ C E B R HWUJ G P O L I N X

(d) V mutatesto |

Figure 1: An example of gene expression

In order to accommodate the above circumstance, it is nec-
essary to allow some flexibility in pattern matching. Unfor-



tunately, most previously proposed models [2, 10, 14, 18, 20]
for sequential patterns only take into account exact match of
the pattern in data. In this paper, we present a more flexible
model that allows obscurity in pattern matching. A so-called
compatibility matriz is introduced to enable a clear representa-
tion of the likelihood of symbol substitutions. Each entry in
the matrix corresponds to a pair of symbols (z,y) and speci-
fies the conditional probability that z is the true value given
y is observed. Figure 2 gives an example of the compatibility
matrix. The compatibility matrix essentially creates a natural
bridge between the observation and the underlying substance.
Each observed symbol is then interpreted as an occurrence of
a set of symbols with various probabilities. For example, an
observed d; corresponds to a true occurrence of di, d2, and d3
with probability 0.9, 0.05, and 0.05, respectively. Similarly, an
observed symbol combination is treated as an occurrence of a
set of patterns with various degrees. A new metric, namely
match, is then proposed to quantify the significance of a pat-
tern and is defined as the “aggregated amount of occurrences”
of a pattern in the sequence database. The match of a pattern
indeed represents the “real support” that was expected if no
noise presents.

observ

trge~value| d1| d2| d3| d4| d5
value
di o9/o1fo |00
d2 0.05 0.8/0.05 0.1] 0
d3 0.05 0 |0.7]0.15 0.1
da 0 | 0.1]0.1/0.750.05
ds 0| 0015 0 |0.85

Figure 2: An example of compatibility matrix

The well-known Apriori property also holds on the match
measure, which states that any superpattern' of an infrequent
pattern is also infrequent and any subpattern of a frequent pat-
tern s also frequent. This guarantees that any previous algo-
rithm designed for the support model [2, 10, 14, 18, 20] can be
generalized to suit the match model, though it may not nec-
essarily be efficient. Compared to the support model, a much
larger number of patterns may possess some positive matches.
In addition, the length of a pattern can be considerably long
in the context we address, e.g., gene expression analysis. The
combined effect of these two factors may force any direct gener-
alization of existing algorithms (even including those designed
for long patterns [4]) to scan the entire sequence database many
times. To tackle this problem, we propose a novel sampling-
based algorithm that utilizes the Chernoff Bound [8, 15, 19, 21]
to estimate the set of patterns whose matches in the sample are
very close to the threshold so that there is no sufficient statisti-
cal confidence to tell whether the pattern would be frequent or
not in the entire sequence database. These ambiguous patterns
are then investigated against the entire sequence database to
finalize the set of frequent patterns. Because the sample size is
usually limited by the memory capacity and the distribution-
independent nature of Chernoff Bound provides a very conser-
vative estimation, the number of ambiguous patterns is usually
very large. Consequently, significant amount of computation
needs to be consumed in order to verify these ambiguous pat-
terns in a level-wise manner. We observed that, for the protein
sequence database, majority of the time would be spent in this
verification step when the discovered pattern contains dozens

!We will define shortly that a pattern P is a superpattern of
P’ if P’ can be obtained by dropping some symbol(s) in P. In
such a case, P’ is also called a subpattern of P.

of symbols. To expedite the process, we proposed a so called
border collapsing technique to conduct the examination of these
ambiguous patterns. While the super-pattern/sub-pattern rela-
tionship forms a lattice among all patterns, the set of ambiguous
patterns “occupies” a contiguous portion of the lattice accord-
ing to the Apriori property. Therefore, starting from the lower
border and the upper border embracing these ambiguous pat-
terns, the border of frequent patterns (in the entire sequence
database) is located efficiently by successively collapsing the
gap between these two borders until no ambiguous pattern ex-
ists. To maximize the extent of each gap collapsing operation,
only the set of ambiguous patterns with the highest collaps-
ing power are identified and probed. As a result, the expected
number of scans through the entire database is minimized.
There is a clear distinction between our algorithm and exist-
ing algorithms [19, 21] that also use sampling technique to mine
frequent patterns. In the previous proposed approaches, the
frequent patterns calculated from the sample is usually taken
as the starting position of a level-wise search conducted in the
entire sequence database until all frequent patterns have been
identified. This strategy is efficient if the number of frequent
patterns that fail to be recognized from the sample is small,
which is typically the case under the assumption of a reason-
ably large sample size and a relatively short pattern length.
However, in the problem we try to solve, the number of am-
biguous patterns may be substantially larger, which makes a
level-wise search an inefficient process. In contrast, our algo-
rithm can successfully deal with such scenario by each time di-
rectly probing the set of ambiguous patterns that would lead to
a collapse of the space of remaining ambiguous patterns to the
largest extent, so that the number of necessary scans through
the sequence database is minimized. This leads to substantially
better performance than the existing sampling approach. We
will investigate the effect of the border collapsing technique in
more detail in a later section and will show that, in most cases,
several scans of the sequence database are sufficient even the
pattern is very long when the border collapsing is employed.
The remainder of this paper is organized as follows. Section
2 gives a brief survey of related work. The model of obscure
patterns is proposed in Section 3. Section 4 discusses the sam-
pling based algorithm in detail. The experimental results are
shown in Section 5. Finally, Section 6 draws the conclusion.

2. RELATED WORK
2.1 Sequential Patterns

Much work has been done in the area of sequential pattern
discovery [2, 4, 17, 18, 20, 23, 25] and periodicity detection [24,
26, 27], which has great potential in many application domains
(such as tandem and non-tandem repeats detection in genomic
data). Ignoring other differences in the problem definition, a
major common shortcoming among most of previous work is
the lack of flexibility in pattern matching?, with the exception
of [26] where a different noise model is used to allow for symbol
insertion and deletion in tandem repeat detection and is further
extended in [27] to recognize (hidden) meta patterns.

2.2 Algorithms on Mining Long Patterns

A widely used strategy to speed up the process of mining
long patterns is to incorporate some look-ahead technique in
the original Apriori-based scheme so that the set of maximum

2Only the exact match of a pattern in the input data is consid-
ered an occurrence of the pattern.



frequent itemsets® can be identified without traversal through
every frequent itemset. Several algorithms [16, 4, 30] have
been proposed along this direction, among which the Max-
Miner [4] is the most noted advance. The Max-Miner offers
simple and effective heuristics to generate candidates for long
patterns throughout the mining process and is able to achieve
a performance improvement of at least an order of magnitude
compared to other look-ahead techniques. In this paper, we
will use Max-Miner as the representative of this class of algo-
rithms in the experimental study to compare the performance
with that of our proposed approach.

More recently, extensive research [13, 14, 31] has been carried
out on mining patterns in a depth-first projection-based fashion
as opposite to the traditional breadth-first Apriori-based traver-
sal. It is interesting to notice that, the depth-first approaches
generally perform better than breadth-first ones if the data is
memory-resident, and the advantage becomes more substantial
when the pattern is long. However, in our model, we assume
disk-resident data that is far beyond the memory capacity.

2.3 Sampling-based and Probabilistic Algorithms

Data mining on sample data has also been explored previ-
ously. Srikant et al. [19] and Toivonen et al. [21] are among
the earliest to propose sampling-based algorithms to mine fre-
quent itemsets. In this approach, a set of samples is first gath-
ered. (The Chernoff bound can be used to determine the right
sample size.) The frequent itemsets are computed based on the
samples. Let F' be the set of frequent itemsets in the sample
data and their immediate superpatterns. The supports of item-
sets in F' are then computed based on the entire dataset and
serve as the (advanced) starting position of a level-wise search
that eventually identifies all frequent patterns. This approach
is very efficient if the set of frequent patterns mined from the
sample data is a good approximation of the exact result from
the entire data. This is typically true when the sample size is
large and the pattern is of moderate length. This observation is
also confirmed in [29]. In our application domains, e.g., compu-
tational biology, the length a pattern can be very large, e.g., up
to a couple hundred. Thus, the number of candidate patterns
examined in the last stage can be substantially large, which
may require many scans of the entire database. In addition,
some research has been carried out on designing randomized
algorithms to mine frequent patterns. Gunopulos et al. [12] is
among the pioneers in this direction.

3. A MODEL OF OBSCURE PATTERNS

In this paper, we are interested in finding patterns that may
be concealed (to some extent) by noise in a sequence database.
We first introduce some terminologies that will be used through-
out this paper. Let © be a set of distinct symbols {d1,ds,...,dn}-

DEFINITION 3.1. A sequence of length [ is an ordered list
of I symbols in ©. A sequence database is a set of tuple
(Std, S) where Sid is the ID of the sequence S.

DEFINITION 3.2. A pattern of length [ is represented as a
list of I symbols, each of which is a symbol in ©. A pattern of
length 1 is also referred to as a l-pattern.

Note that there is no formative difference between a sequence
and a pattern. Conventionally, we use sequence to refer to the

3An itemset is frequent if its number of occurrences in a given
database is above a certain threshold, and it is called a mazi-
mum frequent itemset if any of its superset is not frequent.

raw data in the database which serves as the input to the data
mining algorithm and use pattern to denote subsequence appear-
ing in the database (which may become the output produced
by the algorithm). Note that both the length of a sequence
and the length of a pattern may be very large even though the
alphabet © is very limited. For example, a protein sequence
typically contains hundreds (if not thousands) of amino acids
from an alphabet of 20 different amino acids.

Given asequence S = 5152 ... S, apattern P = did> ... d;,,
is a subsequence of S if there exist a list of integers 1 <41 <
i < .-+ < 41 < s such that dj = S;; for 1 < j < Ip.
Given two patterns P = did>...d; and P’ = did5...d] where
I <1, P'is a subpattern of P if there exists a list of integers
1< <ip <--- <iy <lsuchthat dj = d;, for 1 < j < I'.
In such a case, P is also referred to as a superpattern of P’
Intuitively, P’ is a subpattern of P if P’ can be generated by
dropping some portion(s) of P*. For example, dids and d1dads
are subpatterns of didsdads but dids is not. It is clear that
the sub-/super-pattern relationship defines a lattice among all
patterns. Figure 3 shows a fragment of the lattice.

Our goal is to find the significant patterns in a sequence
database in the presence of noise. In order to accommodate
the noise, we propose a flexible model that allows obscurity in
pattern matching. If the observed data does not match exactly
but is somewhat “compatible” with a pattern, it can be re-
garded as a degraded occurrence of the pattern. To honor the
“partial” occurrence of a pattern, we propose a new metric,
namely match, to characterize the significance of the pattern in
a symbol sequence. In particular, the conditional probability
of the true value given an observed symbol is utilized to quan-
tify “compatibility” between a pattern and an observed symbol
sequence, and to assess the match of the pattern.

DEFINITION 3.3. Let © = {di,d2,...,dn} be a set of dis-
tinct symbols. An m x m matriz C, referred to as compatibil-
ity matrix, can be used to represent the conditional probabili-
ties for each pair of symbols. Given two symbols d; and d;, the
entry C(di,d;) = Prob(true_value = d; | observed_value = dj)
is the conditional probability that d; is the true value given that
d; is observed.

Figure 2 shows an example of the compatibility matrix be-
tween 5 symbols d1, da, ds, d4, and ds. An entry C(d;,d;) >0
indicates that d; might be (mis)represented as d; in the obser-
vation; while C(d;,d;) = 0 implies that the symbol d; cannot
be represented as d; despite the presence of noise. For instance,
C(d1,d2) = 0.1 and C(d1,d3) = 0 in Figure 2. This means that
there is a chance that a d; flips to a ds2 in the observation but
it is impossible that a d; may turn to a ds. Note that the
compatibility is not necessary a symmetric measurement in the
sense that C(d;,d;) # C(d;,d;) may be true in some occasion.
In Figure 2, C(di,d2) = 0.1 and C(d2,d1) = 0.05. We also
want to point out that, in the case where C(d;,d;) < 1, an ob-
served symbol d; does not always imply that d; really occurs.
C(di,d1) = 0.9 implies that an observed d; truly represents
itself with 90% probability and is a misrepresentation of some
other symbol with 10% chance. (According to Figure 2, an ob-
served di has a 5% chance to be a misrepresentation of d2 and
ds, respectively.) It is conceivable that (1) the compatibility
matrix provides a meaningful measure to reveal the substance
given the observation, and (2) the assessment of each entry has

“Note that P’ does not have to be a contiguous portion of P.
Gaps are allowed and an upperbound or lowerbound on the gap
length can be imposed if desired.



Figure 3: A fragment of lattice of sequential patterns

great impact to the final result. In practice, this matrix can
be either given by a domain expert or learned from a training
data set. In gene sequence analysis, this matrix can be ob-
tained through clinical study®. In this paper, we assume that
the compatibility matrix is given by some domain expert in
advance and will not elaborate on how to obtain and justify
the value of each entry in the matrix. We also demonstrate in
Section 5 that, even with a certain degree of error contained in
the compatibility matrix, our model can still produce results of
reasonable quality.

Given a pattern P = d1d> . ..d; and an observed subsequence
of I symbols s = dyd . .. d;, the conditional probability Prob(P |
s) represents the probability that s corresponds to an occur-
rence of P, and can be used as the indication of how much the
pattern tallies with the observation. Therefore, we define the
match of P in s to be the value of Prob(P | s).

DEFINITION 3.4. Given a pattern P = dids...d; and a sub-
sequence of | observed symbols s = did5 ...d], the match of P
i s (denoted by M(P,s)) is defined as the conditional proba-
bility Prob(P | s).

Assuming that each observed symbol is generated indepen-
dently, we have M (P, s) = Prob(P | s) = Hi<;<;C(d;, d;). If
M(P,s) > 0, then s is regarded as a (degraded) occurrence of
P and M(P,s) is viewed as the degree of which the pattern
P is retained/reflected in s. We also say that P matches s
if M(P,s) > 0 and P does not match s otherwise. For ex-
ample, the match of P, = dids in a subsequence s = dids
is M(Pl,s) = C(d1,d1) X C(dz,dg) = 0.9 x 0.06 = 0.045.
However, the pattern P> = dids does not match s because
M(Pz,s) = C(d1,d1) X C(d2,d5) =09x0=0.

DEFINITION 3.5. For a symbol sequence S of length ls and a
pattern P of length lp where ls > lp, the match of P in S is
defined as the mazimal match of P in every distinct subsequence
(of length lp) in S. That is, M (P, S) = maxscs M (P, s) where
s is a subsequence of length lp in S.

There are as many as ( lli ) distinct subsequences® (of

length Ip) in S. For example, there are 11 distinct subsequences
of length 2 in the sequence didadadsdadi. The match of P =
d1d> in this sequence is equal to max{M (P, did>), M (P, d:ds),
M(P,d1ds), M(P,d1d1), M(P,d2d2), M (P,d2ds3), M(P,d2ds),

M(P, d2d1), M(P, d3d4), M(P, dgdl), M(P, d4d1)} = max{0.72,

®In bio-informatics, a score matrix (such as BLOSUM 50) [9]
is derived to indicate the likelihood of two amino acids coming
from the same origin for evaluating pattern similarity. The
compatibility matrix can similarly be derived.

5This is because a subsequence does not have to be a contiguous
portion in a sequence.

0.045, 0.09, 0, 0.09, 0.08, 0.005, 0.01, 0.005, 0,0,0} = 0.72. In fact,
it is not necessary to probe every distinct subsequence in order

to calculate the match of a pattern in a sequence. A dynamic

programming approach can be used to compute the match in

O(lp x lg) time. Given a pattern P = didy...d;, and a se-

quence S = 5152 ... Sy, the match M(P,S) = M(didz...di,,

S51S2...54) where

M(dvds...di,51S2...5;) =

M(d1d2 . .di_1,S152 . ..Sj_1) X C(dl,SJ)
max{ M(dvds...di, $155...S;_1) (1)

where M(0,0) = 1. The process of calculating the match of the

pattern did> in the sequence d1dadadsdad, is shown in Figure 4.

Since the compatibility matrix is usually a sparse matrix, we
Sequence

dl  d3 d2 d3 d4 d1

dil 09| 09| 09| 09| 09| 09

d2 0.045| 072| 072 | 0.72| 0.72

Pattern

Figure 4: Dynamic Programming Method to Compute
the Match

can easily obtain an even more efficient algorithm to compute
the match in nearly ©(ls) time [3]. Due to the space limitations,
we will not elaborate on it in this paper. Informally, the match
of a pattern P in a sequence S is equal to the match of P in
the subsequence (of S) which “best” aligns with P, and can be
regarded as an indicator of the degree of which the pattern P
exhibits in the sequence S. We also say that P matches S if
M(P,S) > 0 and P does not match S otherwise.

DEFINITION 3.6. Given a pattern P and a database D of N
sequences, the match of P in D is the average match of P in
every sequence in D, i.e. M(P,D) = ZSED#M(P’S).

Similar to the traditional support model, a user is asked to spec-
ify a minimum match threshold min_match to qualify signifi-
cant patterns. All patterns that meet the min_match threshold
are then referred to as frequent patterns. It is clear that the
match model can accommodate misrepresentation of symbols
due to noise in a seamless manner and provide a powerful means
to properly separate the noise and change of behavior. Given
a pattern P = did>...d; and a subsequence s = dyd5...d],
if the symbol at a given position (e.g., d;) in s cannot be a
misrepresentation of the corresponding symbol (e.g., d;) in P
(i.e., C(d;,d;) = 0), then the match of the pattern P in the
subsequence s is 0 and the s would not be considered an oc-
currence of P. The match model also provides a natural bridge
towards the traditional support model that does not allow par-
tial match between pattern and data. In a noise-free environ-
ment, the conditional probability matrix becomes an identity



matriz (i.e., C(d;,d;) is 1 if ¢ = j and is 0 otherwise). The
occurrence of a pattern becomes binary: either 1 (present) or 0
(absent). The match of a pattern in the data would be identical
to the support of the pattern. In general, the more noise the
environment assumes, the less skew the conditional probabil-
ity distribution. Consider an extreme case where the sequence
database is dominated by noise and no dependency exists be-
tween the observation and the true value. Then, all entries in
the compatibility matrix would have the same value % where
m is the number of distinct symbols. As a result, all patterns
would have exactly the same match value. This coincides with
our intuition in the sense that, if the observed data is totally in-
dependent of the underlying system behavior, then no pattern
should be considered more significant than others.

Figure 5(a) shows a database of 4 sequences. Figure 5(b)
and (c) show the comparisons of supports and matches of each
symbol and each pattern with two symbols, respectively. The
number of patterns with positive match is usually much larger
than that with positive support. In particular, as the pattern
length increases, the match decreases at a much slower pace
than the support. In the previous example (Figure 5(a)), con-
sider patterns ds, dsda, dsdadsa, and dsdadadi. Their supports
are 0.5, 0.25, 0, 0, respectively; whereas their matches are 0.4,
0.179, 0.016, and 0.00522, respectively. This phenomenon is a
direct consequence of the allowance of partial match between
pattern and subsequence in the data. While each subsequence
appearing in the data may increase the support of only one
pattern with a full credit, its effect is dispersed among multiple
patterns in terms of lifting their matches by various degrees.
Figure 5(d) shows the amount of match that the subsequence
dads may contribute to each pattern. There are totally 9 pat-
terns that actually “benefit” from it. Note that the summation
of these 9 numbers is still 1. It can be viewed as a “redis-
tribution” of certain portion of the support in such a manner
that the uncertainty introduced by noise is properly taken into
account. For each pattern, the differential between the match
and the support is the necessary rectification made towards the
significance of the pattern. While the support can be viewed
as the “face value” of a pattern, the match indeed represents
the “expected value” (if no noise had presented).

The well-known Apriori property also holds on the match
metric, which can be stated as in the following claims.

CrAmv 3.1. The match of a pattern P in a symbol sequence
S is less than or equal to the match of any subpattern of P in
S.

The proof of the above claim can be sketched as follows.
Let P = did>...d; and P’ = dyd5...d}: be two patterns and
P’ is a subpattern of P (I' < 1). Without loss of generality,
assume that P’ is a prefix of P (ie., dy = d1, dy = da, ...,
dy, = dp). For any data subsequence s = x172 ..., the match
of P in s is M(P,s) = i<i<iC(di,z:) < Ti<j<pC(di, i)
since 0 < C(d;,z;) < 1 always holds. The match of P’ in
s is the maximum match between P’ and any subsequence of
length ' in s. Therefore, M(P',s) > M(P',z1x2...xp) =
<< C(d}, ;) = Ili<;<pr C(di, x;) where 212 ... 2y is a pre-
fix of 5. As a result, it must be true that M (P’,s) > M (P, s).
By definition, the match of a pattern in a sequence is the max-
imal match of the pattern in every distinct subsequence of the
sequence. It is very straightforward that, for any symbol se-
quence S, M(P',8) > M(P,S) is also true. As a direct corol-
lary of Claim 3.1, the follow claim also holds.

CrAaM 3.2. (Apriori property) The match of a pattern P

ID sequence symbol | support | match
1 dl d2 d3 d1 di 0.75 0.538

d2 1.00 0.800
2 da d2 di d3 | 050 | 0.400
3 d3 d4 d2 di da 0.50 0.425
4 d2 d2 d5 0 0.075

(a) a sequence database (b) support and match of each symbol

pattern | support| match | pattern| support| match
didl 0.25 0.250 | d3d4 0.25 0.136
did2 0.25 0.203 | d3d5 0 0
d1d3 0.25 0.160 | d4d1 0.50 0.363
dld4 0 0.025 | d4d2 0.50 0.321
d1ds5 0 0.034 | d4d3 0 0.036
d2d1 0.75 0.560 | d4 d4 0 0.053
d2d2 0.25 0.210 | d4d5 0 0.004
d2d3 0.25 0.160 | d5d1 0 0.068
d2d4 0 0.052 | d5d2 0 0.032
d2d5 0 0.035 | d5d3 0 0.008
d3d1 0.50 0.349 | d5d4 0 0.028
d3d2 0.25 0.179 | d5d5 0 0
d3d3 0 0.037

(c) support and match of patternsof length 2

pattern | match | pattern| match | pattern| match | pattern| match
didl 001 |d2d3 0 d3d5 0 d5d2 0
dild2 0.08 |d2d4 008 |d4dl 001 |d5d3 0
d1d3 0 d2ds5 0 d4d2 0.08 |d5d4 0
dld4 0.01 |d3dl 0 d4d3 0 d5d5 0
d1d5 0 d3d2 0 d4d4 0.01

d2d1 0.08 | d3d3 0 d4.d5 0

d2d2 0.64 | d3d4 0 d5d1 0

(d) the match contributed to each pattern by an observation of " d2 d2"

Figure 5: Comparison of support and match

in a sequence database D 1is less than or equal to the match of
any subpattern of P in D.

A direct implication of the Apriori property is that, given
a min_match threshold, the set of frequent patterns occupy
a “contiguous portion” in the pattern lattice, and can be de-
scribed using the notion of border [17]. Intuitively, the border
demarcates the separation between the set of frequent patterns
and the rest of the lattice, and can be represented by the set
of frequent patterns whose immediate super-patterns are all
infrequent. For example, if the patterns with solid circles are
frequent in Figure 3, then the border should consist of three pat-
terns: didads, didads, and dids. These three patterns are also
referred to as border elements. We sometimes use the phrase
“the border of match’” as the abbreviation of “the border of
frequent patterns given match’ as the min_match threshold”.

An interesting observation is that, given a reasonable thresh-
old, the number of frequent patterns at each level (in the super-
/sub-pattern lattice) using the match metric is usually larger
than that using the support [28]. This is because, as the pat-
tern length increases, the match decreases at a much slower
pace than the support. Even though any algorithm powered
(sometimes implicitly) by the Apriori property can be adopted
to mine frequent patterns according to the match metric, it
will produce a less efficient solution. The weakness becomes
more substantial in mining sequence data since the length of
a pattern can easily range up to dozens and even hundreds in
many applications, such as biological expression. Even a direct
generalization of previously proposed approach for mining long
patterns under the support model (e.g., Max-Miner [4]) still
requires many scans of the sequence database if the database is
disk-resident. In the next section, we design a novel algorithm
that can efficiently generate the border of frequent patterns in
a few scans of the sequence database with very high confidence
statistically.



4. A BORDER COLLAPSING APPROACH

For a given sequence database, we want to find patterns
whose match satisfies a user-specified threshold min_match.
To reduce the number of necessary passes through the input
sequences, we propose a fast mining algorithm that can dis-
cover the border of frequent patterns in a few scans of the se-
quence database. Sampling technique is used to obtain a quick
estimation of the border and additional scan(s) of the sequence
database can be performed to finalize the border.

In order to obtain an estimation of the border of frequent
patterns without examining the entire sequence database, we
use the additive Chernoff bound [8, 15] to estimate the range
of the match of a pattern from a sample of the data with a
high statistical confidence (e.g., 99.99%). Let X be a random
variable whose spread” is R. For example, in the context of the
match model, the match can vary from 0 to 1 and therefore
R = 1. Suppose that we have n independent observations of
X, and the mean is u. The Chernoff Bound states that with
probability 1 — §, the true mean of X is at least p — ¢, where

For example, assume that the spread of a random variable is
1 and p is the mean of 10000 samples of the random variable.
Then we are able to say that the true value of the random
variable is at least yp—0.0215 with 99.99% confidence. Similarly,
with probability 1 — d, the expected value of variable X is at
most p+e. This provides the opportunity to estimate the range
of the match for each pattern from a set of samples.

CLAIM 4.1. (Chernoff bound estimation) Given a set of
sample data and a threshold min_match, a pattern is frequent
with probability 1 — § if pmater > min_match + € and is infre-
quent with probability 1 — 6 if pmaten < min_match — e, where
Pmatch 8 the match of the pattern in the sample data®. Those
patterns (referred to as ambiguous patterns) whose matches
in the sample are between min_match — € and min_match + €
remain undecided and need further examination.

An attractive property of the Chernoff bound is that it is in-
dependent of the probability distribution that generates the ob-
servations, as far as such probability distribution remains static
during the entire process. This distribution-free nature is very
important because the underlying distribution that character-
izes the match of a pattern is usually unknown. However, this
generality comes with the price of a more conservative bound
than a distribution-dependent estimation and would require a
larger number of observations to reach the same bound. This
weakness sometimes prevents us from obtaining a tight bound
when the sample size n is limited (e.g., due to memory size).
Clearly, the number of ambiguous patterns highly depends on
the value of € which itself is a function of the sample size. A
large number of ambiguous patterns may incur many scans of
the entire sequence database. Therefore, the value of € should
be as small as possible. In order to further reduce € under the
constraint of memory capacity, instead of using R = 1, we em-
ploy an additional step to derive a more restricted spread R for
the match of each pattern. According to the Apriori property
(Claim 3.2), the match of a pattern is always less than or equal
to the minimum match of each symbol in the pattern.

"The spread of a random variable is defined as the difference
between the maximum possible value and the minimum possible
value of the random variable.

8By definition, the match of a pattern in the sample data is the
average match of every sample.

CrAaM 4.2. (Restricted spread) The restricted spread R
for the match of a pattern dids .. .d; is R = minj<;<; match[d;]
where match[d;] is the match of the symbol d; in the entire
sequence database.

For example, the match of d1d> in a sequence database would
not exceed the minimum match of di and d» in the database.
If the matches of di and d» are 0.1 and 0.05 in the database
respectively, then the match of did> has to be between 0 and
0.05 (instead of the original spread 1) in the database. Thus, we
can use R = 0.05 when applying the Chernoff bound and reduce
the value of € by 95%. (Note that € is linearly proportional to
R.) Therefore, before we examine the in-memory sample, a
scan of the entire sequence database is performed to compute
the match of each individual symbol. Note that as a by-product
of this step, a random sample of the data can be easily obtained
and kept in memory without any extra overhead. This sample
set can then be used directly to classify patterns using Chernoff
bound.

Nevertheless, when the pattern is long (e.g., in the range of
dozens to hundreds of symbols) and the tolerable error is very
small, the number of ambiguous patterns can be still consider-
ably large and may require significant amount of computation
and many scans through the database. This problem is more
severe when the match (rather than the support) is used as the
metric. To address this issue, we propose a border collapsing
technique to ensure a minimum number of scans through the
sequence database. Hence, the following three-fold algorithm
is developed for mining the obscure patterns of length [.

1. While scanning the sequence database, find the match
of each individual symbol and take a random sample of
sequences.

2. Identify the borders that embrace the set of ambiguous
patterns (i.e., whose match is between min_-match — €
and min_match + €) using Chernoff bound based on the
sample taken at the previous step.

3. Locate the border of frequent patterns in the entire se-
quence database via border collapsing.

A question one may concern is that, since the Chernoff bound
only provides a probabilistic bound (rather than an absolute
one), there is a small chance (bounded by d) that a pattern P
is frequent (i.e., its actual match in the entire sequence database
is at least min_match) but P’s match in the sample data is be-
low min_match — e. Even though the measured error is much
smaller than § in practice, it is important to understand the
characteristic of these misclassified patterns. According to the
above algorithm, P will be mislabeled as infrequent in the sec-
ond phase. We now explore the impact of such mislabeled
patterns to the quality of the result. Intuitively, it would be
a less serious issue if the actual match of a mislabeled pat-
tern is very close to min_match — e than the scenario where
the actual match is far above min_match. The rationale is
that, in the former case, one can always lower the threshold
slightly to include the originally mislabeled patterns in the re-
sult. Therefore, the match distribution of mislabeled patterns
is very important. Let dis(P) be the difference between the
actual match of a mislabeled pattern P and min_match. It is
easy to derive from the Chernoff bound that the probability
Prob(dis(P) > p) diminishes exponentially as p grows. For
example, Prob(dis(P) > 2p) = Prob(dis(P) > p)*. This theo-
retically guarantees that the matches of most mislabeled pat-
terns locate close to min_match — e. This observation is also



confirmed in the experimental results in Section 5.4. We now
investigate each step in detail in the following subsections.

4.1 Phase 1: Finding Match of Individual Sym-
bols and Sampling

In this phase, with one scan of the sequence database, we
need to calculate the match of every symbol and obtain a sam-
ple set. Let’s first look at the computation of the match of each
symbol. A counter match[d] is used for each distinct symbol
d € O to track the match value of d in the database. As we scan
through each sequence D; in the database, the match of d in
D; is maz_match[d] = maxy ¢p, C(d,d’). The value of match
of each symbol after examining each sequence in Figure 5(a)
is shown in Figure 6. After we examine the entire sequence
database, match[d] holds match of each symbol d and d is a
frequent symbol if match[d] > min_match.

match | initial (—— S0

di 0 0.225 045 | 0.675 0.538

d2 0 02 | 04 | 06 | 08

d3 0 0.175 0.213 0.388 0.4

d4 0 0.025 0.213 0.4 | 0.425

ds 0 0.03§ 0.038 0.075 0.075
Figure 6: Calculate match of each symbol in Fig-
ure 5(a)

Obtaining the set of frequent symbols can be beneficial in
two aspects. (1) According to the Apriori property, only fre-
quent symbols may participate in a frequent pattern. With the
set of frequent symbols on hand, we can eliminate unnecessary
counters to a large extent. This is even more important to the
match model since an occurrence of a symbol combination may
trigger updates to match counters of multiple patterns. (2) The
match of each (frequent) symbol in a (candidate) pattern can
be used to provide a much restricted spread R of the match
for this pattern to produce a much tighter bound e. It will
eliminate a large number of ambiguous patterns that need to
be re-examined against the entire sequence database.

The computational complexity of this procedure is O(N x
Is x m) where Is and m are the average sequence length and
the number of distinct symbols, respectively. In the case where
Is > m, it is easily to reduce the bound to O(N x (Is + m?))
by a simple optimization [28]. In summary, the computational
complexity is O(N x min{ls x m,ls + m?}).

During the scan of the sequence database, a sample of se-
quences is also taken and stored in memory. Let n be the
number of samples that can be held in memory. A very sim-
ple way [22] to guarantee a random sampling is to generate
an independent uniform random variable for each sequence to
determine whether that sequence should be chosen. At the
beginning, a sequence will be chosen with probability . Sub-
sequently, if j sequences have been chosen from the first 7 se-
quences, then the next sequence will be chosen with probability
% The computational complexity of the sampling procedure

is O(N 4+ n x Ig), which makes the total computational com-
plexity still O(N x min{ls x m,Is + m?}).

4.2 Phase 2: Ambiguous Pattern Discovery on
Samples

Based on the samples taken in the previous phase, all pat-
terns can be classified into three categories: frequent patterns,
infrequent patterns, and ambiguous patterns, according to their
observed matches in the sample data. In this phase, we want to

find the two borders in the super-pattern/sub-pattern lattice,
which separate these three categories. The border (denoted by
FQT) between the frequent patterns and the ambiguous pat-
terns is the set of frequent patterns whose immediate superpat-
terns are either ambiguous or infrequent, whereas the border
(denoted by INFQT) between the ambiguous patterns and the
infrequent patterns are the set of ambiguous patterns whose
superpatterns are all infrequent. More specifically, these two
borders correspond to the match thresholds min_match+ ¢ and
min_match — € respectively (with respect to the sample data).

Since the Apriori property holds on the match metric, many
(border discovery) algorithms presented for mining frequent
patterns (with respect to a support threshold) [1, 4, 13, 17]
can be adopted to solve this problem with one modification
— the routine to update match(es) when examining each sam-
ple sequence. Let P = dids...d; be a candidate pattern and
match[dy,ds, . ..,d;] denote the counter storing the match of
the pattern dids...d; in the sample data. By definition, the
match of a pattern in the sample data is the average match of
the pattern in every sample sequence. Equation 1 can be used
to compute the match of a pattern P = dids...d; in a sequence
S.

With zero as the initial value, a straightforward way to com-
pute the match of P in the sample is to accumulate the value of
match[di,dsa,...,d;] by an amount of w for each sample
sequence S where M (P, S) is the match of P = di,d>,...,d; in
S. After we obtain match[di,ds, ...,d;], P is labeled as

e a frequent pattern if match[di, ds,. ..
€

,di] > min_match +

e an ambiguous pattern if match[dy,ds, ..., di] €

(min_match — e, min_match + €);

e an infrequent pattern otherwise;

where € = \/1{21;7;1/6) and R = minj<;<; match[d;]. Since
the sample data is in memory, any pruning technique (such
as breadth-first, depth-first, looking-ahead, etc., [1, 4, 13, 17])
may be used to locate the two borders FQT and INFQT that
separate frequent patterns, ambiguous patterns, and infrequent
patterns.

The optimal value of the confidence parameter § used in the
Chernoff bound is application dependent and can be adjusted
by the user. Since the Chernoff bound is a very conservative
bound, the actual error is usually much smaller than the the-
oretical probability §. Empirically, when the pattern length is
relatively short, a moderate value of § (e.g., 0.001) is able to
produce considerably high accuracy. This observation is also
confirmed by our experiments discussed in the next section.
However, as the pattern length grows, the number of patterns
that need to be further verified against the entire database
grows in an exponential pace. We will continue to investigate
in this matter in the next section. N

Assume the maximum length of any frequent pattern is lp.
There are up to O(m'P) distinct patterns of length up to l;,
where m is the number of symbols in the alphabet. The com-
putational complexity of this phase is O(m'? x | S | xIp x n)
since it might take O(| S | xip x n) computation to calcu-
late the match of a pattern. Note that this only characterizes
the theoretically worst scenario. In practice, much less com-
putation is usually required and all computation can be done
efficiently as all sample data are in memory.



4.3 Phase 3: Border Collapsing

At this phase, we need to investigate ambiguous patterns
further to determine the real border of frequent patterns. If
the memory can hold the counters associated for all ambiguous
patterns (i.e., all patterns between FQT and INFQT), a single
scan of the entire sequence database would be able to calculate
the exact match of each ambiguous pattern and the border
of frequent patterns can be determined accordingly. However,
we may experience with the scenario where a huge number of
ambiguous patterns exist. This may occur when there are a
large number of patterns whose matches happen to be very
close to the threshold min_match, which is typically the case
when the pattern is long. In such a case, multiple scans of the
sequence database become inevitable.

Our goal of this phase is to efficiently collapse the gap be-
tween the two borders embracing the ambiguous patterns into
one single border. An iterative “probing-and-collapsing” pro-
cedure can be employed. In order to minimize the expected
number of scans through the database, the ambiguous patterns
that can provide high collapsing effect are always probed first.
A greedy algorithm can be developed to repeatedly choose the
pattern with the most collapsing power among the remaining
ambiguous patterns until the memory is filled up. A scan of the
database is then performed to compute the matches of this set
of patterns and the result is used to collapse the space of the
remaining ambiguous patterns. This iterative process continues
until no ambiguous pattern exist.

While the two borders embracing the ambiguous patterns
act as the “Hoor” and the “ceiling” of the space of ambiguous
patterns, an algorithm that is analogous to the binary search
would serve our purpose. The patterns on the halfway layer
between the two borders can provide the most collapsing ef-
fect and in turn should be probed first. The patterns on the
quarterway layers are the set of patterns that can produce the
most collapsing effect among the remaining ambiguous pat-
terns, and so on. Consider the set of ambiguous patterns di,
d1d2, dldzds, d1d2d3d4, and d1d2d3d4d5 in Figure 7(3,) It is
easy to see that d1d2d3 has the most collapsing power. If didads
is frequent, then d; and dids must be frequent by the Apri-
ori property. Otherwise (i.e., didads is infrequent), didadsds
and didadsdads should be infrequent as well. Therefore, no
matter whether didads is frequent or not, two other patterns
(among the five) can be properly labeled without any further
investigation on them. Similarly, we can justify that dids and
didadsds have more collapsing power than the remaining two.
In our algorithm, the patterns on the halfway layer (e.g., Layer
1 in Figure 7(a)), quarterway layers (e.g., Layers 2 and 3 in
Figure 7(a)), + layers, ... are identified successively until the
memory is filled up by the corresponding counters. The pro-
cess is carried out by sequentially computing the halfway layer
between two adjacent layers calculated previously in a recur-
sive manner. Given two layers of patterns, consider a pair of
patterns P; and P> (one from each layer), where P; is a sub-
pattern of P». The halfway patterns are the set of patterns
that consist of [££%2] symbols and are super-patterns of Py
and sub-patterns of P», where ¢; and ¢» are the lengths of P;
and P, respectively. Note that we do not physically store all
ambiguous patterns. The set of ambiguous patterns that belong
to the desired layer(s) are generated on the fly.

To better understand the effect brought by the border col-
lapsing, let’s assume that only patterns on the halfway layer are
held in memory. If a halfway pattern turns out to be frequent,
then all of its sub-patterns are frequent. Otherwise (i.e., the
pattern is infrequent), all of its super-patterns are infrequent as

well. In either case, one of these two borders is collapsed to that
halfway pattern. For example, if we know that d1dadsdads is on
the border separating the ambiguous patterns and infrequent
patterns while di is on the border between frequent patterns
and ambiguous patterns as shown in Figure 7(b). Thus, the
patterns d1d2d3, d1d2d4, d1d2d5, d1d3d4, d1d3d5, and d1d4d5
are ambiguous patterns on the halfway layer between two bor-
ders and will be examined first. It is obvious that one of the
borders would collapse to the halfway layer if these halfway
patterns have homogeneous label (i.e., either all are frequent or
all are infrequent). In this case, the space of ambiguous pat-
terns is reduced by half. A more interesting scenario is that the
halfway patterns have mixed labels (i.e., some of them are fre-
quent while the rest are not), which turns out to provide even
more collapsing effect. Assume that didads and did2ds are fre-
quent (marked with solid circles on the halfway layer) while the
remaining one (indicated by dashed circles on the halfway layer)
are not. By applying the Apriori property, di1, did2, dids, and
d1d5 should also be frequent. Similarly, d1d2d3d4, d1d2d3d5,
d1d2d4d5, d1d3d4d5, and didadsdads are all infrequent. Note
that only dids still remains ambiguous as indicated by a solid
rectangle in Figure 7(b). In general, if the memory can hold all
patterns up to the “% layer”, the space of ambiguous patterns
can be at least narrowed to I of the original one where x is
a power of 2. As a result, if it takes a level-wise search
y scans of the sequence database, only O(log,y) scans
are necessary when the border collapsing technique is
employed.

In summary, this approach can greatly reduce the number
of scans through the sequence database by only examining a
“carefully-chosen” small subset of all outstanding ambiguous
patterns. While the traditional level-wise evaluation of am-
biguous patterns push the border of frequent patterns forward
across the pattern lattice in a gradual fashion; the border col-
lapsing technique employs a globally optimal order to examine
ambiguous patterns to minimize the overall computation and
the number of scans through the database. When the pattern
is relatively short, border collapsing achieves a comparable per-
formance as the level-wise search. However, when the pattern is
long (as in the applications we addressed earlier in this paper),
the border collapsing technique can yield substantial improve-
ment. We also want to mention that the proposed algorithm
can also be used to mine long patterns with the support model
efficiently.

5. EXPERIMENTAL RESULTS
5.1 Robustness of Match Model

Since misrepresentation of symbols may occur, some symbols
may be substituted by others in the input sequence database.
In this subsection, we compare the robustness of the support
model and the match model with respect to varying degrees of
noise. We use a protein database [11] that consists of 600K se-
quences of amino acids® as the standard database and generate
test databases to do sensitivity analysis by embedding random
noises. The objective here is not to evaluate the biological sig-
nificance of the pattern discovery, but perform sensitivity anal-
ysis on noise level and other parameter values. A probability
a is introduced to control the degree of noise. @ = () means no
misrepresentation and a higher value of o implies a greater de-
gree of misrepresentation. For each sequence S in the standard

9Fach sequence consists of dozens to thousands of amino acids
with an average length of around 500.
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Figure 7: Border Collapsing of Ambiguous Patterns

database, its counterpart S; in the test database is generated
as follows: for each amino acid d; in the S, it will remain as d;
with probability 1 —a and will be substituted by another amino
acid d; (1 < j < m and j # 4) with probability —2-, where
m = 20 is the number of distinct amino acids. S and S; would
have the same length. Each entry C(d;,d;) in the correspond-
ing compatibility matrix is 1 — v if ¢ = j and is %5 otherwise.
We also experienced with different noise distribution and, after
a thorough study, we found that the degree of noise (rather
than the distribution of the noise) plays a dominant role in the
robustness of the model. Therefore, we only report the results
under the assumption of uniform noise due to space limitations.

Let Ry be the set of patterns discovered via match model
and Rs be the set of patterns discovered via support model
on the standard sequence database with the same threshold
min_match = min_support = 0.001. It is expected that Rs =
R since the match model is equivalent to the support model
if no noise is assumed. This set of patterns will be used as the
standard to justify the quality of the results generated from test
database. Given a test database, let R}, be the set of patterns
discovered in the match model and R be the set of discovered
patterns under the support model. Figure 8(a) and (b) show
the accuracy and completeness of these two models with respect
to various degree of noise a, respectively. The accuracies of the

match model and the support model are defined as %Tﬁm
and mﬁ,{%ﬂ respectively. On the other hand, the completeness
for the match and the support models are defined as %Tﬁm
and lR]SR%ITSl, respectively. Intuitively, the accuracy describes

how selective the model is while the completeness captures how
well the model covers the expected results. For the match
model, both the accuracy and the completeness are very high
(i-e., more than 95%) due to the compensation of the compati-
bility matrices. This demonstrates that the match model is able
to handle the noise in a proper manner. However, the support

model appears vulnerable to the noise/misrepresentation in the
data. When the misrepresentation factor « increases, the qual-
ity of the results by the support model degrades significantly.
For example, when a = 0.6, the accuracy and completeness of
the support model are 61% and 33%, respectively.
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Figure 8: Accuracy and Completeness of the Two Mod-
els

With a given degree of noise (e.g., « = 0.1), the accuracy and
completeness of the support and match models with different
pattern lengths are shown in Figure 8 (c) and (d), respectively.
With longer pattern, the quality of the support degrades while
the quality of the match model remains constant. This is due
to the fact that for a long pattern, there is a higher probability
that at least one position mutates.

We also experimented with the test database generated ac-



cording to a noise level comparable to the actual amino acid
mutations. This is done using the BLOSUMS50 matrix [9] which
is widely used to characterize the likelihood of mutations be-
tween amino acids in the computational biology community.
We then use both the support and the match model to mine
patterns on the test database with the minimum threshold set
t0 0.001. Comparing to the patterns discovered on the standard
database, we found that both the accuracy and the complete-
ness of the match model are well over 99% while the accuracy
and the completeness of the support model are 70% and 50%,
respectively.

To further explore the importance of the match model, we
build classifiers (e.g., decision trees) on proteins to predict their
biological families using the set of patterns discovered under the
match model and the support model, respectively. Each fre-
quent pattern is regarded as a feature. A protein is considered
to have a certain feature if the pattern appears in the protein.
It is interesting to observe that the classifier corresponding to
the match model is able to achieve over 85% correctness in pre-
dicting protein families while the classifier using the patterns
discovered under the support model only reaches 53% correct-
ness. We believe that this vast difference is due to the fact that
the match model can successfully recover some vital features of
proteins that fail to be captured by the support model if noise
presents.

In the previous experiments, we assume that our knowledge
of noise is “perfect”, i.e., the compatibility matrix truly reflects
the behavior of noise. However, in reality, the available com-
patibility matrix itself may contain some error and is indeed
a (good) approximation of the real compatibility among sym-
bols. This is typically the case when the compatibility matrix
is generated from empirical studies. Thus, the quality of the
compatibility matrix also plays a role in the performance of
the match model. We also did some experiments to explore
the robustness of the match model in this respect. Figure 9
shows the accuracy and completeness of the match model with
respect to the amount of error contained in the compatibil-
ity matrix. In this experiment, we choose the test database
generated from o« = 0.2. The error is incorporated into the
compatibility matrix in the following manner. For each symbol
d;, the value of C(d;,d;) is varied by e% (equally likely to be
increased or decreased). The rest entries C(d;, d;) (j # ¢) in the
same column are adjusted accordingly so that the summation
Yi1<j<mC(dj,d;) is still 1. Even though the completeness and
accuracy degrades with the increase of error, the degradation
is moderate even with high error rate. For example, with 10%
error, our match model still can achieve 88% accuracy and 85%
completeness. Note that the error in the compatibility matrix
is usually very limited (i.e., € 10%) in practice and hence the
match model can perform very well.
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Figure 9: Robustness of Match Model

5.2 Sample size

As mentioned previously, the sample size could affect the
number of ambiguous patterns significantly and in turn impact
the overall efficiency of our approach greatly. Figure 10 shows
the number of ambiguous patterns with respect to the number
of samples. The number of ambiguous patterns decrease sig-
nificantly as a function of the number of samples. Also with
greater degree of noise (i.e., larger a), the number of ambiguous
patterns increases.

Number of Ambiguous Patterns (in millions)

10 i
Number of Samples (in thousands)

Figure 10: Ambiguous Patterns w.r.t. Sample Size

5.3 Spread of Match r

For any pattern, instead of applying the default value R = 1,
a much constrained spread R can be estimated from the match
of each involved symbol in the pattern and used to provide a
tighter Chernoff bound. This leads to a significantly reduced
number of ambiguous patterns. The same test database gen-
erated in the previous subsection are used here. Figure 11(a)
shows the average match spread R of a pattern with respect to
the pattern length. R of a pattern is the minimum match of its
involved symbols. Let R(P) be the spread of the match of a pat-
tern P = dids . ..d;, then R(P) = min{match(d:), match(dz),

.,match(d;)}. With longer pattern, the spread R becomes
tighter. With higher degree of noise (i.e., larger value of &), the
match spread reduces because the noise dilutes the strength of
the true patterns. In Figure 11(b), we compute the ratio of the
number of ambiguous patterns produced using the constrained
R over that with the default R = 1. It is evident that the
number of ambiguous patterns can be reduced to less than 20%
(for pattern with more than 10 symbols) when the constrained
R is applied. As a matter of fact, a five-folds pruning power is
obtained.
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Figure 11: Effects of spread R

5.4 Effects of Confidence 1 -6

In the previous experiments, we fix confidence 1—4 as 0.9999.
In this subsection, we are examining the effects of different 4.
Figure 12 shows the effect of 1 — § on the number of ambigu-
ous patterns and the accuracy of the results. We assume that
200,00 samples are used for this test. With smaller confidence,



the number of ambiguous patterns decreases dramatically be-
cause the error bound e decreases, which implies a much faster
response time. On the other hand, the error rate of the al-
gorithm could increase slightly with a smaller confidence as
shown in Figure 12(b). The error rate is defined as the ra-
tio of the number of mislabeled patterns over the number of
frequent patterns. However, since the Chernoff Bound is a dis-
tribution independent estimation, the bound that it provides is
very conservative. The actual precision of the results is much
higher than the specified confidence. For example, when confi-
dence is 0.9, i.e., d = 0.1, the error rate is around 0.01. When
1—48 = 0.9999, the error rate can diminish to the order of 10~6.
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Figure 12: Effects of confidence 1 —§

Figure 13 shows the distribution of the matches of mislabeled
patterns in the above experiment. It is clear that over 90% of
the missed patterns are those whose real match is within 5%
over the threshold, while no pattern missing whose real match is
15% over the threshold. This means that most missing patterns
are very close to the threshold. This observation coincides with
the theoretical analysis in the previous section.
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Figure 13: Missing patterns

5.5 Performance of Border Collapsing Algorithm

The overall efficiency of our border collapsing algorithm is
demonstrated in Figure 14. Max-Miner [4] is one of the fastest
algorithm for mining frequent long patterns, which employs a
look-ahead technique. We adopt the Max-Miner as the de-
terministic algorithm to compare the performance. The only
modification to the Max-Miner is the computation of match
value of a pattern (instead of support value). Another algo-
rithm we compared is the sampling based approach proposed
by Toivonen [21]. In this approach, a level-wise search is used
to finalize the border of frequent patterns after the sampling.
We will refer to this approach as “sampling-based level-wise
search” in the following discussion. The primary difference be-
tween this approach and our approach is that we employ a
much more efficient method, namely border collapsing, to lo-
cate the border of frequent patterns. The confidence parameter
of our algorithm is set to 0.9999. Figure 14(a) shows the CPU
time of these three algorithms with respect to various match

thresholds. Figure 14(b) shows the number of scans employed
by these three algorithms.

It is evident that our algorithm can substantially reduce the
CPU time and the number of scans through the database than
both previous proposed schemes. This is due to the efficiency
brought by the border collapsing technique. In our algorithm,
the number of patterns that need to be examined against the
entire database is much less than that in the other two algo-
rithms. More specifically, when the match threshold is rela-
tively high, our approach requires two scans of the sequence
database while both Max-Miner and the sampling-based level-
wise search requires at least five scans of data. As the match
threshold decreases, the border collapsing algorithm requires
three or four scans of the database while the other two ap-
proaches need 10 or more scans of the database. The significant
reduction in number of database scans of our algorithm comes
from the combined effect of sampling and border collapsing. We
also would like to mention that the sampling-based level-wise
approach spends majority of the time on finalizing the border
of frequent patterns after estimating the border from the sam-
ples. We observed that there is a high likelihood that the final
border is “far” from the estimated one and many scans of the
data may be required before it is reached. This is because the
match value usually changes very little from level to level in the
pattern lattice especially when the pattern is long. This effect
can clearly be observed from Figure 14(c).
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Figure 14: Performance of three algorithms

5.6 Scalability with respect to the Number of Dis-
tinct Symbols m

In all above experiments, we utilize the protein sequence data
that consists of 20 symbols (i.e., amino acids). Now we analyze
the performance of our algorithm with respect to the number
of distinct symbols, m. In this experiment, we employ several
synthetic data sets, each of which consists of 100K sequences
and each sequence contains 1000 symbols on average. We vary
the number of distinct symbols (m) in each data set. The min-
imum match threshold is set to 0.001. A compatibility matrix
is constructed for each data set. In reality, most entries in a
compatibility matrix is zero or near zero. Thus, the compat-
ibility is generated in such a manner that a symbol is com-
patible to around 10% of other symbols with various degree.
Figure 15(a)(b) shows the number of scans and response time



of our algorithm, respectively. The number of scans decreases
with the increase of m because less patterns are qualified to
be significant. However, this trend does not hold for the re-
sponse time. The average response time decreases initially, but
increases when m gets large (e.g., greater than 10000). This
is due to the fact that the size of the compatibility matrix is
a quadratic function of m and the computation cost for each
scan increases significantly. For example, if m = 10000, then
it requires about 40MB space to store the compatibility matrix
if each non-zero entry occupies 4 Bytes. The performance of
our algorithm degrades when m is extremely large. Neverthe-
less, the algorithm performs very efficiently when the number
of distinct symbols is within a reasonable range (m < 10*).
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Figure 15: Scalability w.r.t. the number of distinct
symbols

6. CONCLUSION

In this paper, we are interested in discovering long sequen-
tial patterns in a noisy environment. In this environment, the
observed symbol in a sequence may differ from the underlying
true value. The concept of compatibility matriz is introduced to
provide a probabilistic connection from the observation to the
underlying true value. A new metric match is thus, proposed
to capture the “real support” of a pattern which would be ex-
pected if a noise-free environment is assumed. Since the length
of a pattern could be very large, the standard pruning tech-
nique developed for the market basket problem may not work
efficiently. As a result, a border collapsing algorithm is devised
to discover long patterns in a minimal number of scans of the
sequence (e.g., 2 to 4) with sufficiently high confidence. Em-
pirical results demonstrate the robustness of the match model
(w.r.t. the noise) and the efficiency of the probabilistic algo-
rithm. We also want to mention that the border collapsing
algorithm is also applicable to the traditional support model to
mine long patterns or large frequent itemsets.
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