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Abstract

We address the problem of scheduling real-time transactions in
Network-on-Chip (NoC). In particular, we propose a novel slot-
based scheduling algorithm for acyclic transaction sets in NoC. The
algorithm induces a competitive sufficient schedulability utilization
bound. Since the proposed algorithm is able to exploit the paral-
lelism between non-overlapping transactions, under given assump-
tions, it performs better than the existing fixed-priority solutions.
We evaluate performance through extensive simulations. Further-
more, we discuss some important factors in the implementation of
the algorithm and present an implementation in a real system. The
measurement shows that the proposed algorithm has relatively low
overhead.

1 Introduction

Demands for high performance computing systems have re-
cently created significant interest in many-core System-on-Chips
(SoC) both industry-wise and academic-wise [10, 11, 6]. In a many-
core SoC, communication between processing elements which are
interconnected by a Network-on-Chip (NoC) [10, 11, 12] can
greatly affect the performance of the system as a whole. Due to
their multiple degrees of parallelism both in computation and com-
munication, using SoC in real-time systems requires new theoreti-
cal frameworks. In this paper, we address the problem of real-time
communication in NoC.

Scheduling of real-time transactions in a NoC while maximiz-
ing its utilization poses new challenges which are different from
those of traditional real-time systems. In particular, although the
problem has the form of multiple resource scheduling, it is not the
same as multi-processor scheduling because a transaction may use
multiple resources, i.e. physical links, simultaneously. To the best
of our knowledge, this scheduling problem has not received ad-
equate attention. In the recent related works [21, 20], Shi et al.
proposed a method to calculate worst-case latency of transactions
scheduled by a fixed-priority scheduling algorithm. The proposed
method does not take advantage of the parallelism available be-
tween non-overlapping transactions when they share links with a
lower-priority one.

To tackle this problem, we advocate the use of slot-based
scheduling, in which time line is divided into consecutive equal
slots and transactions are scheduled on contention-free slots. This
type of scheduling has been used to build PFair [4] and BF [25],
which are the optimal scheduling algorithms for multi-processors.
Although this approach requires synchronization between bus el-

ements and computation at the end node (i.e. bus elements), it
can significantly reduce implementation complexity of real-time
NoC because it eliminates the need of buffers and arbiters at the
routers. The slot-based scheduling model has been successfully
implemented in the Aethereal NoC [12], a guaranteed-service NoC
developed at Phillips Laboratory.

In [9], Bui et al. proposed a slot-based scheduling algorithm
for multi-domain uni-dimensional buses. These are buses whose
routers are arranged on a straight line. Although the algorithm
has a very competitive performance compared to other solutions,
it only works on uni-dimensional NoC. Due to the complexity of
the addressed problem, in this research, we will focus on acyclic
transaction sets and propose a scheduling algorithm for these sets
in multi-dimensional NoC architectures. As shown later, this type
of transaction sets appear in many practical applications. Although,
the proposed algorithm uses some background concepts from [9],
it requires a new theoretical framework compared to [9]. Since
the proposed algorithm is able to exploit the parallelism between
non-overlapping transactions, our extensive simulated experiments
show that it performs better than the fixed-priority ones on acyclic
transaction sets. Our online implementation of the proposed algo-
rithm in a real system also shows that it has relatively low overhead.

Our paper is organized as follows. We review related works in
Section 2. The detailed scheduling problem is discussed in Section
3 and the algorithms are proposed in Section 4. We discuss impor-
tant implementation issues and the measurement of the algorithm’s
overhead in Section 5. Finally, we evaluate the proposed solution
through extensive simulation in Section 6.

2 Related Works

Existing works on hard real-time communication [15, 22, 19]
focus on communication between computers on single-domain bus
networks. In these networks, only one transaction can be trans-
ferred on a bus at any time because the bus is shared between all
transactions (thus named ’single-domain”). A system with multi-
ple buses is considered in [13]. However, each bus in the system
still has one domain. Since a single-domain bus bears a similar-
ity to single-processor systems, the traditional real-time scheduling
theory for single-processor systems [17] is applied or extended to
solve the addressed problem in these works. The NoC of many-core
SoCs in which we are interested have multi-domain buses where
non-overlapping transactions can be transferred concurrently. In
addition, the number of domains on a bus is determined by the
topology of bus transactions.

There has also been significant research into real-time commu-
nication in NoC. Most of these works [20, 21, 3, 16, 24] are con-
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Figure 1. A transaction set in NoC

cerned with the fixed-priority scheduling paradigm. For example,
in [20, 21], Zheng et al. propose a solution to optimally assign
fixed priorities to real-time transactions and a method to analyze
the worst-case transaction latency (WTL) under a fixed-priority
scheduling algorithm. Unlike these works, our proposed algorithm
schedules transactions dynamically based on the graphical relation-
ship between them.

In [9], Bui et al. proposed a slot-based scheduling algorithm for
uni-dimensional NoCs. This algorithm, however, cannot be applied
to many-dimensional NoCs. The reason is that the algorithms in
[9] rely on the fact that for each transaction set on ring buses there
exists a total order which is defined solely based on transactions’
endpoints. The total order exists because a ring bus can be repre-
sented as a straight line (i.e. uni-dimentional). This total order does
not exist in a general NoC. Furthermore, in this paper, we will pro-
pose an algorithm which has polynomial time complexity while that
of [9] has pseudo polynomial time complexity. Finally, to evaluate
the performance of the proposed algorithm, this paper also presents
the results of extensive experiments and an implementation of the
algorithm in a real system, which [9] does not have.

3 Real-time Bus
Model

Transaction and Scheduling

We consider a system-on-chip comprising multiple Processing
Elements (PEs) interconnected by a NoC. The NoC is composed
of routers connected by communication links. Links can be either
unidirectional or bidirectional, but each link is single-duplex which
supports only a single data transmission at a time. Most NoC em-
ploy full-duplex connections; in our model, they are represented by
two unidirectional links. We do not impose any restriction on net-
work topology: mesh, torus, ring, tree and irregular topologies can
all be supported. Figure 1 shows an example of a 4 x 5 mesh NoC.

Applications running on PE request periodic data transfers,
called data transactions. A data transaction comprises an infinite
number of periodic jobs. We define 7T as the set of all data transac-
tions: 7 = {7; : ¢ = [1, N]}. A data transaction 7; is characterized
by atuple 7; = (e;, p;, Ri) where e; is the time required to transfer
each job of 7;; p; is the period of 7;; and R; is the fixed route of
7; through the network, that is the set of links that the transaction
traverses. As an example, the route of transaction 74 in Figure 1 is
Ry = {RT2 — RT3 — RTg — RT3 — RT14}, where — rep-

resents a physical link. We assume that when 7; is transmitted, it
uses all links in R; at the same time. This is the assumption used in
NoC with wormhole switching [10, 11], which are the most popular
switching protocol used in NoC. Note that this assumption does not
imply that the link resource is wasted because, in practice, a packet
will be split into multiple flits, which then will be sent in pipeline
along its route. Each job of 7; must complete within its period, i.e.
relative deadlines are equal to periods. The network utilization u;
of 7; is calculated as: u; = e;/p;. We assume that all data transac-
tions arrive at time 0. Let hyper-period h of T be the least common
multiple of the periods of all transactions in 7. Finally, two trans-
actions 7; and 7; are said to overlap if their routes have any link in
common, that is R; N R; # 0. Given a data transaction set 7, we
define an overlap indicating function OV : T x T + {0,1} where
OV (r;,1j) = Lif 7; and 7; overlap, and 0 otherwise.

Scheduling model: We adopt a slot-based, contention-free
scheduling model'. Time is divided into slots of fixed size, indexed
starting from 0. For each transaction 7;, both its transfer time e;
and period p; are expressed in terms of the basic slot size. Let a be
the minimum amount of data in bytes that can be completely trans-
mitted between any two processing elements in the system within
a single time slot, assuming no other data transfer is performed on
the NoC. Then if 7; must transmit b; bytes of data every period, its
transfer time can be computed as e; = [%1 Note that, in NoC,
the transmitting latency of a packet increases with the length of its
route. However, in reality, this increase in latency is relatively small
compared to the total latency. As an example in the Cell processor
[2], the total latency of a smallest-size packet is 80 cycles and each
more hop in the packet’s route adds only 1 cycle to the total latency.

A schedule S is defined as a function S: 7 x N — {0, 1} where
S(m;,t) = 1if and only if 7; is scheduled to be transmitted during
slot t. A schedule S is valid if and only if it is contention-free, that
is according to .S, no two overlapping transactions are scheduled
in the same slot. S is a feasible schedule of 7T if it is valid and
according to S, every job of every transaction finishes before its
deadline.

PO-sets and incident tree: A pairwise overlap set (PO-set) D;
is defined as a maximal set of overlapping transactions, i.e. a subset
of T that satisfies the following two conditions: 1) V7;,7; € D :
OV (r, 1) =1;and 2) if 7, ¢ D then 31, € D : OV (7, 73) = 0.
By definition, every two transactions that overlap each other must
belong to at least a same PO-set. For convenience, we consider
that a non-overlapping transaction belongs to a PO-set that contains
only that transaction. Let N'? be the total number of PO-sets of 7.
In general a transaction may belong to more than one PO-set. As
an example, the transaction set in Figure 1 comprises seven PO-
sets: Dy = {7'1, T2, T3, T4}, Dy = {Tl, 7'5}, D3 = {7'4, 7'6}, Dy =
{74, 7}, D5 = {13,738, 79}, D = {79,710}, D7 = {73, 78,711}
Two PO-sets D;, D; are said to be connected if D; N D; # 0.

The PO-graph of T is defined as the incident graph of PO-sets
of 7, i.e. the graph whose vertexes represent PO-sets and there is
an edge between two vertexes if the two correspondent PO-sets are
connected. Thereafter we shall use a PO-set and its correspondent
vertex in PO-graph interchangeably. We assume that a PO-graph
is a connected graph. The reason is that if the graph is discon-
nected, its components do not interfere with each other in terms of
scheduling and therefore we can deal with them as separate trans-
action sets. Figure 2(a) shows the PO-graph of the transaction set
showed in Figure 1.

LA hardware implementation of this model is presented in[12].
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Figure 2. PO-graph, PO-tree of 7 shown in Figure 1

Let PO-tree denote a spanning tree of the PO-graph and let
PO-set D" be the root of the PO-tree. Figure 2(b) shows a PO-
tree rooted at D; of the PO-graph in Figure 2(a). With respect
to a specific PO-tree, PO-set D; is an ancestor of PO-set D, de-
noted by D; < D;, if D; is on the path from the root D" to D;
on the PO-tree. Let ancestors(D;) be the set of all ancestors of
D;. For convenience, we use notation D; = D; to indicate that
D; € ancestors(D;) U D;. Furthermore, D; is the parent of Dj,
denoted by D; = parent(D;), if and only if D; is the immediate
ancestor of D;. Note that in a tree, a non-root node has a unique
parent. Let children(D;) be the set of all PO-sets whose parent is
D;. As an example, in Figure 2(b), ancestors(Dg) = {D1,Ds},
Ds = parent(Dg), and children(Ds) = {Dg, D7}. We define
the height of tree node D;, denoted by height(D;), as follows: if
children(D;) = () then height(D;) = 0, otherwise height(D;) =
1 + maxp, cchildren(D,) height(D;).

In [7], we proved that there exists a category of transaction sets
in uni-dimensional buses, called cyclic transaction sets, for which
the scheduling problem is NP-complete. Since uni-dimensional
buses are a special case of NoC, the same result applies in our case.
In this paper, we extend the definition of acyclic/cyclic transaction
sets in [9, 7] to encompass transaction sets on multi-dimensional
NoC. We say that a NoC transaction set is acyclic if it has a PO-tree
that satisfies Property 3.1 and 3.2, and it is cyclic otherwise.

Property 3.1 If D; < D,,, X D,, and 7; € D; and 1; € D,, then
T; € Dm.

Property 3.2 If D; £ D,,, and D,,, Z D, then D; N D,,, = {.

Note that a transaction set that is cyclic or acyclic by the definition
in [9, 7] is also cyclic or acyclic, respectively, by the current defi-
nition (see proof in Appendix). In this research, we will focus only
on acyclic transaction sets because of two reasons: 1) as we dis-
cuss later, many real-time applications exhibit data-flow topologies
that are acyclic; 2) for this instance of the problem, we can derive
an efficient and near-optimum solution in practical settings. We
believe that having a good solution for this specific problem will
provide a good theoretical foundation for solving the general NP-
complete problem. Thereafter, we use PO-tree to denote the span-
ning tree that satisfies the aforementioned properties. Note that if
T is acyclic, then its number of PO-sets NP < N (see proof in Ap-
pendix). The transaction set shown in Figure 1 is acyclic because
given its PO-tree shown in Figure 2(b), all transactions and PO-sets
satisfy Property 3.1 and 3.2. For example, since D; < D3 < Dy,
any transaction that is in both D; and D, (e.g. 74) is also in D3
(Property 3.1), or since Dy Z D3 and D3 £ Do, Dy N D3 = 0
(Property 3.2).

For ease of presentation, we define the following index scheme
for the PO-sets in the PO-tree: select any Depth-First-Search (DFS)
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Figure 3. A data-stream processing application

travel over PO-tree. Then each PO-set is indexed by a unique num-
ber from 1 to N7 in the order it is visited in the selected DFS.
PO-sets in Figure 2(b) are indexed following this definition. Note
that, with this index scheme, if D; < D,, then! < mbutl < m
does not always imply D; < D,,, (see D5 and D3 in Figure 2). The
following property, however, is true (see proof in Appendix).

Property 3.3 Ifl < m < nand Dy X D, then D; <X D,,.

Given an indexed PO-sets, let maxid; and minid; denote the indexes
with maximum and minimum value, respectively, among all PO-
sets to which 7; belongs. Also denote these PO-sets as maxPQ; and
minPO;, respectively. As an example, maxids = 7, minidg = 1,
maxPO3 = D7, minPO3 = D;. We have the following property
(see proof in Appendix).

Property 3.4 For every D; which contains 7;, minPO; < D;.

Since by definition, no two transactions of a PO-set D; can be
scheduled concurrently, all transactions of D; must be scheduled in
sequence. In other words, the transactions of D; can be considered
to be sharing one resource. This results in a necessary condition on
the schedulability of a transaction set shown in Theorem 3.1

Theorem 3.1 A transaction set T is schedulable only if:

V1, €D

VD, C T :uf = (3.1)

Motivating Applications: Many real-time applications are in the
form of data-flow processing applications [18, 23] where data may
be processed through multiple consecutive stages. An example is
the multipurpose status display application on an avionic system
[18] which shows the status of all aircraft avionics devices. A task
periodically gets data from I/O devices such as radars, then pro-
cesses the data before sending information to a display task which
is in charge of displaying useful information to the pilots. An-
other example is an application that processes transmission flows
in 3G base stations [23]. In the down-link direction, the input flows
are the data flow and the control flow. These flows are processed
separately through several stages then merged back into one flow.
The merged flow then goes through several additional processing
stages before being sent to the output port. A popular programming
model for this type of applications in SoC is the streaming model
[1, 23] in which each processing stage is executed in one PE. PEs



are in either a serial or parallel pipeline. Data is transfered between
processing stages through the NoC. If the streaming programming
model is used, it is usually easy to come up with an allocation of
stages to PEs that result in acyclic transactions. Figure 3 shows an
acyclic transaction set created by a data-flow processing applica-
tions: input flows are processed in parallel by processing elements
at {RT1,RTg}, {RT11,RT16}, then merged at RT5 and processed
by the processing element at this router; the merged flow continues
going through two additional processing stages at RT's and RTj.
The induced PO-graph has the following PO-set nodes: D, Do,
Ds, Dy. In Figure 3, we represent each PO-set with a dashed circle
where transactions that cut through a circle are transactions in the
correspondent PO-set of the circle. The PO-graph and a PO-tree
(rooted at D) of this transaction set is also shown in Figure 3. The
transaction set is acyclic because it satisfies Property 3.1 and 3.2.
For example: the transaction which is in both D; and Dy is also in
Dy (Property 3.1); and D3 N Dy = () (Property 3.2).

4 Scheduling Algorithms

Our work in [9] has introduced two scheduling algorithms for
real-time transactions on a ring bus: Algorithm POBase is designed
to schedule transactions whose periods are the same, whereas Al-
gorithm POGen is designed for general transaction sets. The lat-
ter, which is summarized in Section 4.1, is built upon two algo-
rithms POBase and GeneratelLoad. Although the general frame-
work of POGen can be used for transaction sets on NoC, Algorithm
POBase and GeneratedLoad proposed in [9] can not be reused. The
reason is that the two algorithms in [9] rely on the fact that for each
transaction set on a ring bus, there exists a fotal order which is de-
fined solely based on transactions’ endpoints. This total order does
not exist in a general NoC. Therefore, a different transaction order
(more general) must be defined. Moreover, the new proposed algo-
rithms have polynomial time complexity which are O(N? log(N))
and O(N?) respectively, while algorithms proposed in [9] have
pseudo-polynomial time complexity.

4.1 Background

In this section we will summarize Algorithm POGen proposed
in [9]. The online version of POGen is shown in Algorithm 1. To
generate the schedule, we divide the execution time-line into con-
secutive scheduling intervals. Each scheduling interval, denoted by
intk, is defined as a set of slots between two closest arrival times
(also deadlines) of transactions in the transaction set. Let t* and
tk*1 be the beginning and end of int®, respectively. Denote size
of int* as [int"|. In scheduling interval int", transaction 7; will be
executed in I¥ slots where I is called the interval load of 7; in int".
POGen is invoked at the beginning of each scheduling interval and
generates the schedule for that interval in two steps. First, it uses
function Generateload to generate an interval load for every trans-
action. Then, given the generated interval loads, it uses function
POBase to generate the schedule in the interval for every transac-
tion.

With regard to interval loads, we define for each transaction T;
and scheduling interval int* a lag function:

Z S(7i,x

z€[0,t%)

lag(7;, int*) = wu; % tFH1 —

The function calculates how much time 7; must be executed in in-
terval int"® such that at the end of int” it is scheduled according to
the fluid scheduling model. We also define for each PO-set D; a
similar lag function:

lag(D;, int") = u? % tF+1 —

>, 2. Stwa)

T, €D; x€[0,tk)

Let the set of interval loads in scheduling interval int” that satisfies
Inequality 4.1 and 4.2 be a feasible load set of int".

[lag(r;,int*)], (4.1)

< I

T, €D,
< min(|int*|, [lag(D;, int")]).

vV, €T :
VDJ‘CT:

llag(r;,int")] < 1F <
|lag(D;, intk)J

4.2)

Algorithm 1 POGen
Input: transaction set 7, interval intk, S for intervals before t*
Output: schedule S for interval int®
1: {I¥: Vi € [1, N]} + GenerateLoad(T,int",S)
2 T« {{IF, |mt’f\ R;}: Vi€ [L,N]}
3. S for interval int* « POBase(7”)

Inequality 4.1 sets conditions on the interval load for each trans-
action, based on the closest integral values of the lag functions.
Inequality 4.2 sets conditions on the total interval load of each PO-
set.

We proved in [9] that the schedule generated by executing
POGen iteratively over all scheduling intervals is feasible if the fol-
lowing two conditions are true.

Condition 4.1 POBase is optimal for a transaction set whose
transactions’ periods are the same, meaning that the schedule gen-
erated by POBase is feasible if the transaction set satisfies the nec-
essary condition in Theorem 3.1.

Condition 4.2 GeneratelLoad generates a feasible load set {lf :
V1, € T} for interval int® if its inputs satisfy the following In-
equalities:

VD; C T : |lag(D;,int*)| < [int¥| 4.3)
> S(riyz) > |uixtF) (4.4)
z€[0,t%)

Note that Inequalities 4.3, 4.4 express conditions on the schedule
generated for the previous intervals int?, ..., int"* L the proof is
by induction over the sequence of scheduling 1ntervals starting from
int’. Due to space constraints, we refer readers to [9] for detailed
description of POGen and the proof. Note that Algorithm 1 is the
same as the one in [9], except that the latter is presented as an offline
algorithm which generates the schedule for all intervals at once.

In the following sections, we will propose algorithm POBase
and Generateload for acyclic transaction sets on NoC that satisfy
Conditions 4.1 and 4.2. To differentiate with the algorithms in [9],
we name the new algorithms POBaseNoC and GenerateLoadNoC.
The proposed POBaseNoC satisfies Condition 4.1 because it fea-
sibly schedules any same-period acyclic NoC transaction set that
satisfies the necessary condition of Theorem 3.1. Furthermore, the



proposed GenerateLoadNoC satisfies Condition 4.2 if all PO-sets
satisfy the following utilization bound:

L-1
VDJ»CT:U?ST,

(4.5)
where L is defined as the greatest common divisor (GCD) of all
transaction periods and is measured in terms of the basic slot size.
Although the utilization bound is sufficient, it approximates 1 when
L is large. The value of L in a real system is a function of both
the slot size and transaction periods. As we discuss in more de-
tails in Section 5, we believe that in many modern NoCs L has
practical values ranging from 10 to 100 slots. Since the proposed
GenerateLoadNoC imposes a stricter requirement on the transac-
tion set than that of POBaseNoC, Inequality 4.5 becomes a suffi-
cient utilization bound of POGen.

4.2 The POBaseNoC algorithm

The goal of POBaseNoC is to find a feasible schedule for a
transaction set which satisfies necessary condition in Theorem 3.1
and has all transactions with a same period p. The proposed
POBaseNoC is executed as follows: each transaction, in ascend-
ing order of its minid, is assigned to the earliest valid slots (trans-
actions with the same minid are ordered by their indexes). Slot ¢
is valid for transaction 7; if ¢ has not been assigned to transactions
overlapping with 7;. In the next paragraphs, we will discuss an effi-
cient implementation of POBaseNoC and prove its correctness and
optimality.

In POBaseNoC, in order to find valid slots for a transaction,
we scans through a list of durations (Line 5) (instead of scanning
through all slots as in [9]). Each duration represents a set of consec-
utive slots to which some non-overlapping transactions have been
assigned. A transaction 7; can only be assigned to slots in duration
d if transactions that have been assigned to d do not overlap with
7;. We call these durations the valid durations of 7;.

In POBaseNoC, Dur stores the list of durations. Each duration
d is represented as a tuple {d.t1,d.ts, d.tlist} where all and only
slots in [d.t1,d.to) are slots of d. The size of d is the number of
slots of d. d.tlist is the list of transactions that have been assigned
to d. Transaction 7; is said to be assigned to d if and only if 7; is
assigned to all slots in d. The algorithm guarantees that a transac-
tion is assigned to all slots of a duration or none of them. The first
duration appended to Dur is {0, p, {null} } where {null} denotes an
empty list. A duration will be updated or split into two durations
after an assignment of a transaction completes. Sched(7;) stores
the list of pairs {t1,t2} where all slots in [t1,?2) are assigned to
7;, or equivalently V¢ € [t1,t2) : S(7;,t) = 1. Consider when
transaction 7; is being assigned. The value of variable r will be the
remaining amount of transmission time of 7; to be assigned. The
algorithm checks if duration d is valid for 7; using Line 6 to 9 (we
will describe these steps in next paragraphs). If d is valid then: 1)
if the remaining transmission time 7 of 7; is larger than the size of
d, 7; is assigned to all slots of d (Line 12). In this case, d will be
updated by adding 7; to d.tlist (Line 11); 2) otherwise, d is split
into two durations which are d; = {d.t;,d.t; + r,d.tlist U {7;}}
and do = {d.t; + r,d.to, d.tlist} (Line 15), and 7; is assigned to
d; (Line 16).

Algorithm 2 POBaseNoC
Input: 7 whose all transactions have same period p

1: L < list of V7; € T in ascending order of minid;

2: addd = {0, p, {null}} to Dur

3: foreach 7; € L do

4: T <€

5 for ecach d € Dur do

6 M « {7, € d.tlist : maxid; > minid, }

7: Tj 4 arg min, e o (maxid;)

8 [lcheck if duration d is valid for ;

9 if 7; =None or (7; #None and OV (7;,7;) = 0) then

10: if r > d.to — d.t1 then

11: d.tlist < d.tlist U {r;}

12: add {d.t1,d.t2} to Sched(r;)

13: ré&—Tr— (dtz —d.tl)

14: else

15: replace d € Dur with d; = {d.t1,d.t; + r,d.tlist U
{T,‘}} and dy = {d.tl + r,d.to, d.tlist}

16: add {dl-th dl.tg} to Sched(n)

17: r<0

18: break

Lines 6 to 9 are used to check if d is valid for 7; (i.e. if
there is no transaction in d.tl¢st overlapping 7;). To do this, it
suffices to check 7; with only one transaction in d.tlist which is
7; = arg min,, ¢ ;¢ (maxid;) where M = {7, € d.tlist : maxid; >
minid; } (see Lemma 4.2). This implementation results in a more
time-efficient algorithm as will be shown later.

Figure 4 shows a schedule generated by POBaseNoC for
the transaction set shown in Figure 1 where the DFS travel is
D1,Ds, D3, Dy, D5, Dg, D7 and the tuple (e;,p;) of each trans-
action is given as follows: 71 : (2,8); 72 : (2,8); 73 : (3,8);
T4 2 (1,8); 75 : (6,8); 76 : (7,8); 77 : (7,8); 78 : (1,8); 79 : (4,8);
710 : (4,8); 711 : (4,8). Given the transactions’ parameters, all PO-
sets have utilization 100%. The schedule of each PO-set is depicted
by a set of continuous rectangles on the horizontal time line. Each
rectangle represents an execution of a transaction. A valid trans-
action ordering in Line 3 is 7y, 7o, 73, 74, T5, T6, T7, T8, 79, T10, T11
(i.e. ascending order of transactions’ minid). Consider when 73 is
being allocated. At this point since 7, and 72 have been allocated,
Dur has three durations d; = {0,2,{71}}, do = {2,4,{m=}},
ds = {4,8,{null}}. Since only dj is valid, POBaseNoC as-
signs 73 to slots in [4,7) and splits d3 into two durations which
are {4,7,{m3}} and {7, 8, {null}}.

The correctness of POBaseNOC is proved in Lemma 4.2 and
4.3 which show that Line 6 to 9 guarantees that every transaction
is assigned to only valid durations which contains only valid slots.
The proof of these lemmas requires Lemma 4.1. The optimality of
the algorithm is, then, shown in Theorem 4.1.

Lemma 4.1 Consider transaction 7; and 7;. If transaction 7; has
been allocated before T; and OV (7;, 7;) = 1, then T; € minPO,.

Proof.

Since OV (7;,7;) = 1, there exists D; where 7;, 7; € D;. Assume
by contradiction that 7; ¢ minPO;, i.e. D; # minPO;. Since 7;
has been allocated before 7;, by the algorithm operation and the
definition of minid;, we have minid; < minid; < [. By Property
3.3 and 3.4, we have minPO; < minPO; < D;. Then, by Property
3.1, we have 7; € minPO;. O
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Figure 4. Schedule generated by POBaseNoC

Lemma 4.2 [f at Line 3, each duration d has d.tlist containing
only non-overlapping transactions, then transaction ; will be allo-
cated into only its valid durations.

Proof.

Consider a duration d and let M = {r; € d.tlist : maxid; >
minid; } and 7; = arg min,, ¢ »( (maxid;). We prove this lemma by
showing that at Line 6, if there exists transaction 7 in d.tlist that
overlaps 7; (thus d is invalid) then 7; = 73, (thus if-condition at Line
9 is false). Note that 73, does not overlap 7; when maxid; < minid;
because all PO-sets containing 75 are different with that of 7.
Hence, we can assume that 7, € M. Assume by contradiction
that 7; # 7.

We will first prove that the propositions A, B, and C' are true,
where A = (minPOy < minPO;), B = (minPO; < minPO;),
C = (minPO;, < maxPO;). For A, since 7, € M and 75 has
been allocated before 7;, we have minid; < minid; < maxidg.
Then since minPO; < maxPOy (Property 3.4), by Property 3.3,
we have A is true. We can prove B true in a similar way by replac-
ing 75, with 7;. For C, since 7; € M and 7}, is allocated before 7;,
we have minid, < minid; < maxid;. Together with the definition
of 75, we have minid; < maxid; < maxidg. Then by Property 3.3,
we have C is true.

Due to the tree structure of the PO-tree, from A and B, we have ei-
ther proposition D or E is true, where D = (minPO; < minPOy)
and £ = (minPOy < minPO;). If D is true, then together with C,
we have F' is true, where F' = (minPO; < minPO; < maxPO;).
By Property 3.1, F' implies that 7; € minPOy. This, in turn, im-
plies that 7; overlaps 7, which contradicts the lemma’s assump-
tion. If F is true, then together with B, we have G is true, where
G = (minPO; =< minPO; =< minPO;). Since 7, € minPOy
and 7, € minPO; (Lemma 4.1), by Property 3.1, G implies that
T, € minPO;. This, in turn, implies that 7; overlaps 75, which,
again, contradicts the lemma’s assumption. Therefore 7; = 74
which means d is only invalid for 7; when 7; overlaps 7;, other-
wise d is valid and 7; will be allocated into slots of d (Line 10 to
18). O

Lemma 4.3 Each transaction is allocated into only its valid dura-
tions.

Proof.
Since, at the first iteration of Line 3, the assumption of Lemma 4.2
is true (because d.tlist = null), by Lemma 4.2 and the operation

from Line 10 to 18, we have 71 is allocated into valid durations
and, at the end of this iteration, every duration d has d.tlist con-
taining only non-overlapping transactions. Hence, the assumption
of Lemma 4.2 is true again at the second iteration of Line 3. The
proof, then, is complete by induction reasoning. O

Theorem 4.1 POBaseNoC is optimal for same-period acyclic
transaction sets.

Proof.

We will show that if transaction set satisfies the necessary condi-
tion in Theorem 3.1, then at the end of the algorithm, the number
of valid slots assigned to each transaction 7; is e;. Consider when
transaction 7; is being allocated. By Lemma 4.1, we have that all
transactions whose schedule is allocated before 7; and overlap 7;
must belong to minPQO;. Therefore invalid slots of 7; must have all
been assigned to transactions in minPO;. Assume by contradiction
that at the end of the algorithm, the number of valid slots assigned
to 7; is smaller than e;. Since the algorithm guarantees that a trans-
action can only be assigned to all slots of a duration or none of
them (Line 12 and 16), all and only valid slots of a transaction are
contained in its valid durations. Therefore, the contradiction as-
sumption is true only if at Line 4, the number of valid slots of 7;
is smaller than e;. This implies that p — Z'rjeminPOi\{'ri} ej < e
This contradicts with condition in Theorem 3.1 which implies that
er eminPo, €5 < p- In other words, there are always enough valid
slots to allocate 7;. Since this is also true for all other transaction,
the proof completes.

O

POBaseNoC Analysis: Since a new duration is added only when
a transaction assignment is complete i.e. » = 0 (Line 15), the max-
imum number of durations in Dur is N. Therefore, the for-loop
between Line 3 and 18 is executed at most N2 times. Since we can
implement d.tlist as a sorted queue based on maxid, the operation
to look up 7; at Line 6 and 7 will take O(log(/N)) time. And the
operation to insert new item into the ordered list d.tlist at Line 11
and 15 will also take O(log(N)) time. Furthermore, since the rest
of the code between Line 6 and 18 can be implemented with a con-
stant number of operations, the time complexity of POBaseNoC is
O(N?log(N)). Finally, since there is at most N durations, we need
at most O (V) space to store the schedule of each transactions.

4.3 The GenerateLoadNoC procedure

As mentioned in Section 4.1, the second condition for POGen
to work is that: procedure GenerateLoadNoC can generate a fea-
sible load set {I* : Vr; € T} for interval int* when its inputs
satisfy Inequalities 4.3 and 4.4. A feasible load set is one that sat-
isfies Inequalities 4.1 and 4.2. In this section, we will present a
version of GenerateLoadNoC. There are two questions that have to
be answered: (1) is there a feasible load set? (2) is there an efficient
algorithm to find it? We will show that the problem of finding a fea-
sible load set is equivalent to the problem Circulations in Graphs
with Demands and Lower bounds [14] where the demand at every
vertex is 0. This is the problem of finding a feasible circulation flow
in a directed graph G whose each edge has a capacity and a lower
bound. Furthermore, we will prove that if the utilization of each
PO-set is smaller than the utilization bound expressed by Inequali-
ties 4.5, there always exists a feasible solution therefore answering
Question 1. Then, since the Ford-Fulkerson algorithm [14] can be
used to solve the problem, Question 2 is also answered.



In the following, we will describe the construction of the
directed graph G from the input of GenerateLoadNoC. Graph
G is constructed such that: 1) the value of the flow on an edge
represents the interval load of a transaction or the total interval load
of a PO-set. Flow values are subject to the same upper bounds and
lower bounds of the loads they represent (as in Inequalities 4.1 and
4.2); 2) the equality between the sum of the input-flow values and
the sum of the output-flow values at a vertex represents the equality
between the total interval load of some PO-sets and the sum of the
interval loads of the transactions in these PO-sets. The construction
guarantees that the value of a feasible flow on an edge is also
a feasible interval load of the transaction or the PO-set it represents.

Graph construction: we define a tuple G = (V,E) as fol-
lows:
Vertexes of G:

e For each PO-set D;, define a vertex v;.

e The set of vertices of Gis V = {v*,v; : | €
v™ is an additional vertex.

[1, NP]} where

Edges and flow values of G:

e For each PO-set D;, define a directed edge ng which is
called a PO-set edge. Furthermore, define for each edge
gP two integer constants c” and bP which are called the
capacity and the lower bound of edge g” where cP =

min(|int"], [lag(Dy,int*)]) and bP = [lag(Dy,int*)|. Fi-

nally, define for each edge g7 a real variable zP which is
called the flow value of the edge. The flow value is subject
to the constraints in Inequality 4.6 (which is the same as In-

equality 4.2):

VD, C T :bP <P <cP. (4.6)

e For each transaction 7;, define a directed edge g; which is
called a transaction edge. Furthermore, define for each edge
g; two integer constants ¢; and b; which are called the capac-
ity and the lower bound of edge g; where ¢; = [lag(r;, int")]
and b; = |lag(r;,int")|. Finally, define for each edge g; a
real variable x; which is called the flow value of the edge. The
flow value is subject to the constraints in Inequality 4.7 (which
is the same as Inequality 4.1):

Vi, €T :b; <z <g. .7

e The set of edges of G is: E = {g; : i € [1,
[1, NP]}. The total number of edges is \E|

Yu{gl e
N + NP,

Rules for directing edges:

o The set of edges that enter v* is Enter” = {g; : 7, € Dy }; the
set of edges that exit v* is gP.

e The set of edges that enter v; is PO-set edge g7 and transaction
edges representing transactions that are in children of D; but
notin D, i.e. Enter; = Up,  cchitdren(py){9i © 7 € D \ Di}-

e The set of edges that exit v; are PO-set edges {gﬁ : D, €
children(D))} and transaction edges representing transactions
that are in D; but not in children of D, i.e. Exit; = {gi 1T €

Di\Up,, echildren(py) Pm }-

Figure 5. Graph G of 7 shown in Figure 1

Flow conservation constraint:

e The flow values in graph G is subject to the flow conversation
constraint [14] in which given a vertex, the sum of the flow
values entering it minus the sum of the flow values exiting it is
Zero.

Figure 5 shows graph G constructed from the transaction set shown
in Figure 1. Consider vertex v;. Edges that enter v; are g and
Enter; = {gs, 96, gs, go }. Edges in Enter; are edges that represent
transactions which belong to children(D;) = {Ds, D3, Dj } but do
not belong to D;. Furthermore, edges that exit vy are {g?, g2, gP}
and Exit; = {g2}. As we will prove later, this construction guaran-
tees that the equality between the sum of the input-flow values and
the sum of the output-flow values at v, (due to the flow conserva-
tion constraint) represents the equality between the sum of interval
loads of transactions in every child of D; and the total interval load
of its children.

We will prove in Lemma 4.6 that graph G is indeed a directed
graph in which every edge is directed and has two endpoints. The
proof will use Lemma 4.4, and 4.5.

Lemma 4.4 For every Dy, Dy, : Dy # Dy, the following is true:

(D \ parent(Dy)) N (Dyy, \ parent(D,y,)) = 0. (4.8)

Proof.

Since the lemma is trivial when D; = parent(D,,) or D,, =
parent(D;), we assume that these conditions are false. If D; £ D,,
and D,,, 4 Dy, then the lemma is true because of Property 3.2. If
D; < Dy, since D; # parent(D,,,), we have D; < parent(D,,) <
D,,,. By Property 3.1, for every 7; where 7; € D; and 7; € D,,, we
have 7; € parent(D,,). Therefore D; N (Dy, \ parent(D,,)) = 0,
which proves the lemma. Finally, using similar technique and
interchanging D; with D,,, we can also prove the lemma when
D,, <D;. O

Lemma 4.5 For every Dy, D,, : D; # Dy, the following is true:

{Di\ U D.})

D,, Echildren(D;)

(D \ U Dy, }=0. 4.9)
D,, Echildren(D,,)
Proof.
Since the lemma is trivial when D; = parent(D,,) or D,, =



parent(D;), we assume that these conditions are false. If D; £ D,,
and D,, £ Dy, then the lemma is true because of Property 3.2.
If D; < D, since D; # parent(D,,), we have there exists
D,, € children(D;) where D; < D,, < D,,. By Property 3.1,
for every 7; where 7; € D; and 7; € D,,, we have 7; € D,,. There-
fore (D; \ Dy) N Dy, = 0, which proves the lemma. Finally, using
similar technique and interchanging D; with D,,,, we can also prove
the lemma when D,,, < D;. O

Lemma 4.6 G is a directed graph where |E| < 2N.

Proof.
Since every edge of G is directed, it remains to show that each edge
enters one and only one vertex and exits one and only one vertex.
Note that there is one edge defined for each PO-set and one edge
defined for each transaction.

Consider PO-set edges: By the rules of directing edges, PO-set

edge gP exits only vertex v*. Furthermore, if D; = parent(D,,),
the PO-set edge g2 exits vertex v;. Since each D,,, where D,,, #
D; has one and only one parent, the PO-set edge g2 exits one and
only one vertex. Therefore, each PO-set edge exits one and only
one vertex. In addition, each PO-set edge ng enters only vertex v;.
Therefore each PO-set edge enters one and only one vertex.

Consider transaction edges: By the rules of directing edges, the
set of transaction edges that enter v* is Enter” and enter v; is
Enter;. By Lemma 4.4, the collection of sets {Enter”, Enter; : VI}
is pairwise disjoint. Therefore each transaction edge g; will ap-
pear in only one of the sets in the collection. Furthermore, since
Up, 7 Dm \ parent(D,,) = T, each transaction edge g; must
appear in at least one of the sets in the collection {Enter™, Enter; :
Vi}. In other words, each transaction edge g; enters one and only
one vertex.

By the rules of directing edges, the set of transaction edges that
exits v* is empty and exits v; is Exit;. By Lemma 4.5, the col-
lection of sets {Exit; : VI} is pairwise disjoint. Therefore each
transaction edge g; will appear in only one of the sets in the collec-
tion. Furthermore, since Up, <7 (D1 \ Up,, echitdren(py) Pm) = T
each transaction edge g; must appear in at least one of the sets in
the collection {Exit; : VI}. In other words, each transaction edge g;
exits one and only one vertex.

Now we will prove that |E| < 2N, since each transaction edge
exits one and only one vertex and each vertex except v* has at least
one transaction edge exists from it, we have |V \ {v*}| < N. Since
by definition |V \ {v*}| = NP and |E| = N + NP, we have
|E| <2N O

It remains to show that GenerateLoadNoC honors Condition 4.2.
For simplicity of exposition, we split the proof in multiple lemmas.
First, Lemma 4.7 proves an important property of graph G regard-
ing the flow values. Then, this property will be used to prove in
Lemma 4.8 that graph G has a feasible flow if Inequalities 4.3, 4.4
are satisfied for interval int" and furthermore all PO-sets satisfy the
utilization bound shown in Inequality 4.5. Note that we know from
[14] that if graph G has a feasible flow, then it has an integral feasi-
ble flow which can be found by the Ford-Fulkerson algorithm [14].
Therefore, to complete the proof, we will have to prove that a fea-
sible load set can be derived from an integral feasible flow of G
(Lemma 4.9).

Lemma 4.7 A flow in graph G honors the flow conservation con-
straint at every vertex vy if and only if the following equalities hold

for every PO-set Dy:

(4.10)

E ZT; :IF

€Dy

Proof.

We prove the lemma by induction.

Basis case: Consider v; where height(D;) = 0 or equivalently
children(D;) = (. By the rules of directing edges, we have the
set of edges that enter v; is {g” } and the set of edges that exit v; is
{gi : 7. € D;} . Therefore, the flow conservation constraint holds
at vertex v if and only if Y- _p, 2 = af.

Induction case: Assume that the hypothesis is true VD; where
height(D;) < H — 1. We will prove that the hypothesis is also
true VD; where height(D;) = H. By definition of the tree node
height, the induction hypothesis implies that VD,,, € children(D;),
v, honors the flow conservation constraint if and only if:

Ti€Dm

@11

By the rules of directing edges and Lemma 4.4, the total value of
flows that enters vertex v; is:

enter __
S E

Dy, Echildren(D;) 7; €D, \ Dy

D
x; +x;,

and the total value of flows that exits vertex v is:

exit __ § E D
I] = I’,m .

€D \Up,, echildren(D;) Pm Dy, Echildren(D;)

I7;+

To complete the induction step, it remains to show that :cj"te' =
xj’dt if and only if Equation 4.10 holds. Note that by Equation 4.11,

;nter — x;)qt is equivalent to:

P Y Y .

D, children(D;) 7: €D, \ D,

+ Z T+

Ti GDZ\UDm,echndren(‘Dl) Dm

= > >

D,y Echildren(D;) 7 €D ND;

X

(4.12)

> D

D Echildren(D;) Ti€Dm,

> .

7i€Di\Up,,, echitdren(p;) Pm

Finally, since by Property 3.2, PO-sets in children(D;) are pairwise
disjointed sets, Equation 4.12 is equivalent to:

a:lD = E Z;

€D (UD,,,L Echildren(D}) Dm)

+ Z xi:in

Ti EDI\UDmahndren(Dl) Dm T €Dy
This completes the proof. O

Lemma 4.8 There exists a feasible flow in graph G if Inequalities
4.3, 4.4 are satisfied for interval int* and all PO-sets satisfy the
utilization bound in Inequality 4.5.

Proof.
First note that Inequalities 4.3 are necessary for the edge constraints



on each PO-set edge (Inequality 4.6) to be satisfied. Let us con-
struct a flow as follows.

V1, €T :x;

= lag(r;, int")
VD, C T : 2P = lag(Dy, int")

We will have to prove that the constructed flow satisfies the edge
constraints and the flow conservation constraints. Given the con-
structed flow, it is easy to verify that the edge constraints of each
transaction edge (Inequality 4.7) and the left-side edge constrains of
each PO-set edge (Inequality 4.6) are satisfied. The right-side edge
constraints of each PO-set edge are satisfied because by the defini-
tion of the lag function and by Inequalities 4.4, before the execution
of GenerateLoadNoC for interval int* we have the following:

lag(Dy, int*) = uP « tF+1 — Z Z S(7i,x)

7,€D; z€(0,tF)

< uP s« thT — Ul « t* ]

<uP s thH P stk 41, (4.13)
L—1 int?] —1
Since L < mink(intk), we have ] < |n|. |k . Hence, by
Int
lint"| — 1

Inequality 4.5, we have ulD < . Apply this inequality to

|int"|
Inequality 4.13, we have:

lag(Dy,int®) < uP s tF+1 — P stk 41 < |int"].

Since furthermore lag(Dy, int*) < [lag(Dy,int*)], it follows that
lag(Dy, int™) < min(|int®|, [lag(Dy, int™)]).

It remains to verify that the flow conservation constraint is hon-
ored at every vertex. Since the constructed flow satisfied Equation
4.10, the sufficient condition of Lemma 4.7 proves this statement.
O

Lemma 4.9 If there is an integral feasible flow in graph G, then

there is a feasible load set where
VreT k= (4.14)

Proof.

We have to prove that the load set where V7; € T : li—“ = x; satis-

fies Inequalities 4.1 and 4.2. By the transaction edge constraints in
Inequality 4.7, the following inequality holds.

Vr € T« |lag(m,int?) ]| <1 < [lag(m, int")]

Thus the interval loads satisfy Inequality 4.1.
Furthermore, by the necessary condition of Lemma 4.7, we
have:

VDL ET: Y mi=a). (4.15)
T, €Dy
Then since > p, Ik = > ep, Ti and xP is subject to PO-set

edge constraints in Inequality 4.6, Inequality 4.2 is satisfied. O

Algorithm analysis: Since Vg; € F c — b < 1,
VgP € E : P —bP < 1and NP < N, we have
A= Y, cple—b) + ZQFGE(c?—bF) < 2N. The
time complexity of the Ford-Fulkerson algorithm in finding a

feasible circulation in graph G is O(|E|f™**) where f™% is the
maximum flow value of a graph derived from G and f%* < A
(see [14] for details). Since A < 2N and |E| < 2N, the time
complexity of GenerateLoadNoC is O(N?). Finally, since the time
complexity of POBaseNoC is O(N?21og(N)), the time complexity
of POGen to generate the schedule for each scheduling interval is
O(N?log(N)).

The sufficient utilization bound of POGen: As shown in
Lemma 4.8, GenerateLoadNoC induces a sufficient utilization
bound shown in Inequality 4.5. Since this bound is stricter than
that of POBaseNoC, it becomes a sufficient utilization bound of
POGen.

5 Implementation

In this section, we discuss some practical factors in the imple-
mentation of POGen in real systems and show the experimental
measurement of the algorithm execution overheads.

An important parameter in the operation of POGen is the size
of L in number of slots because it dictates the POGen’s sufficient
utilization bound (shown in Inequalities 4.5). Note that the real-
time value of L is determined by the applications. As shown in
[18], typical real-time applications have periods that are multiple
of milliseconds. Therefore, we believe it can be assumed that the
greatest common divisor of all transaction periods is at least 1ms.
Meanwhile a typical modern SoC bus [2, 11, 12] has bus clock
frequency no smaller than 100MHz. Therefore, it is reasonable to
select the slot size to be no bigger than 10us (equivalent to 1000 bus
cycles), which results in the value of L in number of slots to be no
smaller than 100. The utilization bound, therefore, will be 0.99. It
is worth noting that the size of a slot does nor affect the algorithm
overhead because the time complexity POGen only depends on the
number of transactions V.

Implementing our scheduling framework requires two compo-
nents: 1) POGen is executed on each processing element at the
beginning of each interval to generate the interval’s schedule and 2)
a slot scheduler transmits a given transaction in its assigned slots
according to the generated interval schedule. The implementation
of the slot scheduler depends on the NoC architecture. In a soft-
ware controlled NoC such as in the CellBE processor [2], the slot
scheduler can be implemented in software on each processing el-
ement by using an interrupt handler to trigger the scheduler at the
beginning of each duration; since there are at most /N durations, on
each processing element there are at most /V interrupts within each
scheduling intervals. In a custom NoC, the slot scheduler could be
implemented in the router connected to the processing element.

In order to measure POGen overhead in the real SoC systems,
we implemented POGen on a IBM CelIBE processor platform [10].
We selected Cell processor because it represents a typical modern
SoC whose components are interconnected by a software control-
lable NoC. We generated random transaction sets using the same
method described in Section 6. Table 1 shows the average and max-
imum execution time of POGen given various transaction sets size
N. Given the smallest scheduling interval to be 1ms, the overhead
is less than 1.5% of the scheduling interval size.



N 10 | 20 30 40
Average (us) | 45 | 6.4 | 9.5 | 12.1
Max (us) 69 | 7.7 | 112 | 13.8

Table 1. POGen execution overhead

6 Evaluation

Most of the previous related works [20, 21, 3, 16, 24] have fo-
cused on the Fixed-priority Scheduling Algorithm (FPA). These
works deal with the methods for schedulability analysis and prior-
ity assignment. More specifically, Shi et al. have recently proposed
in [20] a branch-and-bound algorithm that searches for a feasihle
priority set for a transaction set. If a feasible priority set ex
then the transactions set is guaranteed to be schedulable undes
worst-case transaction latency (WTL) analysis proposed in [21]
the best of our knowledge, the works in [21, 20] are the state o
art.

In this section, we are interested in comparing the perform:
of POGen with the solution proposed in [21, 20] assuming ac’
transaction sets”. The concerned performance metric is the ac
tance rate of POGen and the FPA where the acceptance rate is
culated as the number of schedulable transaction sets over the
number of generated transaction sets. A transaction set is sch
lable under POGen if it passes the utilization bound test show
Inequality 4.5, whereas it is schedulable under the FPA if it h
feasible priority set generated by the algorithm in [20].

To generate random transaction sets for the experiments,
used similar parameters and methods used in [20] except tha
are only concerned with acyclic transaction sets. The tran
tions’ sources and destinations are randomly generated on sq
2D mesh and transactions are routed using the dimension-orde
Y routing. Like [20], we use the maximum PO-set utilization of a
transaction set (which is ’the maximum link utilization” in [20]) as
a controlled variable. Given a maximum PO-set utilization %%,
the utilization of transactions is generated according to the uniform
distribution algorithm in [5] such that the utilizations of all PO-sets
are no larger than «"**. The transmission time e; of transaction
7; is a uniformly-distributed random number in the range from 1
to 1024 slots. The period p; is then determined as a multiple of
L using the following formula: [e;/(u; * L)] * L. Given a pair of
{ei,pi}, we recalculate u; to be e;/p;. Following the discussion in
Section 5, we generated transaction sets with L to be 10, 20, 50, and
100 slots. In the following experiments, there are 1000 transaction
sets generated at each measurement point.

Figure 6 shows the acceptance rates of FPA and POGen with
various maximum PO-set utilization. The size of NoC is 10x10 and
each transaction set has 20 transactions. For POGen, we report the
results with L equals to 10, 20, 50, 100. The better performance of
POGen comes from the fact that the WTL analysis in [21] does not
take advantage of the parallelism between non-overlapping trans-
actions. For example, consider the transaction set shown in Figure
1. Assume 74 and 77 have higher priority than 74. According to
the WTL analysis in [21], the interference of transactions 74 and 77
on the execution of 74 is calculated as if all transactions were using
a single-shared resource. However, POGen allows 7 and 77 to be
executed in parallel as shown in Figure 4.

Figure 7 shows the acceptance rate of FPA and POGen with var-
ious transaction set sizes and NoC sizes. We report the result where

2Note that algorithms in [21, 20] can also be used for cyclic transaction sets.
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Figure 7. Acceptance rate versus NoC sizes and N

L equals to 10 slots and the maximum PO-set utilization is 0.95.
In most cases, the acceptance rate of POGen is higher than that of
FPA especially when transaction set size is higher and the NoC size
is smaller. The reason is that in these situations, there are more
transaction overlaps. Therefore, FPA suffers more from the effect
described in the previous paragraph.
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7 Appendix

Proof that NP < N: By the defined PO-set index scheme and
by Property 3.1 and 3.2, we have transactions in D; \ parent(D;)
do not belong to Uz‘e[l,j—l] D;. Therefore sets in collection
A = {D; \ parent(D;) : j € [1,NP]} are mutually disjoint.
Since the size of 7 is N, by pigeonhole principle, we have
|A]= NP < N.

Proof Property 3.3: assume by contradiction that D; A D,,. If
D, < Dy, then m < [. If otherwise D,,, A Dy, then either m < [
or m > n. Both cases contradict the property’s assumption.

(b) Cyclic Transaction Set

Figure 8. A transaction set in NoC

Proof Property 3.4: assume by contradiction that there exists
D; where ; € D; and minPO; A D,;. Since, by definition,
minid; < [, we have D; A minPO,;. Then, by Property 3.2, D,
cannot share 7; with minPO,, which contradicts the property’s
assumption.

Lemma 7.1 A transaction set that is cyclic or acyclic on NoC with
ring topology by the definition in [9, 7] is also cyclic or acyclic,
respectively, by the definition proposed in Section 3.

Proof.

By definition in [9, 7], a transaction set in NoC with ring topology
is acyclic if there exists a router (called start router) on the ring
where there is no transaction going through and is cyclic otherwise.
Figure 8(a) shows an example of an acyclic transaction set by this
definition where RT) does not have any transaction going through.
Figure 8(b) shows an example of a cyclic transaction set. Note
that, by the definition of a PO-set, for each PO-set on the NoC with
ring-topology, there is a set of contiguous physical links which are
used by all transactions in the PO-set. Let call these links of D;,
the common set of D;. For example, the common physical links of
D, in Figure 8(a) are links RTy — RT5 and RT, — RTj5. Also
by definition, two PO-sets do not share a common links because
otherwise the union of these two PO-sets is also a PO-set thus the
two original PO-sets are not maximal sets.

Consider a ring-topology NoC, let index its routers and physical
links increasingly in clockwise direction and if the transaction set is
acyclic then the start router has the smallest index. Then, let index
the PO-sets such that a PO-set has smaller index if its common
physical links have smaller indexes. Indexes shown in Figure 8(a)
and (b) conform to this index scheme. Note that this PO-set index
scheme definition is different with the definition in Section 3. We
introduce this for ease of presentation.

We will now prove that if a transaction set on ring-topology NoC
is acyclic by definition in [9, 7], then we can construct a PO-tree of
this transaction set that satisfies Property 3.1 and 3.2. Given the de-
fined index scheme, consider an acyclic transaction set 7 by defini-
tion in [9, 7] and assume that its PO-graph is connected. Consider



the PO-tree of 7 which is rooted at D; and is built from its PO-
graph by removing all edges in the PO-graph except for the edge
between D; and Dy, where i € [1, N D]. Note that in this PO-tree,
each PO-set D; has only one child which is D; ;, therefore it can-
not violate Property 3.2 because there are no two PO-sets D; and
D,,, where D; £ D,,, and D,,, £ D;. We proof this PO-tree also
satisfies Property 3.1 as follows. Consider D; < D,,, < D,,. By the
way the PO-tree is built, we have [ < m < n. Then by the defined
PO-set index scheme on ring-topology NoC, we have for every 7;
if , € Dyand 7; € D, and [ < m < n, then 7; must also belong
to D,,.

We will now prove that if a transaction set on ring-topology NoC
is cyclic by definition in [9, 7], then it cannot be acyclic (thus it is
cyclic) by the definition proposed in this paper. Let 7 be a transac-
tion set on ring-topology NoC that is cyclic by definition in [9, 7].
Assume by contradiction that 7 is an acyclic transaction set by the
definition proposed in this paper. Then the schedule of 7 when all
transactions have the same period can be generated in polynomial
time using POBaseNoC. This, however, contradicts our proof in
[7] that the problem of scheduling transactions in 7~ when all trans-
actions have the same period is NP-complete. O
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