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Abstract SVD is one of the most frequently used matrix factor-
ization tool. A singular value decomposition of anx n
Recently Non-negative Matrix Factorization (NMF) has matrix X is any factorization of the form
received a lot of attentions in information retrieval, com- .
puter vision and pattern recognition. NMF aims to find X =UsV

two non-negative matrices whose product can well approx- whereU is anm x m orthogonal matrixV is ann x n
imate the original matrix. The sizes of these two matrices grthogonal matrix, an&is anm x n diagonal matrix with
are usually smaller than the original matrix. This results i S, = 0if i # j andS;; > 0. The quantitiesS;; are called
a compressed version of the original data matrix. The so- the singular valuesof X, and the columns off andV are
lution of NMF yields a natural parts-based representation cajled left and righsingular vectors respectively. By re-
for the data. When NMF is applied for data representa- moving those singular vectors corresponding to suffigientl
tion, a major disadvantage is that it fails to consider the gma)| singular value, we get a natural low-rank approxima-
geometric structure in the data. In this paper, we develop a tion to the original matrix. This approximation is optimal i
graph based approach for parts-based data representationthe sense of reconstruction error and thus optimal for data
in order to overcome this limitation. We construct an affin- representation when Euclidean structure is concerned. For
ity graph to encode the geometrical information and seek a this reason, SVD has been applied to various real world ap-
matrix factorization which respects the graph structure W pjications, such as face recognitioBigenface [26]) and
demonstrate the success of this novel algorithm by applyingdocument representatiohgtent Semantic Indexingg]).
it on real world problems. Previous studies have shown there is psychological and
physiological evidence for parts-based representatibn{in
man brain [23], [27], [20]. The Non-negative Matrix Fac-
1. Introduction torization (NMF) algorithm is proposed to learn the parts
of objects like human faces and text documents [22], [14].
NMF aims to find two non-negative matrices whose product
provides a good approximation to the original matrix. The
non-negative constraints lead to a parts-based representa

. ) . . : tion because they allow only additive, not subtractive, €om
sion. This makesearning from examplénfeasible. One Y y

hopes then to find two or more lower dimensional matrices binations. NMF has been shown to be superior to SVD in
wh%se roduct provides a qood approximation to the oridi- face recognition [16] and document clustering [29]. NMF is
P b 9 PP 9 optimal for learning the parts of objects. However, it fads

%Tllﬁitrtxu_;—:fo?ns;;?:; magz;;igﬁ“éii?;nteémﬂgis consider the geometrical structure of the data space which
decomposition ang Sin uI:':lrQVaIue Decgm osit’ion (SVD)y is essential for data clustering and classification problem
P ' 9 P ’ In this paper, we propose a novel algorithm, called Graph
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views of the funding agencies. space in which two data points are sufficiently close to each

The techniques of matrix factorization have become pop-
ular in recent years for data representation. In many prob-
lems in information retrieval, computer vision and pattern
recognition, the input data matrix is of very high dimen-




other if they are connected in the graph. To achieve this, columns ofU, weighted by the components\éf Therefore
we design a new matrix factorization objective function and U can be regarded as containing a basis that is optimized for
incorporates the graph structure into it. We also develop anthe linear approximation of the data ¥ Since relatively
optimization scheme to solve the objective function basedfew basis vectors are used to represent many data vectors,
on iterative updates of the two factor matrices. This leads good approximation can only be achieved if the basis vec-
to a new parts-based data representation which respects thrs discover structure that is latent in the data [15].
geometrical structure of the data space. The convergence The non-negative constraints bhandV only allow ad-
proof of our optimization scheme is provided. dictive combinations among different basis. This is thetmos
The rest of the paper is organized as follows: in Section significant difference between NMF and other other ma-
2, we give a brief review of NMF. Section 3 introduces our trix factorization methods.g, SVD. Unlike SVD, no sub-
algorithm and give a convergence proof of our optimization tractions can occur in NMF. For this reason, it is believed
scheme. Extensive experimental results on clustering are¢hat NMF can learn parts-basedepresentation [14]. The
presented in Section 4. Finally, we provide some conclud- advantages of this parts-based representation has been ob-
ing remarks and suggestions for future work in Section 5. served in many real world problems such as face analysis
[16], document clustering [29] and DNA gene expression

2. A Brief Review of NMF analysis [4].

Non-negative Matrix Factorization (NMF) [14] is a ma-
trix factorization algorithm that focuses on the analydis o
data matrices whose elements are nonnegative.

3. Graph Regularized Non-negative Matrix
Factorization

Given a data matriX = [x;,---,X,| € R™*", each By using the non-negative constraints, NMF can learn
column ofX is a sample vector. NMFkalms tofind twonon- 3 parts-hased representation. However, NMF performs this
negative matricet) = i) € R™** andV = [v;] € Jearning in the Euclidean space. It fails to to discover the i
R"™** which minimize the following objective function: trinsic geometrical and discriminating structure of théada

_ T2 space, which is essential to the real applications. In this
O =|[X—-UV'[g (1) : : . .
Section, we introduce ouBraph regularized Non-negative
where|| - || denotes the matrikrobenius norrh. Matrix Factorization(GNMF) algorithm which avoids this

Although the objective functio® in Egn. (1) is convex limitation by incorporating a geometrically based regular
in U only orV only, it is not convex in both variables to- izer.
gether. Therefore it is unrealistic to expect an algoritbm t
find the global minimum 0. Lee & Seung [15] presented ~ 3.1. The Objective Function

an iterative update algorithm as follows: Recall that NMF tries to find a basis that is optimized for

(XV).. the linear approximation of the data which are drawn ac-
uptt = ) cording to the distributioPy . One might hope that know!-
(UV V)ij edge of the distributio’x can be exploited for better dis-
T covery of this basis. A natural assumption here could be that
1 _ ot (X U)ij 3) if two data pointsx;, x; areclosein theintrinsic geometry

) ) (VUTU)”
It is proved that the above update steps will find a local
mimimum of the objective functiot [15].

In reality, we havek < m andk < n. Thus, NMF
essentially try to find a compressed approximation of the
original data matrixX ~ UV”. We can view this approxi-
mation column by column as

of the data distribution, then the representations of th t
points in the new basis are also close to each other. This as-
sumption is usually referred to asanifold assumptiof2],
which plays an essential rule in developing various kinds of
algorithms including dimensionality reduction algoritbm
[2] and semi-supervised learning algorithms [3, 32, 31].
Let fx(x;) = v be function that produce the mapping
of the original data point; onto the axisiy, we use| fx||3,
k to measure the smoothnessfgfalong the geodesics in the
X; ~ Z U;vij (4) intrinsic geometry of the data. When we consider the case
j=1 that the data is a compact submanifald C R™, a natural

. >4
whereu; is the j-th column vector olJ. Thus, each data  cN0ice forl[ fil3, is

vectorx; is approximated by a linear combination of the

1el2 = / IV il 2dPx (%) (5)
xXeM

10ne can use other cost functions to measure how g6l approx-
imatesX[15]. In this paper, we will only focus on the Frobenius norm ) ) )
because of the space limitation. whereV ., is the gradient off;, along the manifold\1 and



the integral is taken over the distributidy . to expect an algorithm to find the global minimum ©f
In reality, the data manifold is usually unknown. Thus, In the following, we introduce an iterative algorithm which
| fx|I3; in Egn. (5) can not be computed. Recent studies oncan achieve a local minimum.
spectral graph theory [7] and manifold learning theory [1] The objective functior® can be rewritten as:
have demonstrated thaff.||2, can be discretely approxi-
mated through a nearest neighbor graph on a scatter of data » —= Ty ((X — UV (X — UVT)T) +ATr(VILVY)

points. T T T T
Consider a graph with vertices where each vertex cor- =T (XX ) — 2T (XVU ) +1Ir (UV vu ) ©)
responds to a data point. Define the edge weight maltrix + ATr(VILV)
as follows:
. , , , where the second step of derivation uses the matrix property
W, { (1) gtﬁ’eﬁvf\sf’éxj) orx; € Npxi) ) Tr(AB) = Tr(BA) andTr(A) = Tr(A"). Lety;; ands;;
be the Lagrange multiplier for constraimf; > 0 andv;; >
whereN,(x;) denotes the set of nearest neighbors of.  ( respectively, and = [¢4;;], ® = [¢;;], the Lagranget is
DefineL = D—W, whereD is a diagonal matrix whose en-
tries are column (or row, sind#' is symmetric) sums oV, L —Tr (XXT) — 2Tr (XVU T) +Tr (UVTVUT)

D;; = >, W;;. L is called graph Laplacian [7], which is (10)
a discrete approximation to the Laplace-Beltrami operator
A on the manifold [1]. Thus, the discrete approximation

of || fx||3; can be computed as follows:

+ ATr(VILV) 4 Tr(wUT) 4 Tr(oV7T)

The partial derivatives of with respect tdJ andV are:

N oL
1 _ T
Ry = = Z (fi (%) — fk(xj)>2wij U - 2XV +2UV'V + ¥ (11)
i,j=1
N N % = —2xXTUu+2vUTU+2)LV + @ (12
=3 feXi)?Dii — D> frlXi) (X)W
i=1 i,j=1 @ Using the KKT conditions);;u;; = 0 and¢;;v;; = 0, we
N N get the following equations far;; andv;;:
_ 2
=Y viDii— Y virvpWi;
i=1 4,j=1 *(XV)ijuij + (UVTV)UUU =0 (13)
= vIDvy — VI Wy, ‘ ‘
= Vi Lvy —(XTU),jvi; + (VUTU) vij + A(LV) vy =0 (14)

Ri can be used to measure the smoothness of mappingl_ ) .

function f,, along the geodesics in the intrinsic geometry | N€Se equations lead to the following update rules:
of the data set. By minimizin§,,, we get a mapping func-

tion fi which is sufficiently smooth on the data manifold. (XV)”

A intuitive explanation of minimizingR, is that if two data g Ui (LVTV) (15)
pointsx; andx; are closei(e. W;; is big), f1.(x;) and . (x;) *
are similar to each other.

Our GNMF incorporates th&;, term and minimize the (XTu + AWV)ij
objective function Vij < Vij (VUTU + ADV).. (16)

]
!
O=|X-UVvT|2+ /\ZRk Regarding these two update rules, we have the following

p— 6)) theorem:
= [IX = UVT |2 + ATr(VILV)

. ) ) Theorem 1 The objective functio® in Egn. (8) is nonin-
with the constraint thai,; andv;; are non-negativelr(-) creasing under the update rules in Eqn. (15) and (16). The
denotes the trace of a matrix. The> 0 is the regulariza-  gpjective function is invariant under these updates if and
tion parameter. only if U andV are at a stationary point.

3.2. An Algorithm Theorem 1 grantees that the update rulédd ahdV in Eqgn.
The objective functior® of GNMF in Eqn. (8) is not  (15) and (16) converge and the final solution will be a local
convex in bothJ andV together. Therefore it is unrealistic optimum. Please see the Appendix for a detailed proof.



4. Related Works There are two parameters in our GNMF approach: the

. umber of nearest neighbopsand the regularization pa-
Several authors have noted the shortcomings of standarti1 gnibors g P

meter\. Throughout our experiments, we empiricall
,(;Irli\gli:r,la?r;?ocsjlé?ges'[ed extensions and modifications of thetﬁe r?uerzn)\ber ofor:Jegarzzt ﬁzigibp@?rm E’i tLSe, vz;uee OF; thcea rggs-et
One of the shortcomings of NMF is that it can only be ularization parametex to 100.
applied to data containing non-negative values. Gahgl.
[10] proposed a semi-NMF approach which relaxes the non-
negative constraint o). Thus, semi-NMF can be used to The clustering result is evaluated by comparing the ob-
model data containing negative values. Xu & Gong [28] tained label of each sample with that provided by the data
proposed a Concept Factorization approach in which the in-set. Two metrics, the accuracyl(’) and the normalized
put data matrix is factorized into three mathx~ XWV T mutual information metric /1) are used to measure the
Both W andV are non-negative. Such modification makes clustering performance [29][5]. Given a data pointletr;
it possible to kernelize concept factorization. This cgutice ands; be the obtained cluster label and the label provided
factorization approach is also referred as convex-NMF.[10] by the corpus, respectively. TheC' is defined as follows:
Another shortcoming of NMF is that it does not always N
result in parts-based representations. Several researche AC = 2miz1 (53, map(ri))
addressed this problem by incorporating the sparseness con n
zgfel r?fjsegn?h:nlgl{\c/l)lrzvf%rlrl,e\%(?r]l,( [tloZ]i.n(-:rlzgze;nggj%c;?aesle wheren is _the total number of_ samples ang, y) is the
. . delta function that equals oneiif= y and equals zero oth-
sparseness parameter. With a suitable sparseness parame-

ter, these approaches are guaranteed to result in padd-bas erwise, and mapy) is the permutation mapping function
) that maps each cluster labglto the equivalent label from
representations.

Besides the most well known multiplicative update algo- the data corpus. The best mapping can be found by using

rithm [15], there are many other optimization methods that theLI;;Jgna(I;/lnuorlgrtehs;aslgf cr)lftfglrzs[é 1r]s obtained from the around
can solve the NMF problem in Egn. (1). One of the most g

promising approaches is projected gradient method I_intruth andC’ obtained from our algorithm. Their mutual
[18] shows that projected gradient method converges fastermformatlon metricM 1(C, C") is defined as follows:

5.1. Evaluation Metric

than the popular multiplicative update algorithm. Morepve p(ci, ch)
itis easy to use projected gradient method to solve the NMF M I(C,C") = Z p(ci, c;-) -logo ) ’.’ E N
problem with sparse constraints [12]. ci€C,cleC” piei) -G

The above extensions and modifications focus on the dif-
ferent aspects of the original NMF. However, they all fail to wherep(c;) andp(c}) are the probabilities that a sample
consider the geometrical structure in the data. Our approac arbitrarily selected from the data set belongs to the dlaste
discussed in this paper presents a new direction for extend<; andc’;, respectively, ang(c;, c;) is the joint probability
ing NMF. For more discussions on the relationship betweenthat the arbitrarily selected sample belongs to the claster
various NMF extensions, please refer [17], [12], [6]. as well asc; at the same time. In our experiments, we use
the normalized mutual informatioh/ I as follows:

5. Experimental Results MI(C,C")

MIC,C) = (0 B ()

Previous studies show that NMF is very powerful on
clustering [29, 24]. It can achieve similar or better per-
formance than most of the state-of-the-art clustering-algo whereH (C) and H(C") are the entropies af’ andC’, re-
rithms, including the popular spectral clustering methods spectively. It is easy to check thaf I(C, C’) ranges from
[29]. In this section, we also evaluate our GNMF algorithm 0to 1. M1 = 1 if the two sets of clusters are identical, and
on clustering problems. M1 = 0 if the two sets are independent.

Two data sets are used in the experiment. The first one is
COIL20 image librarg, which contains 3232 gray scale  5.2. Performance Evaluations and Comparisons

images of 20 objects viewed from varying angles. The sec- To demonstrate how the clustering performance can be

ond one is the CMU P_IE face databdsehich contains improved by our method, we compared GNMF with other
32x32 gray scale face images of 68 persons. Each person, popular clustering algorithms as follows:
has 21 facial images under different light conditions.
2http:/Awww1.cs.columbia.edu/CAVE/software/softlibiled0.php e Canonical K-means clustering method (K-means in
3http://www.ri.cmu.edu/projects/projedtl8.html short).




Table 1. Clustering performance on PIE

K Accuracy (%) Normalized Mutual Information (%)

K-means| PCA+K-means| NCut | NMF | GNMF || K-means| PCA+K-means| NCut | NMF | GNMF

4 48.8 54.6 99.0 | 69.9 98.4 42.1 47.5 98.6 | 63.6 98.4

6 43.2 50.9 94.7 | 76.1 97.2 48.3 54.7 96.4 | 76.3 98.0

8 41.3 44.4 86.5 | 78.9 91.0 50.2 53.2 92.3 | 81.8 95.6

10 40.8 41.4 80.3 | 78.3 88.4 53.0 53.9 89.6 | 83.6 94.9
12 40.1 40.9 79.6 | 78.3 85.9 55.8 55.8 89.5 | 85.1 94.0
14 38.4 39.2 79.3 | 76.5 85.0 56.1 56.9 89.6 | 85.1 93.9
16 37.7 38.6 78.4 | 77.4 85.1 57.3 58.2 89.4 | 86.5 94.3
18 38.3 38.8 739 | 77.9 82.2 59.2 59.6 87.6 | 87.4 93.1
20 37.1 37.5 77.0 | 77.0 80.7 59.1 59.3 88.4 | 87.4 92.8
Avg 40.6 42.9 83.2 | 76.7 88.2 535 55.5 91.3 | 81.9 95.0

k is the number of clusters
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Figure 1. (a) Accuracy (b) Normalized mutual information vs. the neinab clusters on PIE database

K-means clustering in the Principle Component sub-

ingly, Zhaet al. [30] has shown that K-means clus-
tering in the PCA subspace has close connection with
Average Association [25], which is a popular spectral
clustering algorithm. They showed that if the inner
product is used to measure the similarity and construct
the graph, K-means after PCA is equivalent to average
association.

Normalized Cut [25], one of the typical spectral clus-
tering algorithms (NCut).

Nonnegative Matrix Factorization based clustering
(NMF in short). We implemented a normalized cut
weighted version of NMF as suggested in [29].

Table 1 and 2 show the evaluation results on the PIE data
space (PCA+K-means in short). Principle Component set and the COIL20 data set, respectively. The evaluations
Analysis (PCA) [13] is one of the most well known were conducted with the cluster numbers ranging from two

unsupervised dimensionality reduction algorithms. It to ten. For each given cluster number20 test runs were

is expected that the cluster structure will be more ex- conducted on different randomly chosen clusters. The aver-
plicit in the principle component subspace. Interest- age performance is reported in the tables.

These experiments reveal a number of interesting points:

e The ordinary NMF approach outperforms K-means

and PCA + K-means on PIE database while fails to get
good performance on COIL20 database. Our GNMF
approach gets significantly better performance than the
ordinary NMF. This shows that by considering the in-
trinsic geometrical structure of the data, GNMF can
learn a better compact representation in the sense of
semantic structure.

Both NCut and GNMF consider the geometrical struc-
ture of the data and achieve better performance than
the other three algorithms. This suggests the impor-



Table 2. Clustering performance on COIL20

K Accuracy (%) Normalized Mutual Information (%)
K-means| PCA+K-means| NCut | NMF | GNMF || K-means| PCA+K-means| NCut | NMF | GNMF
2 90.0 90.3 95.0 | 88.4 96.7 70.0 71.0 86.9 | 64.0 90.8
3 84.8 85.1 90.0 | 79.4 92.8 71.9 72.3 84.2 | 64.9 88.4
4 81.7 82.0 89.0 | 78.7 92.7 74.3 74.9 874 | 71.1 90.3
5 75.9 76.7 83.0 | 72.1 91.1 71.7 72.3 82.0 | 67.2 89.1
6 76.5 76.9 822 | 72.1 91.0 74.4 75.0 83.3 | 70.3 91.5
7 72.9 74.0 77.3 | 68.8 87.4 72.4 72.7 80.1 | 67.7 89.5
8 71.8 72.4 779 | 70.2 85.2 74.0 74.6 819 | 71.6 89.1
9 69.4 70.5 75.9 | 68.3 86.1 72.8 73.8 826 | 715 89.2
10 69.3 70.7 77.8 | 70.3 85.0 74.8 75.4 83.5 | 73.9 89.6
Avg 76.9 77.6 83.1 | 74.3 89.8 72.9 73.6 83.5 | 69.1 89.7

k is the number of clusters
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Figure 2. (a) Accuracy (b) Normalized mutual information vs. the neinat clusters on COIL20 database

tance of the geometrical structure in learning the hid-
den topic structure.

5.3. Parameters Selection

Our GNMF model has two essential parameters: the
number of nearest neighbopsand the regularization pa-
rameter\. Figure 3 and Figure 4 show how the performance
of GNMF varies with the parameteisandp, respectively.

As we can see, the GNMF is very stable with respect to both
the parameteh andp. It achieves consistent good perfor-
mance with the\ varying from 50 to 1000 ang varying
from 3 to 6.

6. Conclusions and Future Work

We have presented a novel method for matrix factoriza-
tion, called Graph regularized Non-negative Matrix Factor
ization (GNMF). GNMF models the data space as a sub-

manifold embedded in the ambient space and performs the

non-negative matrix factorization on this manifold in ques

tion. As a result, GNMF can have more discriminating
power than the ordinary NMF approach which only consid-
ers the Euclidean structure of the data. Experimentaltesul
on visual objects clustering show that GNMF provides bet-
ter representation in the sense of semantic structure.

Several questions remain to be investigated in our future
work:

1. There is a parameterwhich controls the smoothness
of our GNMF model. GNMF boils down to original
NMF when\ = 0. Thus, a suitable value of s crit-
ical to our algorithm. It remains unclear how to do
model selection theoretically and efficiently.

It would be very interesting to explore different ways
of constructing the graphes to model the semantic
structure in the data. There is no reason to believe that
the nearest neighbor graph is the only or the most nat-
ural choice. For example, for web page data it may be
more natural to use the hyperlink information to con-
struct the graph.
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Appendix (Proofs of Theorem 1):

The objective functiorO of GNMF in Egn. (8) is cer-
tainly bounded from below by zero. To prove Theorem 1,
we need to show tha® is nonincreasing under the update
steps in Egn. (15) and (16). Since the second terid? of

Positive matrix factoriza- convergence proof of NMF to show thé is nonincreas-

ing under the update step in Eqn. (15). Please see [15] for
details.

Now we only need to prove th& is nonincreasing un-
der the update step in Egn. (16). we will follow the similar
procedure described in [15]. Our proof will make use of an
_auxiliary function similar to that used in the Expectation-
Maximization algorithm [9]. We begin with the definition
of theauxiliary function

Definition G(v,v’) is anauxiliary functionfor F'(v) if the
conditions

G(v,v") > F(v), G(v,v)=F(v)

are satisfied.

The auxiliary function is very useful because of the fol-
lowing lemma.

Lemma 2 If G is an auxiliary function of”, thenF" is non-
increasing under the update

Y = arg min G (v, v®)

(7)
Proof
F(v(tJrl)) < G( (t+1)

Now we will show that the update step f@rin Eqn. (16)
is exactly the update in Eqn. (17) with a proper auxiliary

(t)) < G(’U(t),’U(t)) _ F(v<t))

function.

We rewrote the objective functio® of GNMF in Eqn.
(8) as follows

O=|IX-UVT|2 + /\Tr(VTLV)

m n k
2
E u,lv]l + A E
=1 1=

n n
§ UleJzUzl
1j5=1

(18)

=22 (v~

i=1 j=1

Considering any element,;, in V, we usef,;, to denote the
part of O which is only relevant ta,;. It is easy to check

that

(99
Fab(av b

w=2(U"U),, +2A\Laa

= (—2X"u+2vu'u+2aLv) ,

(19)
(20)

Since our update is essentially element-wise, it is sufficie

only related to/, we have exactly the same update formula to show that eacl,; is nonincreasing under the update step
for U in GNMF as the original NMF. Thus, we can use the of Eqn. (16).



Lemma 3 Function
G(v,09) =Fu(05) + Fop (0l (0 = o))

’ Yab
T
(VUTU), £ AOV) io
0 ab
Yab

is an auxiliary function forf,;, the part of© which is only

relevant tov,.

Proof SinceG(v,v) = Fy(v) is obvious, we need only
show thatG(v,uab)) > Fup(v). To do this, we compare the

Taylor series expansion @, (v)

Fup(v) =Fop(03)) + Fly (0 (0 — o)
+ [(UTV),, + AL aa] (v — vl)y?

with Eqn. (21) to find tha€ (v, v)) > F,,(v) is equivalent

to

(VUTU)_, + A(DV)as
MO
ab

> (UTU),, + ALaa-
We have

(VuTu), Zval (UTv),, = o (UTU),,

(21)

(22)

(23)

(24)

and

m

A(DV),, =AY Dgjvly) > ADgqvl})

7j=1
(25)
> AD-W)_ ol = ALgqvl})

Thus, Egn. (23) holds and(v, v ) > Fuw). |
We can now demonstrate the convergence of Theorem 1:

Proof of Theorem 1ReplacingG (v, ab) in Eqn. (17) by
Egn. (21) results in the update rule:

W) = 0 0 Fyy(vg)
2(vUu'U) , +2X(DV)
o (XTU+ W),
“(VUTU+2ADV),,

ab (26)

Since Eqn. (21) is an auxiliary functiof},;, is nonincreas-
ing under this update rule. |



