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Abstract—The iceberg cube mining computes all cells v, corresponding to GROUP BY partitions, that satisfy a given constraint on
aggregated behaviors of the tuples in a GROUP BY partition. The number of cells often is so large that the result cannot be realistically
searched without pushing the constraint into the search. Previous works have pushed antimonotone and monotone constraints.

However, many useful constraints are neither antimonotone nor monotone. We consider a general class of aggregate constraints of

the form f v

, where f is an arithmetic function of SQL-like aggregates and

isone of <; ; ;>.We propose a novel pushing

technique, called Divide-and-Approximate, to push such constraints. The idea is to recursively divide the search space and
approximate the given constraint using antimonotone or monotone constraints in subspaces. This technique applies to a class called
separable constraints, which properly contains all constraints built by an arithmetic function f of all SQL aggregates.

Index Terms—Aggregate constraint, constrained data mining, data cube, iceberg cube mining, iceberg query.

1 INTRODUCTION

ECISION support systems, which rapidly gain competi-

tive advantage for businesses, make heavy use of
aggregations for identifying trends. The iceberg query,
introduced in [8], performs an aggregate function over a
specified dimension list and then eliminates aggregate
values below some specified threshold. The prototypical
iceberg query based on arelation R targetl; ;targetk; rest
and a threshold T is as follows:

SELECT targetl, ..., targetk, count(rest)

FROM R

WHERE ...

GROUP BY targetl, ..., targetk

HAVING count rest T

This query partitions the tuples according to the GROUP BY
list and produces one row for each partition with count rest
above the threshold T. Iniceberg cube mining, the user specifies
a constraint in the HAVING clause, but not the GROUP BY
list, and wants to find the result for all GROUP BY lists. A cell
specifies one GROUP BY partition. On a relation R(Product,
Store, Year, rest), for example, the cell T oyota; V ancouverg
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specifies a partition for the GROUP BY list “Product, Store.”
fToyota; V ancouver; 2000g and fT oyotag are a supercell and
subcell of fToyota;V ancouverg, respectively. Iceberg cube
mining aims to compute all the cells for the eight GROUP BY
lists over Product, Store, Year, returning those satisfying the
constraint in the HAVING clause.

Performing one iceberg query per GROUP BY list does
not share the work in different queries. Computing the full
cube then discarding unsatisfying cells suffers from the fact
that the full cube is too large to be realistically computed.
Materializing “views” for efficient computation is useful
only if all the constraints are known in advance. A
promising approach is “pushing” a given constraint so that
only likely satisfying cells are computed. Previous works
have pushed antimonotone constraints [5], [2] and monotone
constraints [13]. In an antimonotone constraint, if a cell fails
the constraint, so does every supercell; in a monotone
constraint, if a cell satisfies the constraint, so does every
supercell. These properties provide a natural pruning
opportunity.

However, antimonotonicity or monotonicity like these
are undesirable for two reasons. On one hand, antimono-
tonicity and monotonicity are too loose as a pruning
strategy. Both properties impose an exponential lower
bound on the result size because all supercells of a failed
or satisfying cell also fail or satisfy. A result of such size is
neither efficient to compute nor easy to be comprehended
by for a human user. On the other hand, both properties are
too restricted as an interestingness criterion. For example,
sum v , avg v , and var v are neither anti-
monotone nor monotone, but are useful for extracting
patterns capturing minimum (average) profit with a small
variance.

We consider the problem of pushing aggregate constraints
of the form f v in iceberg cube mining. T is an arithmetic
function of SQL-like aggregates, is a comparison operator,

is a threshold, and v is a cell-valued variable. As we will
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show, var v is in this form, where var v computes the
variance of the measure for the tuples that match the cell v.
Pushing an aggregate constraint presents a significant
challenge because, even if a cell fails or satisfies the
constraint, its supercells still need to be examined. We will
answer two questions. First, if a constraint f v is not
antimonotone or monotone, can it be pushed into iceberg
cube mining? Second, is there a principled method that is
independent of the specific form of £? This independence is
essential because the user-specified f is unknown in
advance. Two thoughts underpin our study.

Divide-and-Approximate. If the given constraint C is
neither antimonotone nor monotone, we can “approximate”
it by some weaker or stronger constraint C’ that has such
monotonicities. For example, we can approximate C by a
weaker antimonotone constraint C%: If a cell fails C', all its
supercells fail C', therefore, fail the stronger C. Note that cells
satisfying C' may still fail C. The effectiveness thus depends
on finding the strongest C' to minimize such false positives.
To address this issue, we divide the search space into
subspaces and seek for individual approximation in each
subspace. By recursively applying this strategy to subspaces,
the approximation in a subspace approaches the given
constraint. This strategy is called Divide-and-Approximate.

Separable monotonicities. The above strategy applies to
a class called separable constraints. In a separable constraint,
f v, the occurrences of aggregates in f can be separated
into two groups, A and A , that affect £ in the opposite
way: As a cell v grows, f monotonically increases via those
in A and monotonically decreases via those in A . For
example, let psum and nsum be the sum of positive and
negative measures, A ... fpsumv g and A .. fnsumvg
forpsum v  nsum v . Therefore, by holding variables
v at the maximum cell or the minimum cell for either A or
A , we are able to construct four types of approximation:
weaker antimonotone, weaker monotone, stronger antimo-
notone, and stronger monotone, to prune the search of
failed cells, the search of satisfying cells, or both. The details
will be presented shortly. In the case that only the minimum
support is given, pruning satisfying subcells amounts to
mining maximal frequent cells in the literature [3], [6].

We review related work in Section 2 and define the
problem in Section 3. In Section 4, we present the Divide-
and-Approximate strategy and show that it applies to
separable constraints. In Section 5 and Section 6, we present
an efficient implementation for the four types of approx-
imations. We evaluate the proposed approach in Section 7.
Section 8 extends this approach to Boolean combinations of
aggregate constraints. We then conclude the paper.

2 RELATED WORK

Most works on data cubes focus on efficient computation of
full cube [18], [1], view materialization [10], and range
queries where a constraint occurs in the WHERE clause
[11]. These results cannot be applied because an aggregate
constraint is specified for a cell through the HAVING clause
and is unknown at the time of view materialization. The full
cube is often too large compared to the result satisfying the
aggregate constraint.

This study is related to the works on constrained data
mining [5], [13], [9], [14], [4], [16], [15], [17]. Those techniques
are specific to predetermined constraints, namely, item
constraints [15], minimum confidence/improvement [4],
succinct constraints [13], convertible constraints [14], mini-
mum average [9], and support constraints [17]. We consider
all constraints specified by the whole language of SQL-like
aggregates and arithmetic operators (extended to Boolean
operators), and seek for a specification-independent push
strategy. Further, aggregates in traditional rule mining are
“extensional” where the values being aggregated are
associated with the items in v. We consider “intensional”
aggregates where the values being aggregated are associated
with the tuples that match the items in v. Techniques for the
former, such as for the extensional avg v in [14], are not
always applicable to the latter.

3 IceEBERG CUBE MINING

A database is a relational table R with some columns called
dimensions D; and some columns called measures M;. A cell is
a set of values, dj, dj, over some GROUP BY list
D;, Di,, and defines the GROUP BY partition consisting
of the tuples matching di, di,. SAT ¢ denotes the
GROUP BY partition defined by a cell c. For example,

c ... fToyota; V ancouver; 2003g

is a cell on the GROUP BY list “Product, Store, Year,” and
SAT c is the set of tuples containing all the values in c.
c ... fToyota; V ancouver; 2003g is a supercell of

" ... fToyota; V ancouverg;

in which case SAT ¢ must be a subset of SAT ¢ . avg ¢,
min ¢, max ¢, and sum ¢ compute the average, mini-
mum, and maximum sum of some measure of the tuples in
SAT ¢, and count ¢ computes the number of tuples in
SAT c. ssum c ;psum ¢ ;nsum ¢ compute the sum of
square, positive sum, and (unsigned) negative sum,
respectively. v=c means holding the variable v at the cell c.

Definition 3.1 (Constraints). A (aggregate) constraint C has
the form £ v . £ v is a function of cell-valued variable v,
defined by aggregates, arithmetic operators ; ; ;= and
constants. isoneof <; ; ;>. isareal. A cellcsatisfies
a constraint C if applying v=c to C evaluates to true; otherwise,
c fails C. CUBE C denotes the set of cells that satisfy C. C is
weaker than C' if CUBE ' CUBE C.

Example 3.1. Let d;; d? be values on dimension Dj and let v be
a cell-valued variable. v [ fdig (respectively, v [ fdlg)
denotes the variable for the cells obtained by unioning the
dimension values in v and d;. count v [ fdig =count v

specifies association rules, v ¥ dj, above the minimum
confidence [2]. count v [ fdig =count v [ fdlg spe-
cifies emerging patterns v with respect to the two partitions
specified by two cells d and d! [7]. var v specifies the
maximum variance constraint, where

psaty Mit  avgv 2

count v

var v ..
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Mit denotes the measure of tuple t. By rewriting and
substituting, we have

ssum v  2sum v avg Vv

count v

avg v “count v
varv .. :

In all examples, an optional minimum support can be
specified separately.

Definition 3.2 (Iceberg cube mining). Given a database R, a
constraint C, and a minimum support minsup the iceberg
cube mining problem is to find

CUBE C ~CUBE count v 5jRj minsup ;

i.e., all frequent cells that satisfy C (jRj denotes the number of
tuples in R).

We treat the minimum support differently because it is
optional and is antimonotone.

Below, the terms ‘“‘a-monotone”/“m-monotone” refer
to *“antimonotone”/“monotone,” respectively, and
“ -monotone” refers to either. = denotes the “comple-
ment” of , i.e, a..m and m...a.

Definition 3.3 (Monotonicity of constraints). C is
a-monotone if whenever a cell is not in CUBE C,
neither is any supercell. C is m-monotone if whenever a
cell is in CUBE C, so is every supercell.

Definition 3.4 (Monotonicity of functions). A function x y
is a-monotone with regards to y if x decreases whenever y
grows (for cell-valued y) or increases (for real-valued y). A
function X y is m-monotone with regards to y if X increases
whenever y grows (for cell-valued y) or increases (for real-
valued y).

psumv nsumyv is m-monotone with regards to
psum v , a-monotone with regards to nsum v, and is
neither with regards to v. The terms “a-monotone” and
“m-monotone” are overloaded for both constraints and
functions, and are differentiated from the subjects involved.

Observations 3.1. 1) f v is -monotone if and only if f v
is -monotone with regards to v. 2) f v iS -monotone
if and only if ¥ v is -monotone with regards to v.

A similar observation holds for f v > and fv <

4 THE PROPOSED APPROACH

4.1 Divide-and-Approximate

If the given constraint is neither a-monotone nor
m-monotone, we can push some a-monotone or m-mono-
tone approximation, called an approximator. There are four
types of approximators: weaker a-monotone approximators,
stronger a-monotone approximators, weaker m-monotone
approximators, and stronger m-monotone approximators,
called wa-approximators, sa-approximators, wm-approxi-
mators, and sm-approximators, respectively. We use
for these approximators, s for stronger approximators, w
for weaker approximators, a for a-monotone approxima-
tors, and m for m-monotone approximators.

NO. 3, MARCH 2005

If a cell c fails a wa-approximator, we can prune the search
of supercells of ¢ because they fail the given constraint. If a
cell ¢ fails a wm-approximator, we can prune the search of
(failed) subcells of c. If a cell ¢ satisfies sa-approximator, we
can prune the search of subcells of ¢ because they satisfy the
given constraint and can be generated directly from c. If a
cell c satisfies a sm-approximator, we can prune the search of
(satisfying) supercells of c. However, a satisfying cell of a
w -aproximator may still fail the given constraint, and a
failed cell of a s -approximator may still satisfy the given
constraint. Minimizing such “false positives” and “false
negatives” depends on finding strongest w -approximators
or weakest s -approximators. To address this requirement,
we seek for local approximators in subspaces. Below, we
explain this strategy using wa-approximators for sum v
inthespace S ... fcjcisasubcell of d;  dpg, whered; dp
is a fixed cell.

First, we rewrite sum v into psumv  nsum v

and regard psum as the “profit” and nsum as the
“cost.” Ignoring the “cost” entirely gives the first wa-
approximator, psum v . Underestimating the “cost” by
the minimum for any cell gives a stronger wa-approx-
imator, i.e., psum v nsumd; dp . That is, if it is
so hopeless to pass the threshold even with the minimum
cost, there is no need to consider any supercell of v in S.
A still better attempt is to divide S into subspaces S; ...
fdicg and Sq ... fcg, where ¢ is a subcell of d;  dp, and
use psumv  nsum did, dp in S; and psum v
nsumd; d, in So. The latter is stronger than the
former. We can apply this strategy recursively to Sp and
S; to obtain increasingly stronger wa-approximators in
subspaces. We call this strategy Divide-and-Approximate.

4.2 Separable Constraints

To obtain an approximator for f v, the key is to separate
the aggregates in f v into two groups, A and A , such
that as a cell v grows, A increases the value of f, and A
decreases the value of f. We then can obtain an approx-
imator by holding the variable vin one of A and A at the
maximum cell or the minimum cell. Below, A =c and A =c
mean holding the variable vin A and A at the cell c.

Example 4.1. Consider avg v , or written

psum v =countl v nsum v =count2 v

The two occurrences of count are renamed because they
have different memberships in A and A . Note that all
aggregates now are a-monotone with regards to v. Let
A .. fnsum v ;countl v g and

A .. fpsum v ;count2 v g:

avg is a-monotone with regards to each aggregate in A
and is m-monotone with regards to each aggregate in A .
Therefore, as v grows, avg increases via A by composing
two a-monotone functions, i.e., avg with regards to A
and A with regards to v, and avg decreases via A by
composing one m-monotone function with one a-mono-
tone function, i.e., avg with regards to A and A with
regards to v. Let ¢c and T be the minimum and maximum
cells. Applying A =t gives the wa-approximator:
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psum v =countl T nsum T =count2 v ;

and applying A =c gives the sm-approximator:

psum ¢ =countl v nsum v =count2 c

To separate the aggregates into A and A, a
requirement is that every aggregate be -monotone and
sign-preserved, i.e., never change the sign. Imagine what if
countl could have changed the sign: Its membership in
A or A would depend on the sign. Below, we rewrite
an aggregate constraint and partition the space to meet
these requirements. First of all, psum, nsum, count are

-monotone and sign-preserved, and sum and avg can be
rewritten into such aggregates, i.e., sum ... psum nsume
and avg .. psum nsume =count. max and min can be
rewritten into -monotone and sign-preserved aggregates:
max .. pos pmax 1 pos nmin and

min..neg nmax 1 neg pmin;

where

pos v : Return 1 if some tuple in SAT v has a
nonnegative measure (including 0); return 0
otherwise.

neg v : Return 1 if some tuple in SAT v has a
nonpositive measure (including 0); return 0
otherwise.

pmax v : Return the maximum nonnegative mea-
sure in SAT v ; return 0 if all measures in SAT v
are negative.

pmin v : Return the minimum nonnegative measure
in SAT v ; return 0 if all measures in SAT v are
negative.

nmax v : Return the maximum jMj where M is a
nonpositive measure in SAT v ; return 0 if all
measures in SAT v are positive.

nmin v : Return the minimum jMj where M is a
nonpositive measure in SAT v ; return 0 if all
measures in SAT v are positive.

Note that these new aggregates are
sign-preserved.
Consider an arithmetic function f of sign-preserved
-monotone aggregates. Suppose that f contains k denomi-
nators Z;; ;Z that are not sign-preserved. A sign-space
consists of all cells c that agree on the signof Z;, 1 i k.
We denote a sign-space by a bitmap b; by, where b;
represents the sign of Z;, i.e, 1 for “-” and 0 for “+.”
Conceptually, the whole space can be partitioned into 2¥
sign-spaces, corresponding to the 2% bitmaps, such that in
each sign-space, no denominator changes the sign. Below is
the main result we like to establish.

-monotone and

Theorem 4.1. Consider an arithmetic function f of sign-
preserved -montone aggregates. There is a rewriting f* of
T such that in each sign-space, every operand of and = in '
is sign-preserved.

Proof. In a sign-space, no denominator of = changes the
sign. If an operand of  changes the sign, it must be an
expression of and  because each aggregate is sign-
preserved. We can then distribute over and inthe
expression. This distribution is repeated as long as an
operand of  changes the sign. u

We say that ' in Theorem 4.1 is ;= -sign-preserved
(with regards to sign-spaces). In a sign-space, since no
operand of and = in f’ changes the sign, each aggregate
either increases or decreases T, but not both, as v grows. In
other words, f' is either m-monotone or a-monotone with
regards to each aggregate in f', while fixing the other
aggregates. Therefore, in each sign-space, the A =A
membership of an aggregate in f* is well defined.

Definition 4.1 (Separable constraints). f is a separable
constraint if ¥ is an arithmetic function of sign-preserved
-monotone aggregates.

In light of Theorem 4.1, we assume that a separable
constraint f is ;= -sign-preserved.

Definition 4.2 (A and A ). Consider a separable constraint
f and some sign-space. Let A and A be the partition of
aggregates (occurrences) in f, denoted by f A ;A , such
that 1) agg v isin A ifagg v is -monotone with regards
tovandif fis -monotone with regards to agg v in the sign-
space by fixing other aggregates, 2) agg v isin A ifagg v is

-monotone with regards to v and if ¥ is -monotone with
regards to agg v in the sign-space by fixing other aggregates.

In other words, A contains the aggregates agg v whose
monotonicity with regards to v is the same as f with regards
toagg v . Ifwe hold A atconstant, f v becomes composing
two functions of the same monotonicity, thus, m-monotone
with regards to v. A contains the aggregates agg v whose
monotonicity with regards to v is the complement of f with
regards to agg v . If we hold A at constant, f v becomes
composing two functions of the complement monotonicity,
thus, a-monotone with regards to v.

Corollary 4.1. The following classes are separable constraints,
with each (except the first) generalizing the previous one; 1) All
constraints built by arithmetic functions of SQL aggregates
count, sum, avg, max, and min. 2) All constraints built by
arithmetic functions of count, psum, nsum, pos, neg, pmax,
pmin, nmax, and nmin. 3) All constraints built by arithmetic
functions of sign-preserved -monotone aggregates.

The above corollary conveys three points. First, separable
constraints include most constraints arising from real life.
Second, the single strategy of Divide-and-Approximate
provides a uniform way to deal with all separable
constraints. Third, the notion of separable constraints is
open to the arithmetic function f and sign-preserved

-monotone aggregates in f. This flexibility is essential in
real life where constraints are specified by the user and are
not known in advance.

The following theorem tells how to compute A and A
for f ,denoted f A A , in a given sign-space.

Theorem 4.2. Consider f; A;;A; and f, A, A, . A A
for a function built by f; and T, is computed as follows:

1 fLA LA andA LA
2. f A LA [A,andA A [A,.
3. f A LA [A, andA LA [A,.
4. T flfthesignof fi;f is 5 A A [A,
and A ... A [A,. If the sign is ;. , consider
1 f, , thus, reduced to 1) and ;  sign. If
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TABLE 1
Some Separable Constraints (d;; d} Are Constants)

1. sum(v)fo

8. sum(v U {d;})/sum(v U {d;})0c

2. avg(v)fo

9. avg(v) /maz(v)fo

3. var(v)fo

10. avg(v)/min(v)fo

4. count(v U {d;}) — count(v U {d;})6c

11. avg(v U {d;})/avg(v)fo

5. count(v U {d;})/count(v)fo

12. avg(v U {d;})/avg(v U {d;})0c

6. count(v U {d;})/count(v U {d;})0c

13. maz(v) — avg(v)fo

7. sum(v U {d;}) — sum(v U {d;})0c

14. min(v) — avg(v)fo

thesignis ; ,consider f;

;,consider f, f.

5. fi=f:Ifthesignof f;f, is ; A LA [A,

and A .. A; [A,. Similar to 4), other signs of
fi;f, can be reduced to 1) and ;  sign.

T, ,andifthesignis

4.3 Approximators

Consider a sign-space. Let hc; Ti denote the set of cells with ¢
as the minimum cell and T as the maximum cell. Following
Observation 3.1 and Definition 4.2, Tables 2 and 3
summarize the construction of -approximators. These
constructions remain unchanged by replacing with >
and replacing  with <. “Pruning satisfying hc; Ti” means
outputting the minimum ¢ and maximum T without testing
the constraint for every cell bounded by them. To use these
approximators for pruning, we need to identify a sign-space
and minimum/maximum cells ¢ and T in the sign-space,
and the space hc;Ti without enumerating its cells. We
consider these implementation issues in Section 5.

5 THE IMPLEMENTATION

5.1 Strongly Separable Constraints

The effectiveness of  -approximators depends on having
a large hc;Ti within a sign-space, i.e., a “connected”
sign-space.

TABLE 2
Approximators for f v

Definition 5.1. A constraint is sign-space connected if every
denominator is either sign-preserved or -monotone with
regards to v. A constraint is strongly separable if it is both
separable and sign-space connected.

In a strongly separable constraint, every denominator
changes the sign at most once as the cell v grows. In Table 1,
except for 8, 11, and 12, all constraints are strongly
separable. If avg is nonnegative, 8, 11, and 12 are strongly
separable. Let sign ¢ denote the the bitmap that identifies
the sign-space of a cell c.

Theorem 5.1 (Inward monotonicity). Consider a strongly
separable constraint. 1) For every cell ¢ in hc;ti,
signc ..signc.2) Ifcandcfailan -approximator, so
do all cells in he;Ti. 3) If ¢ and T satisfy an ~ -approximator,
so do all cells in hc;Ti.

Proof. Number 1 follows because the sign changes at most
once as a cell v grows. Numbers 2 and 3 follow because ¢
and t agree on whether to satisfy a  -approximator that
is either a-monotone or m-monotone in hc;Ci. L

In other words, knowing that a minimum c and a
maximum ¢ fail (or satisfy) the constraint is sufficient to
know that all cells between them fail (or satisfy) the

TABLE 3
Approximators for f v

(m) m-monotone

(a) a-monotone

(w) weaker

wm-approximator
obtained by A~ /¢

prune failed (c, )

wa-approximator
obtained by A% /¢

prune failed (c, c)

(s) stronger

Sm-approximator

obtained by A~ /¢

prune satisfying (c,¢)

Sa-approximator

obtained by A™ /¢

prune satisfying (c, ¢)

(m) m-monotone

(a) a-monotone

(w) weaker

wm-approximator
obtained by A™ /¢

prune failed (c,c)

wa-approximator
obtained by A /e

prune failed (c,c)

(s) stronger

Ssm-approximator
obtained by A~ /¢

prune satisfying (c

,C)

Sa-approximator
obtained by A% /c

prune satisfying (c, ¢)
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Fig. 1. The lexicographic tree for A;B;C; D; E.

constraint. By identifying such ¢ and T, we can prune the
work of generating the partitions for all cells between them.

5.2 Approximators Originating at Leaf Nodes

In this section, we construct wa-approximators for a
strongly separable constraint f , FA =CA , Where
T is the maximum cell that fails . See the upper-right
corner in Table 3. First, we describe the search space.

The lexicographic tree. A node in the lexicographic tree
corresponds to a GROUP BY list D; Dy, k 0, in the
lexicographic order. The root corresponds to the null
GROUP BY list and has one child for each dimension D;,
in the lexicographic order. For a nonroot node u ..

D; Dy 1Dk with g siblings on its right, D; Dy 1Dy i,
1 i q,theithchildofu, 1 i g, is generated by the
extra dimension at the ith sibling of u, i.e.,, D;  DyDg i (ith

child). tree u denotes the subtree rooted at node u and
tail u denotes the set of dimensions in tree u . Note that
tail u is represented by the leaf node on the left-most path
in tree u .

The depth-first search is illustrated by the sequence
number next to each node in Fig. 1. First, we examine the
empty cell at the root. Next, we produce partitions a; to
ai;. Next, we produce partitions ajb;; at node AB,
aihicy; at node ABC, a;bh;cidy; at node ABCD, and
aybicidien; at node ABCDE, in that order. After
completing a;b;cid;, we “backtrack” to node ABCD to
process other partitions at the node in a similar manner,
“backtrack” to node ABC to partition on dimension E.
After completing the a;b;c; partition, we proceed to
aibicy;aibics; . We then “backtrack” to node AB to
process aih,;aibs; , and “backtrack” to A to process
az;az; , and finally “backtrack” to the root to process
other child nodes of the root. This search was used in the
Bottom-Up Computation (BUC) [5] to find frequent cells,
where partitioning is stopped if a cell becomes infrequent.

Constructing wa-approximators. Consider a strongly
separable C: f v . Suppose that we reach a leaf node
Up and find a cell p at ugy fails C. Following Table 3, we
construct the wa-approximator in the sign-space sign p :

Co T A =pA . Consider an ancestor uy of up such
that up is on the left-most path in tree ux and
sign phux ... sign p . Define

tree ug;p ... fpku juis a node in tree uk g;

where phu is the projection of cell p onto the dimensions at
the node u. Note that p and piux are the maximum cell and
the minimum cell in tree u;p, respectively. From
Theorem 5.1, if piuy fails Cp, all cells in tree ux;p fail Cp
(thus, C).

To leverage the above pruning, we push p to uk to mark
that all cells in tree uy;p fail C,. Particularly, on back-
tracking from the first child uy ; to the parent uy, for each p
pushed to uk 1, we check if sign phux ... sign p and if phuy
fails Cy. If both conditions hold, we push p to ux. To exploit
each p pushed to uy, for each remaining child w; of uy, we
prune all tuples that match p over tail w; , because such
tuples generate only cells in tree uy; p , all of which fail C,.
This new form of partitioning is formalized below.

The filtered-partitioning. A filter at ux refers to a cell
pushed to ux. The filtered-partitioning for a child w; of u
refers to partitioning all the tuples at uy except those that
match any filter at uy over tail w; . By not partitioning such
tuples, affected are only those cells in tree ug;p , which are
known to fail Cp. Note that it does not work to prune “all”
partitioning below phux because there may exist some
partition p' at some node u in tree u, such that p' is not in
tree uy;p , i.e., pluy ... phue but pu 6. phu . To tell if a cell
in tree ugx is in tree ug;p , we also partition the filters
pushed to ug, just like partitioning regular tuples. Such
partitions are called auxiliary partitions.

Theorem 5.2. A cell in tree uy isin tree ug;p for some filter p
if and only if the corresponding auxiliary partition is
nonempty.

Proof. For a cell ¢ in tree uy , if its auxiliary partition is
nonempty, for every filter p in the auxiliary partition, c is
a subcell of p, so in tree ug; p . On the other hand, if a cell
cisintree ug;p , for some filter p at uy, p is a supercell of
¢, so belongs to the auxiliary partition of c. ]

Example 5.1. Consider the constraint C: sum v , or
written as psumv  nsum v . A ..fnsumvg
and A .. fpsum v g because as v grows, sum in-
creases via nsum v and decreases via psum v . In
Fig. 1, suppose that we reach a cell p at the leaf node
Up ... ABCDE and p fails C. The wa-approximator C, is
psum v  nsum p Note that nsump is an
underestimate of nsum v for any cell v at a node in
tree ux such that ug is on the left-most leaf in tree uy .

On backtracking to the node ABC, suppose that
ptABC s in sign p and fails C,. At the child ABCE, the
filtered-partitioning will not partition any tuple t such
that tABCE ... ptABCE because they generate only
cells in tree ABC;p . Subsequently, these tuples are not
examined in any lower partitioning. On backtracking to
the node AB, if pkAB s in sign p and fails Cy, at the
child ABD the filtered-partitioning will not partition any
tuple t such that tABDE ... ptABDE , where

ABDE ... tree ABD ;

and at the child ABE, the filtered-partitioning will not
partition any tuple t such that tABE ... ptABE . Note
that, if phAB satisfies C p , all higher-level subcells, i.e.,
ptA and the empty cell, must satisfy C p .
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Fig. 2. The rollback tree for A;B;C;D;E.

Remarks. The effectiveness of filtered-partitioning depends
on a filter p being pushed up a left-most path to a high
ancestor ug so that filtered-partitioning can be performed
in a large subtree below ugk. This occurs under the
following conditions: The threshold is so large that the
underestimate nsum p does not help to pass it, there are
many negative measure values, nsum p is a good
approximation of nsum phuy . The last condition occurs
when the values in pluy are correlated to those in
p phuk, or when the tuples matching phux but not p
have close-to-zero negative values.

5.3 Approximators Originating at Any Nodes

So far, a filter is generated by partitioning all the way to a
leaf node. If a minimum support is specified, it makes sense
to restrict filters to frequent cells. Consider Fig. 1. Suppose
that the cell p ... abcd at ABCD is frequent, but the cell abcde
at node ABCDE is not. Now, even if we can push p to
Ug ... A, we cannot prune the cells in tree ug;p, ie,
ac; ad;acd; abd, because cells not in tree ug;p, i.e.,
ace; ade; acde; abde, “depend on” the cells in tree ug;p .
The fact that the dimension E occurs in every leaf node
presents the worst scenario for pruning cells not involving
E. This difficulty stems from the “sequential growth” of the
lexicographic tree where the ith child of a node is grown by
the ith sibling. We propose a novel “rollback growth” to
address this problem.

The rollback tree. Suppose that u has q siblings on its
rightt D; Dy 1Dk i,1 i g Forl i g, theithchild
of u is generated using the i 1 th sibling (with 0 treated
as q): D1 DDk i 1. RBtree u denotes the subtree at a
node u. RBtree u;p denotes the set of projected cells of p
onto the nodes in RBtree u . As before, tail u denotes the
dimensions in RBtreee u. Note that the rollback tree
assumes no fixed order of dimensions.

Consider Fig. 2. The first child AB of u ... A is generated
using the last sibling B of u; the second child AE of u is
generated using the first sibling E of u, etc. The last
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dimension E on the left-most path ABCDE now occurs in
the second child of the nodes on this path (i.e.,
ABCE; ABE; AE; E), the second last dimension D on the
left-most path ABCDE occurs in the third child of the
nodes on this path (i.e., ABD; AD; D), and so on. As a result,
E does not occur in the following subtrees: RBtree AC ,
RBtree AD , RBtree ABD , RBtree B, RBtree C , and
RBtree D . Therefore, we can use a cell p ... abcd at the node
ABCD to prune the subcells of p in these subtrees. These
subtrees are defined by the notion of filtering scope.

Definition 5.2 (The filtering scope). Consider a (possibly
nonleaf) node up, a cell p at ug, and the left-most path
Uk; ;Ug in RBtree ux , k 0. pis a filter generated at ug
and anchored at ug if 1) p is frequent and fails C, 2) no
partition of p at the first child of ug satisfies 1), and 3) u is the
highest possible node such that sign pkux ... sign p and
fails Cy. The filtering scope of p consists of RBtree w'; p , for
k i 1, where w' are the last i 1 child nodes of u;. The
tuples in the partition for p are generating tuples of p.

Intuitively, wi are such child nodes of u;j that tail w'
contains only the dimensions at the node ug. This ensures
that all cells in RBtree w';p are subcells of p and pruning
them has no effect on any cell that is not a subcell of p. Item 2
ensures the maximality of p. Item 3 ensures the maximality
of the filtering scope of p.

Example 5.2. Consider the rollback tree in Fig. 2. Suppose
that p ... abcd is a filter generated at node ABCD and
anchored at node A. We have usz..A, u;..AB,
u; ... ABC, up ... ABCD. The filtering scope of p consists
of RBtree AD;p and RBtree AC;p , where AD and AC
are the last two child nodes of uz, and RBtree ABD;p ,
where ABD is the last child node of u,. If p...ebc is a
filter generated at node EBC and anchored at node E,
Uy ... E;u; ... EB;up ... EBC, and the filtering scope of p
is RBtree EC;p , where EC is the last child node of u,.
p ... ebc is not a filter generated at EBC and anchored at
the root because EBC is not on the left-most path in
RBtree root .

Theorem 5.3. Let p be a filter generated at up and anchored at uy.
1) The filtering scope of p is a subspace of hphuy ; pi. 2) All cells
in the filtering scope of p fail C,.

Proof. Item 1 follows from the above discussion. Item 2
follows from Theorem 5.1 and Item 1. u

5.4 The Algorithm

Following the above discussions, we modify BUC for our
purpose as follows:

1. We use the rollback tree instead of the lexicographic
tree.

2. On backtracking from the first child u; to the parent
Ui 1, we push a filter p at the child to the parent if
phu; 1 fails Cy and if sign ptu; 1 ... sign p . Afilterp
at u; 1 is stored as hp;i  1i.

3. For the jth child w; of u; 1, where j > 1, we apply
Definition 5.2 to determine the filters for the
filtered-partitioning at wj. The jth child w; from
the left is the rth child from the right, where
r..Numchildu; ; j 1. So, the filters for
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