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Abstract— Network clustering enables us to view a complex
network at the macro level, by grouping its nodes into units
whose characteristics and interrelationships are easier to analyze
and understand. State-of-the-art network partitioning methods
are unable to identify hubs and outliers. A recently proposed
algorithm, SCAN, overcomes this difficulty. However, it requires
a minimum similarity parameter ε but provides no automated
way to find it. Thus, it must be rerun for each ε value and does
not capture the variety or hierarchy of clusters. We propose
a new algorithm, SCOT (or Structure-Connected Order of
Traversal), that produces a length n sequence containing all
possible ε-clusterings. We propose a new algorithm, HintClus
(or Hierarchy-Induced Network Clustering), to hierarchically
cluster the network by finding only best cluster boundaries (not
agglomerative). Results on model-based synthetic network data
and real data show that SCOT’s execution time is comparable to
SCAN, that HintClus runs in negligible time, and that HintClus
produces sensible clusters in the presence of noise.

I. INTRODUCTION

Large real-world networks, contain pockets of similar nodes
called clusters. Network clustering enables us to view complex
networks at the macro level, by grouping the raw network into
units whose characteristics and interrelationships are easier to
analyze and understand. For example, social networks may be
organized into social groups, and complex biological networks
may be grouped into modules to create a biological map.

Spectral partitioning methods, such as normalized cut [1],
have been popularly applied to network clustering, but these
methods use a cutting hyperplane and cannot be applied
recursively to find the number of partitions [2]. More recently,
agglomerative hierarchical and probabilistic simulated anneal-
ing methods have been proposed [3], [4]. However, these
methods cannot identify hubs and outliers, but rather include
them in the clusters.

In light of these shortcomings, Xu et al. propose a network
connectivity-based algorithm, SCAN [5], by extension of a
density-based clustering approach, such as DBSCAN [6]. It
uses a structural similarity measure and defines clusters using
a minimum cluster size µ and a minimum similarity ε. SCAN
runs in average O(n) time and not only finds clusters, but
also identifies outliers and hubs. Nevertheless, there are several
difficulties associated with SCAN:

• There is no automated way to find a good ε.

• The algorithm must be rerun for each ε.
• Epsilon is a global threshold, which implies

– There are no hierarchical clusters, and
– there is no variation in cluster subtlety.

We respond with the following contributions, developing:
• The algorithm SCOT, which traverses the network in

structure-connected order in average O(n) time, pro-
ducing a length-n sequence containing all possible ε-
clusterings;

• A heap structure (ContigHeap) of size at most n that
stores the cluster boundary hypotheses obtained from
SCOT’s output and is built in O(n) time; and

• The heap-clustering algorithm HintClus, which produces
hierarchical clusters (optimal cluster boundaries only, not
agglomerative).

II. STRUCTURE-CONNECTED TRAVERSAL

A. Motivation

Intuitively, for a pair of nodes, we may define similarity as
the ratio of shared neighbors to total neighbors. This is known
as structural similarity. To capture clusters with differing
degrees of structural similarity using a global connectivity
threshold parameter, we would need to run SCAN many
times with different parameter values. However, there is an
unlimited number of possible values, and it is not clear how to
combine the results of numerous runs. To solve this problem,
we propose an algorithm that produces a length-n sequence
containing all possible ε-clusterings.

Our algorithm traverses the network nodes according to
structural similarity order. We begin at some point and traverse
the nodes to a local maximum similarity, where we then
iteratively visit all nodes in order of decreasing similarity,
essentially generating a spanning tree from any previously
visited node. When we reach a saddle point, we “spill over”,
find the local maximum, and span the nodes in decreasing
similarity order.

B. Structure-Connected Clusters

The main idea of structure-connected clusters is that for
each node in a cluster, the node must have at least µ neighbors
whose structural similarity is at least ε. In this subsection, we



briefly survey the concepts of structure-connected cluster; see
[5] for a full discussion.

Let G = (V,E) be a network. For a node v ∈ V , the
structure Γ(v) of v is the set containing v and its neighbors.
The structural similarity between two nodes v, w is then

σ(v, w) ≡ |Γ(v) ∩ Γ(w)|√
|Γ(v)||Γ(w)|

.

For a node v, the set of neighbors having structural simi-
larity greater than ε forms the ε-neighborhood Nε(v) of v. If
|Nε(v)| ≥ µ, then v is considered a core node in the cluster.
A core node v is directly reachable from a core node u if
v ∈ Nε(u). The transitive closure of direct reachability forms
a cluster, and we say that the nodes are structure connected.

A clustering of a network is the set of distinct structure-
connected clusters found in a network, given parameters ε, µ.
A node cannot belong to more than one cluster. Nodes that do
not belong to any cluster are either hubs or outliers.

C. Structure-Connected Order

A local ε is found for each node by determining the
minimum structural similarity (core similarity) that would
make the current node a core node. We then calculate the
structural similarity (reachability similarity) from the current
node to each ε-neighbor. At each iteration, we choose to visit
the new node with the greatest reachability similarity (Sim)
from any previously visited node. This ensures that regions of
higher structural similarity are spanned before the surrounding
regions of lower structural similarity.

Algorithm 1 SCOT(G, ε̂, µ)
Input: A network G = (V,E), optional minimum reachabil-

ity similarity ε̂, minimum interesting cluster size µ

Output: A sequence of nodes in structure-connected order of
traversal.

1: for all v ∈ V do
2: if v.visited then continue
3: EnqueueNeighbors(G, v, ε̂, µ)
4: if v.coreSim ̸= UNDEFINED then
5: while |visitQueue| > 0 do
6: currNode := visitQueue.Dequeue()
7: EnqueueNeighbors(G, currNode, ε̂, µ)

Algorithm 2 EnqueueNeighbors(G, currNode, ε̂, µ)
1: epsNeighbors := G.GetEpsNeighbors(currNode, ε̂)
2: currNode.visited := true
3: currNode.SetCoreSim(G, currNode, µ)
4: visitedNodes.Append(currNode)
5: if currNode.coreSim ̸= UNDEFINED then
6: visitQueue.Update(epsNeighbors, currNode)

Algorithm 3 VisitQueue.Update(epsNbrs, currNode)
1: for all nbr ∈ epsNbrs do
2: if Not nbr.visited then
3: cSim := currNode.coreSim

4: newRSim := min{cSim, σ(currNode, nbr)}
5: if nbr.reachSim = UNDEFINED then
6: nbr.reachSim := newRSim

7: visitQueue.Enqueue(nbr, newRSim)
8: else
9: if newRSim > nbr.reachSim then

10: nbr.reachSim := newRSim

11: visitQueue.SetPriority(nbr, newRSim)

Our algorithm SCOT is listed in Algorithm 1. The outer loop
beginning at line 1 iterates over each node v in the network,
in arbitrary order. EnqueueNeighbors determines whether v

is a core node, sets its core similarity, and adds v to the
sequence of visited nodes. If v is a core node, its CoreSim(v)-
neighbors (neighbors in NCoreSim(v)(v)) are added to the
priority queue visitQueue or their priority therein is updated
by calling visitQueue.Update. The reachability similarity
with respect to v is calculated and used as the priority. This
update ensures that even if a node was previously enqueued,
the edge with greatest structural similarity from any previously
visited node is traversed when the node reaches the head
of the queue. Returning to SCOT, if v is a core node, then
the while statement at line 5 iteratively spans the network in
structure-connected order of traversal, using the priority queue
visitQueue. Note that execution will not return to line 1 of
SCOT unless (a) ε̂ = 0 and the graph is not connected or
(b) ε̂ > 0 and this causes some node not to be a core node.
If this occurs, any nodes already visited will be skipped, and
the next node will be chosen arbitrarily. Therefore, the order
of node traversal within the connected subgraphs (which is
the entire graph if the graph is connected and ε̂ = 0) is
determined by structure-connected order of traversal, but the
order of disconnected subgraphs and the selection of the initial
point for each such subgraph is arbitrary.

Consider a network containing three clusters, each of which
has an outlier, and a hub, which is connected to all three
clusters. If we plot a bar graph of the output of SCOT for
such a network with traversal order index on the horizontal
axis and reachability similarity on the vertical axis, then the
three clusters are clearly discernible as three “humps” in the
plot, and the hub and outliers are located in the low regions
between the humps.

D. Representation of Infinite Solutions

The length-n sequence output by SCOT represents the
structure-connected clusterings of a network for every possible
ε. This property allows us to easily generate the equivalent ε-
clusterings of SCAN from the compact output of SCOT.



Definition 1: CONTIGUOUS INTERVAL. The interval [a, b]

is a contiguous interval with respect to Sim iff (∃ε >

0)(∀i ∈ [a, b]) Sim(i) ≥ ε and [a, b] is maximal. That is,
(@a′ < a)(∀i ∈ [a′, a]) Sim(i) ≥ ε and (@b′ > b)(∀i ∈
[b, b′]) Sim(i) ≥ ε,. This is denoted by Contigε(a, b).

A contiguous interval represents a contiguous, maximal
region of the SCOT plot above a horizontal slice.

Theorem 1: Any contiguous interval Contigε(a, b) corre-
sponds one-to-one to a structurally connected cluster. That is,

C = {ηi | i ∈ [a− 1, b]} ∧ Contigε(a, b) ⇔ Clusterε(C)

(Proof omitted due to space limit.)

III. MU-ONLY CLUSTERING

In this section, we find clusters without a global ε parameter.
The ε we find for each cluster is independent of others and
appropriate for that cluster. In addition, we obtain hierarchical
clusters, without producing many redundant clusters. Our tech-
nique relies on two novel concepts: (i) transforming the SCOT
sequence into a heap of contiguous subintervals, and (ii) using
a divide-and-conquer statistical pruning method to identify the
clusters satisfying the boundary criterion by progressing both
root-to-leaf and leaf-to-root in a single traversal of the heap.

A. Building the Contiguous Subinterval Heap

Theorem 1 states that each contiguous interval in the SCOT
sequence is equivalent to a structure-connected cluster. A
natural partial order over the set of contiguous intervals is
stated in the following definition.

Definition 2: CONTIGUOUS SUBINTERVAL. Given a con-
tiguous interval Contigε(a, b), the interval [c, d] is a con-
tiguous subinterval of [a, b] iff [c, d] ⊂ [a, b] and (∃ε′ >

ε) Contigε′(c, d). This is denoted by [c, d] ≺ [a, b].
Contiguous subintervals can be stored in a tree structure.

The partial order makes this structure a heap, which we call
a ContigHeap. Our stack-based BuildContigHeap algorithm
builds the ContigHeap in O(n) time. BuildContigHeap can
be integrated into SCOT by processing the nodes as they
are visited. In the next subsection, we prune the heap to
contain only the contiguous subintervals that satisfy the cluster
boundary criterion.

B. Determining Cluster Boundaries

Local ε are naturally determined by where the data has a
clear boundary, the cluster boundary, at which the change
in σ has a local extremum. Consider the bar graph of the
SCOT output for some network. If the slope of the graph
on both sides of a contiguous subinterval is below some
threshold, then, in relation to the cluster boundary criterion,
the contiguous subinterval is not bounded at a local extremum
of ∆σ and does not represent a cluster boundary. Child
clusters are independent of their parent clusters, to a degree
proportional to the fraction of their width with respect to

the parent. In the case that contiguous subintervals form a
chain, a path in the heap along which the widths of the
contiguous subintervals change very little, then the ∆ε in the
chain compete for local maximum. Chains define the scope
for cluster boundary evaluation.

Consider the following weighting scheme to describe the
relevance of some ancestor node in determining whether a
node is a cluster boundary in the ContigHeap. Let nk be
the node under evaluation. Then the relevance of the parent
node nk−1 to nk is given by the ratio of the node’s width to
its parent’s width, wk/wk−1. If the ratio is high, then nk−1

is strongly relevant in determining whether nk is a cluster
boundary; otherwise, wk−1 is less relevant to nk. Define the
relevance of some ancestor node nk−d with respect to nk as

Rel(wk−d, wk) ≡
wk

wk−1

wk−1

wk−2
· · · wk−d+1

wk−d
=

wk

wk−d

for d < k. Then the relevance of nk−d to nk is the product
of the pairwise relevances of all intervening node pairs in the
path from nk to nk−d. Thus, if all intervening node pairs have
high pairwise relevance, then they form a chain and nk−d is
highly relevant to nk. However, if any of the intervening node
pairs has a low pairwise relevance, then this breaks the chain,
for all following nodes will have diminished relevance.

To satisfy the cluster boundary criterion, we define a cluster
boundary as a contiguous subinterval having ∆ε at least one
weighted standard deviation away from the weighted mean
∆ε, calculated during progression in both the root-to-leaf and
leaf-to-root directions, using the relevances as the weights.
In the definition of Rel, we see that the iterated products
collapse to the ratio of wk/wk−d. Thus the weighted mean
and weighted standard deviation in the root-to-leaf direction
are

mk ≡
∑k−1

i=1
wk

wi
∆εi∑k−1

i=1
wk

wi

=

∑k−1
i=1

1
wi

∆εi∑k−1
i=1

1
wi

and

sk ≡

√√√√∑k−1
i=1

wk

wi
(∆εi−mk)2∑k−1

i=1
wk

wi

=

√√√√∑k−1
i=1

1
wi

(∆εi−mk)2∑k−1
i=1

1
wi

.

Because wk divides out of mk and sk, we can use the
running zeroth, first, and second moments to calculate mk

and sk efficiently for each node in the ContigHeap. A similar
argument applies to calculations in the leaf-to-root direction.

Our algorithm HintClus, which determines the cluster
boundaries by progressing in both directions, is given in Algo-
rithm 4. We call HintClus(µ, 0, ..., 0) on the root node of the
ContigHeap, and the algorithm prunes unwanted contiguous
subintervals from the ContigHeap.

IV. EXPERIMENTAL RESULTS

A. Computational Complexity

We run trials of both SCOT and SCAN on generated
datasets of three popular network models: Erdös-Rényi random



Algorithm 4 CHNode.HintClus(µ, s0, s1, s2, εpar, & cs0, &
cs1, & cs2)
Input: Minimum interesting cluster size µ, root-to-leaf

weighted moments si, ε of parent node
Output: Leaf-to-root weighted moments csi by reference

1: ∆ε := ε− εpar
2: w := b− a

3: active := (w + 1 ≥ µ)

4: if active and s0 ̸= 0 then
5: m := s1/s0
6: s := (1/s0)

√
s0s2 − s21

7: active := (∆ε−m ≥ s)

8: s0 := s0 + 1/w

9: s1 := s1 +∆ε/w

10: s2 := s2 +∆ε2/w

11: ts0 := ts1 := ts2 := 0

12: for all child in children do
13: child.HintClus(µ, s0, s1, s2, ε, ts0, ts1, ts2)
14: if active and ts0 ̸= 0 then
15: m := ts1/ts0
16: s := (1/ts0)

√
ts0ts2 − ts21

17: active := (∆ε−m ≥ s)

18: cs0 := cs0 + ts0 + w

19: cs1 := cs1 + ts1 +∆ε · w
20: cs2 := cs2 + ts2 +∆ε2 · w

graph, Watts-Strogatz small-world, and Barabási-Albert scale-
free models. For each model, we run ten trials with increasing
numbers of nodes (and edges). We repeat this for different
values of ε. The results show that SCOT competes with SCAN
in terms of execution time; SCOT has the same computational
complexity as SCAN. Further, we find that SCOT runs faster
than SCAN for the BA model, which is encouraging, since
we observe that the large real-world datasets resemble this
model. Finally, we see that BuildContigHeap and HintClus
run in relatively negligible time.

B. Cluster Evaluation

To evaluate the clustering quality of HintClus, we use the
Enron email dataset [7]. It contains 517,431 email messages
from 150 employees of Enron Corp. We extract valid From
and To addresses to yield a network of 56,985 nodes (email
addresses) and 219,368 edges (emails).

1) General Clustering Behavior: For µ = 30 and ε̂ = 0,
SCOT executes in 68 s (µ = 30 to reduce noise; we find
similar execution times for µ = 2 and µ = 5). Build-
ContigHeap and HintClus execute in less than the minimum
time resolution. In the SCOT sequence bar graph, nodes are
distributed with a fat tail, along which we encounter spikes
whose base ε decreases with the tail. Close inspection of
the HintClus clusters reveals correspondence to sharp changes

in σ, relative to surrounding regions. In terms of ε, the
frequency of clusters within a path of the ContigHeap is
commensurate with the length of the chain. HintClus captures
hierarchy and variety in the clusters and finds only best cluster
boundaries, while SCAN cannot feasibly produce any variety
of hierarchical clusters.

2) Clusters Discovered: To illustrate the legitimacy of the
clusters discovered by HintClus, we select five small, non-
overlapping clusters and analyze the relationship of the nodes
using the contents of the emails sent between the users in
that cluster. These examples illustrate that the clusters have
legitimate intracluster similarity and intercluster dissimilarity.

V. CONCLUSION

By traversing the network in structure-connected order,
SCOT is able to represent all of SCAN’s clusterings for
any value of ε in one length-n sequence. We presented
the algorithm HintClus, which produces hierarchical clusters.
Using three popular network models, we compared the com-
putational complexity of SCOT and SCAN, and found them
to be identical. With the Enron dataset, we demonstrated the
hierarchical and varied clusters produced by HintClus, and
explained why it is infeasible to replicate such results with
SCAN. In all experiments BuildContigHeap and HintClus ran
in negligible time.
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