An LP Formulation and Approximation Algorithms
for the Metric Labeling Probleimn

C. Chekuri S. Khanna J. Naof L. Zosin'
August 4, 2004

Abstract

We consider approximation algorithms for the metric labeling problEnis problem was introduced in a
paper by Kleinberg and Tardos [26], and captures many classification proliiatrasise in computer vision
and related fields. They gave élog k log log k) approximation for the general case whéris the number
of labels, and &-approximation for the uniform metric case. (In fact, the bound foregairmetrics can be
improved toO (log k) by the work of Fakcheroenphol, Rao, and Talwar [16].) Subsequentlya@ma Tardos
[18] gave ad-approximation for the truncated linear metric, a metric motivated by ioadapplications to
image restoration and visual correspondence. In this paper we introduttegariprogramming formulation
and show that the integrality gap of its linear relaxation either matchesmpmoves the ratios known for
several cases of the metric labeling problem studied until now, proyiiunified approach to solving them.
In particular, we show that the integrality gap of our LP is bounde@tiyg k) for a generak-point metric
and2 for the uniform metric thus matching the known ratios. We also agveh algorithm based on our LP
that achieves a ratio @+ /2 ~ 3.414 for the truncated linear metric improving the earlier known ratia.of
Our algorithm uses the fact that the integrality gap of the LPPds a linear metric.

1 Introduction

Motivated by certain classification problems that ariseimputer vision and related fields, Kleinberg and Tardos
introduced the metric labeling problem [26]. In a typicalsdification problem, one wishes to assign labels to a
set of objects so as to optimize some measure of the qualibhedfbeling. The metric labeling problem captures
a broad range of classification problems where the qualigjabeling depends on the pairwise relations between
the underlying set of objects. More precisely, the task islassify a sel” of n objects by assigning to each
object a label from a sdfi of labels. The pairwise relationships between the objeetsegpresented by a weighted
graphG = (V, E) wherew(u, v) represents the strength of the relationship betweandv. The objective is to
find a labeling, a functiorf : V' — L, that maps objects to labels, where the cost,afenoted by)(f), has two
components.
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ACM-SIAM Symposium on Discrete Algorithms, 2001, pp. 10881

tBell Labs, Lucent Technologies, 600 Mountain Ave, Murrayl,HNJ 07974. E-mailchekuri @ esear ch. bel | -1 abs. com

iDepartment of Computer and Information Science, Universif Pennsylvania, Philadelphia, PA 19104. E-mail:
sanj eev@i s. upenn. edu. Supported in part by an Alfred P. Sloan Research Fellowship

§Computer Science Dept., Technion, Haifa 32000, Israel. al:mmaor @s. t echni on. ac. i | . Most of this work was done
while the author was at Bell Labs, Lucent Technologies, 6@uiain Ave, Murray Hill, NJ 07974. Research supported irt pg
US-Israel BSF Grant 2002276 and by EU contract IST-1998448PPOL II).

TBear Stearns & Co., One Federal St., 29th Floor, Boston, MEL02E-mail:LZosi n@ear . com This work was done while the
author was at NEC Research Institute, Princeton, NJ 08540.



e For eachu € V, there is a non-negative assignment edst ) to labelw with 7. This cost reflects the
relative likelihood of assigning labels to

e For each pair of objects and v, the edge weightv(u,v) measures the strength of their relationship.
This models the assumption that strongly related objecialdthe assigned labels that alese This is
modeled in the objective function by the temnu, v) - d(f(u), f(v)) whered(-,-) is a distance function
on the labeld..

Thus

QU ) = elu, f(w) + w(u,v) - d(f(u), f(v))

ueV (u,v)eE

and the goal is to find a labeling of minimum cost. In the mdaluweling problem, the distance functiahis
assumed to be a metric. We remark that if the distance fundtie allowed to be arbitrary, the graph coloring
problem can be reduced to the labeling problem.

A prototypical application of the metric labeling probles theimage restorationproblem in computer
vision [4, 5, 6]. In the image restoration problem, the gsabitake an image corrupted by noise and restore it
to its “true” version. The image consists of pixels and thasethe objects in the classification problem. Each
pixel has an integer intensity value associated with it thgiossibly corrupted and we would like to restore
it to its true value. Thus the labels correspond to intengtiyies and the goal is to assign a new intensity to
each pixel. Further, neighboring pixels are assumed todsedb each other, since intensities typically change
smoothly. Thus, neighboring pixels have an edge betwean thi¢h a positive weight (assume a uniform value
for concreteness). The original or observed intensitiesaasumed to be close to true vafueBhe assignment
cost is some positive cost associated with changing thesittefrom its original value to a new value, the larger
the change, the larger the cost. To see how the cost functomtels the restoration, consider a pixel corrupted
by noise as a result of which its observed intensity is veiffgdint from its neighboring pixels. By changing the
corrupted pixel’s intensity we incur a cost of relabeling that can be offset by the edge cost saved by being
closer to its neighbors. The assignment costs weigh thdinigtia favor of the original values since most of the
intensities are likely to be correct (see also the footnote)

The metric labeling problem naturally arises in other aggtions in image processing and computer vision.
Researchers in these fields have developed a variety of gagistics that use classical combinatorial optimiza-
tion techniques such as network flow and local search [4,2113 14, 12].

Kleinberg and Tardos [26] formalized the metric labelinglgem and its connections to Markov random
fields and other classification problems (see [26] for a thghodescription of the various connections). Metric
labeling also has rich connections to some well known probli# combinatorial optimization. It is related to the
guadratic assignment problem, an extensively studiedgmon Operations Research. A special case of metric
labeling is the 0-extension problem, studied by Karzandy 25]. There are no assignment costs in this problem,
however, the graph contains a set of termingls, . . , tx, where the label of terminaj} is fixed in advance to
i and the non-terminals are free to be assigned to any of tleéslalihe 0-extension problem generalizes the
well-studied multi-way cut problem [13, 7, 23]. Karzanow[25] showed that certain special cases (special
metrics) of the O-extension problem can be solved optimallgolynomial time. Another special case of the
metric labeling problem is theask assignment problem distributed computing [28]. Here, tasks of a modular

1This assumption is based on the connection of the labelioglem to the theory of Markov Random Fields (MRFs) [27]. listh
theory, the observed data or labeling of the objects is asdumbe obtained from a true labeling by adding independerdam noise.
The idea is to decide the most probable labeling given therebd data. An MRF can be defined by a graph on the objects dibse
indicating dependencies between objects. Under the asgumtpat the probability distribution of an object’s lalsidpends only on its
neighbors’ labels, and if the MRF satisfies two standardraptions of homogeneity and pairwise interactions, theliagg@roblem can
be restated as the problem of finding a labelfnifpat maximizes tha posterioriprobability Pr [f|f'] wheref’ is the observed labeling.
We refer the reader to [26] for more details on the connedaifanetric labeling to MRFs.



program need to be assigned to the processors of a disttibyttem, while balancing between task execution
cost and inter-task communication cost.

Kleinberg and Tardos [26] obtained @if{log k log log k) approximation for the general metric labeling prob-
lem, wherei denotes the number of labelsirand a2-approximation for the uniform metric. The approximation
for general metrics improves (log k) by a recent result of Fakcheroenphol, Rao and Talwar [16jriMiabel-
ing is Max-SNP hard; this follows from the Max-SNP hardnesthe multi-way cut problem which is a special
case. Given the rich connections of this problem to othef-giatlied optimization problems and a variety of
applications, a natural interesting question is to deteenttie approximability of the general problem as well as
of the important special cases that arise in practice.

The Truncated Linear Metric  Gupta and Tardos [18] considered the metric labeling proliée the truncated
linear metric, a special case motivated by its direct apfibbs to two problems in computer vision, namely
image restoratiorand visual correspondenceWe briefly describe the application of this metric to the gma
restoration problem discussed earlier, see [18] for motailde Consider the case of grey scale images where
the intensities are integer values. Our earlier descripggsumed that intensities of neighboring pixels should be
similar since the image is typically smooth. This motivaadmear-like metric on the labels where the distance
between two intensitiesandy is |i — j|. However, at object boundaries (here we are referring teatbjin the
image) sharp changes in intensities happen. Thus, for tivicrtbe robust, neighboring pixels that are actually
at object boundaries (and hence naturally differ in thetiensities by large amounts) should not be penalized
by arbitrarily large quantities. This motivated Gupta amadbs to consider a truncated linear metric, where the
distance between two intensitieand; is given byd(i, j) = min(M, |i — j|). Thus, the penalty is truncated at
M; this is a natural (and non-uniform) metric for the problenhand. A very similar reasoning applies to the
visual correspondence problem, where the objective is mapene two images of the same scene for disparity.
The labels here correspond to depth of the point in the imamye the camera. For the truncated linear metric a
4-approximation algorithm was given in [18] using local ssarThe local moves in the algorithm make use of
the flow network used in [4, 21] which gives an optimal solatio the linear metric case in polynomial time.

For the image restoration application, other distancetfons have also been studied. In particular, the
quadratic distance functiod(i, j) = |i — j|* and its truncated versioi(i, j) = min{M,|i — j|*} have been
considered (see [27] and [22]). Unfortunately, neitherhafse distance functions is a metric, and hence the
algorithms for metric labeling problem cannot be used. H@rvas we discuss shortly, we are able to provide
non-trivial approximation ratios for them.

Results In this paper we address the problem of obtaining improventagimation guarantees for the metric
labeling problem. Kleinberg and Tardos [26] point out thificlilty of the general case as having to do with
the absence of a “natural” IP formulation for the problemeygive an IP formulation for tree metrics and use
Bartal’s probabilistic tree approximations [2, 3] to redube problem with an arbitrary metric to that with a tree
metric. In this work we give a natural IP formulation for thengral problem. An advantage of our formulation
is that it is applicable even to distance functions that atemetrics, for example, the quadratic distance function
mentioned above. We substantiate the strength of this flation by deriving both known results and new results
using its linear relaxation. In particular, we show thedualing results on the integrality gap of our formulation.

e O(log k) for general metrics and a fact®rfor the uniform metric.
¢ 1 for the linear metric and distances on the line defined by @ofinctions (not necessarily metrics).
e 2+ /2 ~ 3.414 for the truncated linear metric.

e O(v M) for the truncated quadratic distance function.



The integrality gaps we show for our formulation either rhatc improve upon the best previous approximation
ratios for most of the cases known to us (in addition to thevapbave can also show that @ is a tree the
integrality gap isl). Our formulation allows us to present these results in iathfashion. In the process we
improve thed approximation of Gupta and Tardos [18] for the importaneoaisthe truncated linear metric. We
also show a reduction from the case with arbitrary assigheesisc(u, 7) to the case wher€u, i) € {0, co} for
all w andi. The reduction preserves the gragland the optimal solution, but increases the size of the imte
from k labels tonk labels. Though this is undesirable in practice, it is uséfuih a theoretical point of view.
In particular, this result implies that in order to find éx1)-approximation for the general case, it suffices to
focus attention on restricted instances with no assignieests, but where each vertex is required to be assigned
a label from its own set of labels. We believe that our resait$ techniques are a positive step towards obtaining
improved bounds for both the general metric labeling problas well as for interesting special cases.
Calinescu, Karloff, and Rabani [8] considered approxiamatlgorithms for the 0-extension problem. They
consider a linear programming formulation (which they daéimetric relaxation originally studied by Karzanov
[24], where they associate a length function with every aafdiee graph and require that: (i) the distance between
terminalst; andt;, for 1 <1i,j < k, is at leasti(4, j), and (i) the length function is a semi-metric. We note that
their formulation does not apply to the general metric lsdgeproblem. They obtain af?(log k)-approximation
algorithm for theh-extension problem using this formulation and@fi )-approximation for planar graphs. Our
linear programming formulation, when specialized toGkextension problem, induces a feasible solution for the
metric relaxation formulation, by defining the length of @ge to be its transshipment cost (see Section 2). Itis
not hard to verify that this length function is a semi-meti@alinescu, Karloff, and Rabani [8] also show a gap
of Q(y/log k) on the integrality ratio of their formulation. Their loweobind proof does not seem to carry over
in any straight forward way to our formulation. We note tha tmetric relaxation formulation optimizes over
the set of all semi-metrics, while our formulation optimgzEnly over a subset of the semi-metrics. Whether our
formulation is strictly stronger than the metric relaxatiof [8] is an interesting open problem.

Outline Section 2 describes our linear programming formulationttier general metric labeling problem. In
Section 3, we analyze our formulation for uniform and line@trics. Building on our rounding scheme for
the linear metric, we design and analyze a rounding proeefturthe truncated linear metric in Section 4. In
Section 5, we study the general metric labeling problem &ogvghat the integrality gap of our formulation is
bounded byO(log k). We also describe here a transformation that essentiahreltes the role of the label cost
assignment function.

2 The Linear Programming Formulation

We present a new linear integer programming formulationhef metric labeling problem. Let(u,:) be a
{0, 1}-variable indicating that vertex is labeledi. Letz(u, i, v, j) be a{0, 1}-variable indicating that for edge
(u,v) € E, vertexu is labeledi and vertex is labeled;. See Fig. 1 for the formulation.

Constraints (1) simply express that each vertex must recawme label. Constraints (2) force consistency
in the edge variables: if(u,i) = 1 andz(v,7) = 1 they forcez(u, i, v, j) to bel. Constraints (3) express the
fact that(u, i,v,5) and(v, 7, u, 1) refer to the same edge; the redundancy helps in notation. Bféenoa linear
relaxation of the above program by allowing the variahiés, i) andx(u, i, v, j) to take any non-negative value.
We note that equality in (2) is important for the linear relaan.

With each edgdu,v) € E we associate a complete bipartite grafiu,v). The vertices ofH (u,v) are
{ui,... ,up} and{vy,... ,vs}, i.e., they represent all possible labelingsucdindv. There is an edgéu;, v;)
connecting the pair of vertices; andv;, 1 < 4,5 < k. In the sequel, we refer to the edgesifu,v) as
links to distinguish them from the edges Gf Suppose that the value of the variahids, i) for all u and: has
been determined. For an ed@e v) € E, we can interpret the variablegu, i, v, j) from a flow perspective.



k kE k
(I) min Z ZC(U,Z) .’I)(U,Z) + w(uav) sz(l,]) 'x(uaiavaj)
weV i=1 (u,v)EE =1 j=1
subject to:
k
Zac(u,z’)zl VoeV 1)
i=1
k
Zac(u,i,v,j)—x(u,i)zo VueV,(uv) € E,i€l,... k 2
7j=1
z(u,i,v,7) —x(v,j,u, i) =0 YuveV,i,jel, ... k (3)
z(u,i) € {0,1} VueV,iel,... ,k 4)
z(u,i,v,75) € {0,1} V(u,v) € E,i,jel,... k (5)

Figure 1: ILP Formulation

The contribution of edgé¢u,v) € E to the objective function of the linear program is the costhaf optimal
transshipment of flow betweefu,, ... ,ux} and{vy,... ,v;}, where: (i) the supply ofi; is z(u,?) and the
demand ob; is z(v, j) for 0 <4, j <k, (i) the cost of shipping a unit flow from; to v; is d(i, 7). (The choice
of the “supply” side and the “demand” side is arbitrary.)

For the rest of the paper, the quantityp (u, v) refers to the LP distance betweeandv and is defined to be
the transshipment co3t; ; d(i, j) - #(u, 7, v, j). The LP distance derived from an optimal (fractional) solut
to (I) induces a metric on the graph, since for anyvs,v3 € V, the transshipment cost from to v, cannot
be more than the sum of the transshipment costs gm0 v3 and fromws to v;. The transshipment problem
between two distributions was introduced by Monge [29] anal$o referred to as the Monge-Kantorovich mass
transference problem and has several applications [31fielimage processing literature [33, 30] this metric has
also been referred to as tharth mover’s metric

A solution to the formulation has an interestiggometricinterpretation. It defines an embedding of the
graph into ak-dimensional simplex, where the distance between pointedrsimplex is defined by the earth
mover’s metric on the labels. Our formulation specializeshiat of Kleinberg and Tardos [26] for the uniform
metric case which in turn specializes to that of Calineg@r]off and Rabani [7] for the multiway cut problem
where the distance between points in the embedding is sithpiy/; distance.

3 Uniform Metrics and Linear Metrics

We now analyze the performance of our linear programminmédation on two natural special cases, hamely,
uniform metrics and linear metrics. Kleinberg and Tardd& phowed a 2-approximation for the uniform metric
case. Their approach is based on rounding the solution akariprogram formulated specifically for uniform
metrics. We will show that our linear programming formuwatidominates the one in [26], and thus also has an
integrality gap of at mos2. For the case of linear metrics, Boykeval[4], and Ishikawa and Geiger [21], have
obtained exact algorithms, by reducing the problem to ammim { s, ¢ }-cut computation. We show here that, on
linear metrics, our linear programming formulation givesexact algorithm as well. Our analysis for the linear
metric case plays an important role in the algorithm for thed¢ated linear metric case.



3.1 The Uniform Metric Case

Kleinberg and Tardos [26] formulated a linear program, detdy (KT), for the uniform metric and gave the
following iterative algorithm for rounding a solution to itnitially, no vertex is labeled. Each iteration consists
of the following steps: (i) choose a label uniformly at ramdrom 1, ... , k (say, a labef), (ii) choose a real
thresholdd uniformly at random fronjo, 1], (iii) for all unlabeled vertices, € V, w is labeledi if 0 < z(u,1).

The algorithm terminates when all vertices are labeledinkkerg and Tardos [26] showed that the expected cost
of a labeling obtained by this algorithm is a at most twicedbst of the LP solution.

k

k
KT win 33 e, ) wwi) + ) w(u,v)-%zm(u,i)—x(v,iﬂ

veV i=1 (u,v)EE =1
subject to:
Zm(u,z) =1 VueV
i=1
z(u,i) >0 VueVandiel,... k

We show that applying the rounding algorithm to an optimdutian obtained from linear program (1),
yields the same approximation factor. L®be a solution to (I). Note that for both (I) and (KT) the vatis
x(u,1) completely determine the cost. We will show that cost of (Kh)z is smaller than that of (I). Both
linear programs (I) and (KT) coincide regarding the latgloost. Consider edge:,v) € E. We show that
the contribution of(u, v) to the objective function of (l) is at least as large as thetriloution to the objective
function of (KT).
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The penultimate equality in the above set of equations s $incez(u,i,v,j) = z(v, j,u,i). The final
equality follows from the fact that(i, i) = 0 andd(s, j) = 1,7 # j. The last term is the contribution ¢&, v) to
the objective function of (I). We note that the example usef26] to show that the integrality gap of (KT) is at
least2 — 1/k, can be used to show the same gap for (I) as well.

3.2 The Line Metric Case

We now turn to the case of a linear metric and show that theevaflan integral optimal solution is equal to the
value of a fractional optimal solution of the LP (I). Withdass of generality, we can assume that the labels of the

6



metric are integers, 2, ... , k. If the label set contains non-consecutive integers, weachall the “missing”
intermediate integers to the label set and set the cost grisg them to every vertex to be infinite. In fact the
rounding can be generalized to the case where the labelgxétray points on the real line without any difficulty.

Rounding procedure: Letz be an optimal fractional solution to the linear program. \&end the fractional
solution as follows. Lef be a real threshold chosen uniformly at random fom|]. For alli, 1 <14 < k, let

a(u,i) =Y z(u, j).

i=1

Each vertex: € V is labeled by the unique labéthat satisfiesy(u,i — 1) < 0 < a(u,7). Clearly all vertices
are labeled since(u, k) = 1.

Analysis: We analyze the expected cost of the assignment producee bguhding procedure. For each vertex
u € V, let L(u) be a random variable whose value is the label assignedotothe rounding procedure. It can
be readily verified that the probability tha{w) = 7 is equal toz(u, 7). This means that the expected labeling
cost of vertex is equal tozﬁ.“:1 Z(u, 1) - c(u, 1) which is precisely the assignment cost.dh the linear program
(with respect to solutior). We now fix our attention on the expected cost of the edges.

Lemma 3.1 Consider edgéu,v) € E. Then,

Proof. For the sake of the analysis we define auxiliary binary randgarable 7, ... , Z;_, as follows. The
variableZ; is 1 if min{L(u), L(v)} <iandmax{L(u),L(v)} > ¢, and isO otherwise. In other wordg; is 1 if
i is in the interval defined by.(u) andL(v). It is easy to see that

ThereforeE [d(L(u), L(v))] = S-F~! E[Z;]. We claim that
E[Z] =Pr(Z; =1] = |a(u,i) — a(v,i)|.

The lemma easily follows from this claim. To prove the claiassume w.l.0.9. thak(u,i) > «(v,i). If
0 < a(v,i) itis clear thatL(u), L(v) < i and if > «(u,q) thenL(u), L(v) > i in both casesZ; = 0.
If 0 € (a(v,%),a(u,i)] thenL(u) < ¢ andL(v) > i which implies thatZ; = 1. ThusPr [Z; = 1] is exactly
la(u, i) — a(v,i)|. O

We now estimate the contribution of an edgev) € FE to the objective function of the linear program. As
indicated in Section 2, the contribution is equal to the adthe optimal transshipment cost of the flow in the
complete bipartite grapH (u, v) between{u,, ... ,u;} and{vy,... ,v;}, where the supply of; is z(u, ) and
the demand of; is Z(v, j) for 1 <4, ; < k. Recall thatdp(u,v) = 3_; ; d(i,j) - Z(u,,v, j).

Lemma 3.2 For the line metric
k

dip(u,v) > fo(u,i) — afv,d)].

1=1



Proof. The crucial observation in the case of a linear metric is flem¢ can beuncrossed Let: < 4 and

j < j'. Suppose that amount of flow is sent from; to v; and fromu; to v;. Then, uncrossing the flow,
i.e., sending: amount of flow fromu; to v; and fromu; to v, will not increase the cost of the transshipment.
This means that the amount of flow sent frdmy, ... ,u;} to {vy,... ,v;}, foralli, 1 < i < k, is precisely
min{a(u, ), a(v,1)}. Therefore)a(v,i) — a(u, )| amount of flow is sent “outside” the label Se, . .. ,7 and
can be charged one unit of cost (with respect)tcApplying this argument to all values of1 < i < k, we get
that the cost of theptimaltransshipment of flow is preciseEf:1 |a(u, i) — a(v,i)|. The lemma follows. O

Hence, together with Lemma 3.1, we get that the expectedofestge(u,v) € E after the rounding is no
more than its contribution to the objective function of theehar program.

The uncrossing of flow in the proof of Lemma 3.2 relies on thenlyeproperty of the distances induced by
points on a line. Hoffman [20], in his classical paper, pethout that the Monge-property can be exploited for
transportation and related problems.

Theorem 1 The integrality gap of LKI) for the line metric isl.

3.3 Distance functions on the Line defined by Convex functions

We now consider distance functions on the laliels.. , £ on the integer line defined by strictly convex functions,
that isd(i,7) = f(]¢ — j|) wheref is convex and non-decreasing . Notice that such distanagifms do not
satisfy the metric property, sinegis a metric if and only iff is concave and increasing. Our motivation for
studying these metrics comes from the quadratic funationj) = |i — j|> which is of particular interest in the
image restoration application [22, 27] described earlfée note that for the special case where the assignment
cost is also a convex function (of the label), efficient aldpons are given by [19]. We can show the following.

Theorem 2 For any distance function on the line defined by a convex iiomcthe integrality gap of LRI) is 1.

We sketch the proof, since it is similar to the linear casensiiter a feasible solutianto the LP. For any edge
(u,v), if f is convex, the optimal cost transshipment flowHitu, v) is non-crossing Further, for the rounding
that we described for the linear case, if the flow is non-engs®r [L(u) =i A L(v) = j] = Z(u,i,v,5). The
theorem follows from this last fact trivially. Ishikawa amgkiger [22] show that the flow graph construction
for the line metric can be extended for convex functions ttaioban optimal solution. The advantage of our
approach is that the solution is obtained from a general ditation. This allows us to extend the ideas to obtain
the first non-trivial approximation for the truncated quatdr distance function.

4 Improved Approximation for the Truncated Line Metric

In this section we use LP (1) to give(a + v/2)-approximation algorithm for the truncated line metriceashis
improves thet-approximation provided in [18]. We prefer to view the metgiaph as a line with the truncation
to M being implicit. This allows us to use, with appropriate nfimditions, ideas from Section 3.2. We round the
fractional solutionz once again using only the valugéu, ). Let M’ > M be an integer parameter that we will
fix later. We repeat the following iteration until all vertis are assigned a label.

e Pick an intege¥ uniformly at random if—M' + 2, k]. Let I, be the interval¢, ¢ + M' — 1].
e Pick a real threshol@ uniformly at random fronjo, 1].

e Letw be an unassigned vertex. If there is a label I, such that

i—1

Z(u,j) <0< Z(u,j),
j=¢

Il
~

J
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we assign to u. Otherwiseu is unassigned in this iteration.

The above algorithm generalizes the rounding algorithmghf@uniform and line metrics in a natural way. Once
the index? is picked, the rounding is similar to that of the line metnictie intervall,. The difference is that
a vertex might not get a label in an iteration. If two vertieeandv get separated in an iteration, that is only
one of them gets assigned, our analysis will assume thatdistance isM. This is similar to the analysis in
[26] for the uniform metric case. Our improvement comes frwwareful analysis of the algorithm that treats
links differently, based on whether their distance is lm@atruncated. The analysis guides the choicéfto
obtain the best guarantee.

Let L(u) andL(v) be random variables that indicate the labels that get assitgu andv by the algorithm.

Lemma 4.1 In any given iteration, the probability of an unassignedteri, getting a label in that iteration is
exactlyz(u, i) - M'/(k + M' — 1). The probability ofu getting assigned in the iteration &' /(k + M' — 1).
ThereforePr [L(u) = i| = Z(u, 1).

Proof. If £ is picked in the first step of an iteration, the probabilityggsigning to u is exactlyz(u, 1), if i € I,
and zero otherwise. The number of intervals that contamM/’, hence the probability of. getting: in an
iteration is simplyz(u, i) - M'/(k + M' —1). O

It also follows from Lemma 4.1 that with high probability alertices are assigned i0(klogn) itera-
tions. The following lemma bounds the expected distanced®si L(u) and L(v) as a function of\/’. Recall

dLP(U’vU) = Zi,j d(Zvj) ’ f(uvivvvj)'

Lemma 4.2 The expected distance betweefu) and L(v) satisfies the following inequality.

2M M’
E [d(L(u), L(0))] < (z + max {W, ﬁ}) drp(,v).
Theorem 3 There is a(2 + /2)-approximation algorithm for the metric labeling problenhen the metric is
truncated linear.

Proof. We note that the algorithm and the analysis easily genestiz the case whel' is a real number. We
chooseM' = v/2M and the theorem follows from Lemmas 4.1 and 4.2. O

For the rest of the section, we restrict our attention to catiqular edggqu,v) € E(G). We analyse the
effect of the rounding on the expected distance with the gbptoving Lemma 4.2. To analyze the process, we
consider an iteration before which neitheandwv are assigned. If, in the current iteration, only one.at v is
assigned a label, that is they aeparatedwe will pay a distance off. If both of them are assigned, then we
pay a certain distance based on their labels in the intefva.main quantity of interest is the expected distance
between the labels af andv in a single iteration conditioned under the event that bétinem are assigned in
this iteration. Recall that a link refers to the edges in thmplete bipartite grapif (u, v).

Given an interval, = [¢,¢ + M’ — 1], we partition the interesting links fdy into three categoriesternal,
left crossing andright crossing The internal links denoted by (1,) are all the links(u, i, v, j) with 4,5 € I,
the left crossing links denoted hyrRosq 1) are those withnin{i, j} < ¢ and andmax{i,j} € I,, and right
crossing link denoted brcrosg ;) are those withnin{3, j} € I, and andnax{s,j} > ¢+ M’ — 1. Itis clear
that no link is both left and right crossing. LeRosg ;) denoteLCROSYI;) URCROSSI;). See Figure 2 for an
example. It is easy to see thais not relevant td, if i, j ¢ I,.

We set up some notation that we use for the rest of this sedtimna linke = (u, ¢, v, j) letdin(e) = |i — j|
andd(e) = d(i,j) = min(M, djin(e)) be the linear distance and truncated linear distance regplgcbetween



By internal links J o
left crossing link right crossing links

Figure 2: lllustration of interesting links fdf.

i andj. The quantityz. is compact notation fof(u,,v,j). Consider a linke that crosses the intervé} and
let i be the label ot that is internal tdl,. We denote byi,(e) the quantity(¢/ + M' — 1 — i), the linear distance
from i to the right end of interval. The quantity(u, I) refers to) _, ., Z(u, %), the flow ofu assigned by the LP
to labels inI,.

Lemma 4.3 The probability ofu andv being separated given thétwas chosen in the first step of the iteration
is at most . crosgi,) Le-

Proof. The probability of separation is exactly(u, I,) —z (v, I;)| which can easily be seen to be upper bounded
by >_cccrossr,) Te: =

Lemma 4.4 For two verticesu and v, unlabeled before an iteration, let, be the expected distance between
them, conditioned on the event tlfavas chosen in the first step of the iteration and both weregassi a label
in I,. Then

pe< Y. die)Te+ Y din(e)Te.

ecCROSS 1)) ecINT (1y)

We provide some intuition before giving the formal proof. d@# is fixed, the rounding is exactly the same
as that for the line metric when restricted to the intetiyalFrom Lemma 3.1 we know the exact expected cost
of the rounding. However, we do not have an equivalent of Lar3t2 to bound the LP cost, becaugés only
a subinterval of the full line and also because of the truapatThe main difficulty is with links that belong to
CROSS ;). By charging each of the crossing linksan amount equal td,(e) (instead ofd(e) that LP paid),
we are able to pay for the expected cost of rounding. In otleedsy we charge the interesting links pfto pay
for the optimal linear metric transshipment flow induced loy fractional valueg(u, i) andz(v, ), i € I, when
restricted tal,.

Proof. Fix an¢ and w.l.o.g. assume that(u, I;) > z(v,I;). With probability ¢ = Z(v, I;), bothu andv
get labels froml,. We analyze the expected distance conditioned on this ev@nte the interval, is fixed
the rounding is very similar to that of the linear metric cas®r0 < i < M’ let a(u,i) = Z;iﬁ(u,j).
The quantitya(u, ) sums the amount of flow af in the first: + 1 labels of the interval,. In the following
analysis we assume that distances withiare linear and ignore truncation. This can only hurt us.dvahg the
reasoning in Lemma 3.1 the expected distance betwesrdv is equal tozf\fo’l | min{q, a(u,1)} — a(v,q)|
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which we upper bound bEﬁ‘i’O’l |a(u, i) — a(v,1)|. We claim that

M'-1

Y7 Ja(ud) —a(,i) < Y d@)Fe+ Y. din(e)Ze
=0

¢cCROSSI)) ecINT (1)

To prove this claim, we consider each liske CrRosgI;) U INT(I;) and sum its contribution to the terms
gi = |la(u,i) —a(v,i)],0 <i< M. Lete = (u,a,v,b) € INT(Iy). Itis clear that contributes exactly. to ¢
if a <diandb > iorifa > iandb < 4. Otherwise its contribution i8. Therefore, the overall contribution ef
t0 > q; iSZe|la — b] = Zedjin(e).

Now suppose = (u,a,v,b) € LCROSYIy). Assume w.l.0.g. that > £ andb < ¢, the other case is similar.
Link e will contribute z, to «(u,7) fora — ¢ < i < M’ and contribute$) to a(v,4) for 0 < i < M’ sinceb
is outside the interval,. Therefore, the contribution efto ¢; is z, for a — ¢ < ¢ < M’ and0 otherwise. The
overall contribution ok t0 > g; IS Z.[¢ + M' — 1 — a| = dy(e)z.. A similar argument holds for the case when
e € RCROSY1y). O

Proof of Lemma 4.2. For a given iteration before which neithemor v has a label, lePr [u A v], Pr [u & v],
andPr [u V v] denote the probabilities that andv are both assigned, exactly one of them is assigned, and at
least one of them is assigned respectively. We upper boundjuantity E [d(L(u), L(v))] as follows. Ifu
andv are separated in some iteration we upper bound their negudistance byl/. Using this simplification

E [d(L(u), L(v))] is bounded by the quantity below.

Priu®v]- M+ PriuAv]-E[d(L(u), L(v))|u A v]
Pr[u V v]
We upper bound the above expression as follows.

e We lower boundPr [« V v] by Pr [u] which by Lemma 4.1 is equal tf'/(k + M' — 1).

o We upper boundPr [u & v] by 57— >y Y- .ccross1,) e USing Lemma 4.3.

e By the definition ofp, in Lemma 4.4 we get the following.
PrluAv]E[d(L(u), L(v))ju Av] = 7—F 57— M, Zpg

Putting all these together and using Lemma 4.4 to baynd

E[(Lw), LW)] < ( S (Mtdle)z+ Y dnn(eme)
l

GGCROSSIg) CelNT(I[)

IN

%Zje ( Z (M +dy(e)) + Z diin (e ) .

CROSSI,)3e INT (I;)>e
Lemma 4.5 below shows that

Y M Ade)+ D dinle) < (2M' + max{2M, (M')*/M}) d(e).
CROSSI;)2e INT(I;)5e
It follows that
E[d(L(u), L(v))] < ;4, (2M" + max{2M, (M")?/M}) > Zd(e)

< (2+ max{2M/M', M' /M) - dpp(u, v).
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This finishes the proof. O

Lemma 4.5 Lete = (u,i,v,7) be alink. Then

S (M+die)+ > din(e) < (2M' + max {2M, (M")?/M}) d(e).
CROSSI,)3e INT(I;)3e

Proof. Letd(e) = Y crossgr,)se(M + de(e)) + X iNT (1,5 din(€). We evaluated(e) separately for three
different types of links based on their lengths. Recall #ét> M and hencel(e) < M < M’ for all links e.
Let e correspond to the linku, i, v, 5) in H(u,v) and w.l.0.g. assume thatk< j, the other case is similar. Also
recall thatdjin (e) = |7 — j|.

e din(e) > M': In this case itis clear thatis not an internal edge for arfy, henceZlNT(mae djin (e) = 0.
Also d(e) = M. Therefore

dle) = ) (M+dee))

CROSSI,)3e

= S (M+die)+ > (M +dile))
LCROSSI,)e RCROSSI,)>e

J i

= Y (M+M+i-1-i)+ > (M+M+e-1-1i)
=j—M'+1 f=i—M'+1

< M'(M+ M)

M'2+M /MM = M'(2+ M'/M)d(e).

e din(e) < M: In this casel(e) = djin(e).

dle) = Yo (Mtde)+ D> dinle)
CROSSI,)3e INT (Ir)3e
= S (M tde(e)+ D (M +de))
LCROSS1,)5e RCROSSI,)3e
+ Z djin (€)
INT (1;)3e
J j—M'
= Y M+M4r-1-i)+ Y (M+M+0-1—4)
=it1 =i—M'+1
+ Z d||n (e)
b= M'+1
< (2M’ + 2M — djin(€))djin (€)
< (QMI + 2M)djin (e)

= M'(2+2M/M")d(e).
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e M <djn(e) < M': In this casel(e) = M.

dle) = S M dee))+ > (MAdie)+ D dine)
LCROSSI,)e RCROSSI;)2e INT (I;)>e
J j—M'
= Y M+M+L-1-i)+ Y (M+M+0-1-9)
l=i+1 £=i—M'+1
+ Z djin (€)
=j—M'+1
= (2M' + 2M — djin(€))djin (€)
< M'(2M + M'")

M'(2 + M'/M)d(e).

4.1 The Truncated Quadratic Distance on the Line

Consider the label spade2, ... , k on the line where the distance functidfy, j) = min{M, |i — j|*}. This is

the truncated version of the quadratic distance. We notdhiaguadratic distance is not a metric. However, as
mentioned earlier, this distance function arises in imagegssing applications. In Subsection 3.3 we showed
that our LP formulation gives an optimal solution for the draic distance on the line. For the truncated version
of this distance we can use the algorithm from Section 4. RysimgM' = /M we can show the following
theorem.

Theorem 4 The integrality gap of LRI) for the truncated quadratic distance (v M).

5 General Metrics

5.1 Integrality Gap on General Metrics

We now show that the integrality gap of the LP formulationCi§log k) on general metrics. This gives an
alternative way of obtaining the result of Kleinberg-Tasd26]. The latter algorithm uses the approach of first
approximating the given metric probabilistically by a laierhically well-separated tree (HST) metric [2] and then
using an LP formulation to solve the problem on tree metfi¢e Kleinberg-Tardos LP formulation has only an
O(1) integrality gap on HST metrics. Since any arbitrérpoint metric can be probabilistically approximated
by an HST metric with arO(log k) distortion [16], their result follows. In contrast, our appch is based on
directly using our LP formulation on the given general ntetAs a first step, we use the LP solution to identify
a deterministic HST metric approximation of the given ntesuch that the cost of our fractional solution on
this HST metric is at moD(log k) times the LP cost on the original metric. This first step iselby using the
following proposition from [16]. A weaker version was shoearlier in [9, 3] with a bound af)(log & log log k).

Proposition 1 Letd be an arbitraryk-point metric and letx be a non-negative function defined over all pairs of
points in the metric. Thed can be deterministically approximated by an HST metficsuch that

> ali,g) - dr(i,5) < O(logk) > ali, 5) - d(i, ).

(Y] (Y]
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Given an optimal solutior to our LP formulation, we apply Proposition 1 with the wei@imctiona(i, j) =
> (uwyer W, v) - Z(u,i,v, ) for 1 < ¢,j < k. Thus,a(é, j) is the fractional weight of edges betweeand
j. Letdp denote the resulting HST metric. Since we are changing dmyntetric on the labels and not the
assignments provided by the LP, the fractional solutionfeagible solution for this new metric and has cost at
mostO(log k) - C*, whereC* is the optimal LP cost for the original metric. Thus, if we aamw round our
fractional solution oni; by introducing only a constant factor increase in the sofutiost, we will obtain an
O(log k)-approximation algorithm. We prove this by showing that oy &ree metric, our LP formulation is at
least as strong as the Kleinberg-Tardos LP formulationt(és metrics).

Given an edge weighted tree that defines the metric on thés|ale root the tree at some arbitrary vertex.
Let T,, denote the subtree hanging off a vertei the rooted tree and léf denote the set of all such trees.
For any treel’ € T we denote by(7T) the length of the edge leaving the root’Bfto its parent. Letc(u)
be compact notation foy ;. z(u, ¢), the fractional assignment of the LP to labels in the sulifre&Vith this
notation the LP formulation in [26] is as follows:

k
(KT) minz Zc(u,z)m(u,z) + Z w(u, v Zé Nz (u) — zp(v)]

veV i=1 (u,v)EE TET
subject to:
k
Zx(u,z) =1 VueV
=1
z(u,i) > 0 VueVandiel,... k

Let z be a solution to our formulation (). As we remarked in Seatt®l, for both (I) and (KT) above, the
valuesz (u, i) completely determine the cost. We will show that cost of (K} is smaller than that of (). Both
linear programs (I) and (KT) coincide regarding the lalglaost. For each edde:, v) € E we will show that
LP distance fofu, v) is smaller in (I) than (KT). This is based on the followingiofa

Claim 5.1 For any feasible solutiom of (1),

ZE |*TT —LET ZdZ] U,'L,’U_])

TeT

The proof of the above claim is straight forward and simplieseon the fact that the distance between two
vertices in a tree metric is defined by the unique path betiream. We omit the details. We obtain the following
theorem from the above discussion.

Theorem 5 The integrality gap of LRIl) on ak-point metric isO(log k).

5.2 Reduction to Zero-Infinity Assignment Costs

We now describe a transformation for the general probletetssentially allows us to eliminate the label assign-
ment cost function. This transformation reduces an ingtawvith arbitrary label assignment cost functiomo

one where each label assignment cost is eith@roo. We refer to an instance of this latter type aseeo-infinity
instance. Our transformation exactly preserves the cashyfeasible solution but in the process increases the
number of labels by a factor of. This provides some evidence that the label cost assignfueation does
not play a strong role in determining the approximabilityefhold of the metric labeling problem. In particular,
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existence of a constant factor approximation algorithnefo-infinity instances would imply a constant factor
approximation algorithm for general instances as well.

From an instancé = (c,d, w, L, G(V, E)) of the general problem, we create an instance of the zematinfi
variant!’ = (¢, d’,w, L', G(V, E)) as follows. We define a new label s&t= {i, | ¢ € Landu € V},i.e.
we make a copy of. for each vertex irG. The new label cost assignment function is giverchiy, i,) = 0 if
v = u andoo otherwise. Thus, each vertex has its own copy of the oridgaial set, and any finite cost solution
to I’ would assign each vertex a label from its own private copy.

Let Wy = 37, »)er w(u, v) for any vertexu € V. The new distance metric ol is defined in terms of the
original distance metric as well as the original label casignment function. Far#£ j oru # v,

(usi) | c(v.)

Wy w, ’
andd’(i,,1%,) = 0. It can be verified thad’ is indeed a metric, and that any solution to instahcan be mapped
to a solution to instancé’, and vice versa, in a cost-preserving manner. The proofefdtiowing theorem
follows in a straightforward manner from the above congionc

dl(iuvjv) = d(’L,]) +

Theorem 6 If there exists af (n, k)-approximation algorithm for zero-infinity instances oétmetric labeling
problem, then there existsfdn, nk)-approximation algorithm for general instances.

In fact, there is an even simpler reduction to zero-infinitgtances, conveyed to us by Julia Chuzhoy [10],
which does not change the input metric but changes the graalvery simple way. For each vertexand label
j such that(v, j) > 0, add a new vertex,; to the graph for which

L J oo if £ =7,
C(Z”J’g)_{ 0 if £ £ .

A new edge(v, z,;) is added to the graph. Lét#£ j be the label that minimized(j, £), such that(j,£) > 0.
The weight of the edgé, z,;) is set to

¢(v,7)
d(5,0)

Setc(v,j) = 0for 1 < j < k. We now obtain a new instance of the metric labeling problgnthle above
transformation. Note that the metric has not been altetes nbt hard to verify that this reduction preserves the
value of an optimal solution, and that arapproximation to the new instance also yields-aapproximation to
the original instance. Hence the following theorem is ot

w(v, zyj) =

Theorem 7 (Chuzhoy [10]) If there is af(n, k)-approximation algorithm for zero-infinity instances oftniee
labeling, then there is &(n + nk, k)-approximation algorithm for general instances.

6 Conclusions

As we mentioned in Section 1, our LP is integral wi@iis a tree. We give a brief sketch of the idea. Consider
an edggu, v) in G whereu is a leaf connected to. If v is assigned a labélin some solution, then it is easy
to see that an optimal assignmenttés to assign it a label wherec(u, j) + w(u,v)d(i,j) = ming(c(u, k) +
w(u,v)d(i, k)). Hence the assignment tos completely fixed by the assignmentitoWe can eliminate; from

G and incorporate the cost afin the assignment cost efas follows: set/(v,i) = ¢(v,4) + ming(c(u, k) +
w(u,v)d(i,k)). This transformation can be repeated until there is only ravde left and the optimal solution
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then is trivial. The same argument above can be used to shtmadiy of our LP formulation for trees. We
leave the details to the reader.

Chuzhoy and Naor [11] recently obtained @ify/log k)-factor hardness of approximation for the metric
labeling problem. The 0-extension problem generalizesrthki-way cut problem and is a special case of the
metric labeling problem. As mentioned earlier, Calined€arloff, and Rabani [8] established &¥(+/log k)
lower bound on the integrality gap of the metric relaxation the O-extension problem. Fakcheroenphol et
al. [15] improved the upper bound on the integrality gap @f thetric relaxation t@(logk/loglogk). Itis
worthwhile to study the integrality gap of our formulatioor fthis restricted problem. See [1] for results in this
direction.

The truncated quadratic distance function is of particutéerest to applications in vision. Though this
distance function does not form a metric, it is quite possthht a constant factor approximation is achievable.
Here too our formulation might be of use in developing imgaalgorithms.
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