CS273

Homework 7 Summer 2008

CS273: Theory of Computation, Summer 2008

Homework 7

Due 3:00PM Monday, July 28, 2008 at SC 3303
Revision due 3:00PM Thursday, July 31, 2008 at SC 3303

1. [60 points; 10 per part] Show that the following languages are decidable:

(@

(b)

()

{(R,S) | R, S are regular expressions and L(R) C L(S)}

Solution: The important observation is that A C B if and only if A N B is empty. Inter-
section and complementation are closure properties of regular languages, so if A and B
are regular, so is this new language. Thus we can reduce this problem to Epga.
M,. On input (R, S):
1. Convert R and S to equivalent DFAs M, and M

2. Obtain a DFA M;es Where L(Miest) = L(My) N L(Ms), using the closure
operations of DFAs (swap accept/reject states, and product construction).

3. Run the decider for Eppa on (M) and agree with its output.

{(M,w) | M is a DFA that accepts some string « that has w as a substring}

Solution: For a string w, let R,, be the regular expression ¥*w¥*. Thus L(R,,) is the
set of strings that contain w as a substring. We want to know whether L(M) N L(R,,) is
empty (i.e., whether there is a string that is both accepted by M and also contains w as
a substring.
My. On input (M, w):
1. Given w, construct the regular expression R,,, and convert it to a DFA M,,.
2. Obtain a DFA M.y where L(Miest) = L(M) N L(M,,), using the product
construction.
3. Run the decider for Eppa on (Mies;) and disagree with its output.

{{M) | M is a DFA that accepts both w and w® for some string w}

Solution: Equivalently, we want to know whether there is any w in both L(M) and
L(M)®. In terms of a set emptiness question, we want to know whether L(M) N L(M)%
is empty. Recall that set-reversal is a closure property of regular languages.
M,. On input (M):
1. Construct a DFA My where L(Mpz) = L(M)®. This requires making an NFA
and converting back to a DFA.

2. Obtain a DFA My Where L(Miest) = L(M) N L(Mp), using the product
construction.

3. Run the decider for Eppa on (M) and disagree with its output.
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(d)

(e)

®

{(N) | N is an NFA and N accepts some string that has more Os than 1s}

Solution: Similar to the previous parts, we want to know whether there is any w in
both L(N) and {z | #0(x) > #1(x)}. However, the second language is not regular but
context-free, so we have to do something slightly different. The machine will have a
PDA for this CFL hard-coded.

M. On input (N):
1. Convert N to a DFA My.

2. Using the product construction, obtain a PDA P where L(P) = L(My) N
{z | #0(z) > #1(x)}, using the hard-coded PDA for the latter language.

3. Convert P to an equivalent CFG Giegt.
4. Run the decider for Fcpg on (Giest) and disagree with its output.

{(M) | M is a DFA that accepts some palindrome}

Solution: The solution this part is almost identical to the previous part, except we re-
place the hard-coded PDA for {z | #0(x) > #1(z)} with a hard-coded PDA for the set of
palindromes. [

{a" | the decimal expansion of 7 contains n consecutive zeros}

Solution: There are two cases here. Either there is no limit to the length of these runs
of Os in the expansion of 7, or there is some limit. It is an open question in number
theory which case is actually true. Nevertheless, we can say that in either case the above
language is decidable (in fact, regular).

e Case 1: There is no limit to the length of runs of Os in #. That is, every long
sequence of Os does eventually occur somewhere in 7’s digits. Then the language in
this problem is just L(a*).

e Case 2: There is some limit to the length of runs of Os in 7. That is, there is a
maximum length to the runs of Os that occur in 7. Call that length V. So 7 contains
a run of N Os, but no longer runs. Runs of length less than NV also occur in 7, as
substrings of the run of length N.

So in this case, the language in this problem is {¢,a, aa,...,a”}, which is a finite
set and therefore regular.

Hint: In parts (a) through (e), you might try to reduce these languages to Eppa and/or Ecra,
which were defined in lecture and in the textbook.

Eppa = {(M) | M is a DFA and L(M) = 0}
Ecre = {(G) | Gisa CFG and L(G) = 0}

2. [30 points; 10 per part] A useless state of an automaton (DFA, PDA, TM) is a state that is
never entered on any input.

(@

Show that {(D, q) | D is a DFA containing a useless state ¢} is decidable.

2
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(b)

(©

Solution: Let A = {(D,q) | D is a DFA containing a useless state ¢q}. We reduce A to
Eprpa. Because Eppp is decidable, there is a Turing machine (call it V) that decides
Epra. We define a Turing machine M that decides A as follows.

M. On input (D, g):
1. Construct a new DFA D’ by modifying D so that ¢ is the only accept state.
2. Simulate N on (D'). If N accepts, then accept. Otherwise reject.

If ¢ is useless in D, then there is no string w on which D enters ¢, and therefore there
is no string accepted by D’. Therefore L(D') = (), so N accepts (D’) and therefore M
also accepts. Conversely, if ¢ is not useless in D, then there is a strong w on which D
enters ¢, and therefore D’ accepts w. It follows that L(D’) # 0, so N rejects (D’) and
therefore M also rejects. Hence, M decides A.

Note: many students did this problem by marking the states in the input DFA. If you
look carefully at these solutions, what they are really doing is replacing step (2) of M
with the algorithm for Eppp given in Sipser. The power of expressing M in the way that
we have above — that is, giving a reduction from A to Eppa — is that the reduction
technique generalizes to give a solution to part (b) and provides insight into part (c).
The same cannot be said for the technique of marking states, which does not help in part
(b) because simply marking states does not take into account the PDA’s stack. [

Show that {(P, ¢) | P is a PDA containing a useless state ¢} is decidable.

Solution: Let B = {(P,q) | D is a PDA containing a useless state ¢}. We reduce B to
Ecrg. Because Ecrpg is decidable, there is a Turing machine (call it V) that decides
Ecrc. We define a Turing machine M that decides B as follows.

M. On input (P, q):
1. Construct a new PDA P’ by modifying P so that ¢ is the only accept state.
2. Using the algorithms we have seen in class, convert P’ to a CFG G.
3. Simulate N on (G). If N accepts, then accept. Otherwise reject.

Note that if ¢ is useless in P, then there is no string w on which P enters ¢, and
therefore there is no string accepted by P’. Therefore L(P') = () and L(G) = () also.
Therefore N accepts (G) and so M also accepts. Conversely, if ¢ is not useless in P, then
there is a strong w on which P enters ¢, and therefore P’ accepts w and G generates
w. It follows that L(G) # (), so N rejects (G) and therefore M also rejects. Hence, M
decides B. [

Show that {(M,¢) | M is a TM containing a useless state ¢} is undecidable.

Solution: We give two solutions. The first solution is a reduction from Er); the second
solution is a reduction from Aty. The first solution is easier to understand, but the
second solution presents a technique that is more powerful and more useful in proving
other languages are undecidable. I recommend you read and understand them both.

Let C = {(M,q) | M is a TM containing a useless state ¢} and suppose for a contra-
diction that some Turing machine Mo decides C. We show how to use M to build a
Turing machine M that decides ETME] The existence of M yields a contradiction because
Er\ is undecidable. The contradiction means that no such Turing machine M exists,
and so C' is undecidable.

lRecaH that Erv = {<M> ‘ M is a TM and L(M) = @}
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Given access to a black box M that can answer questions of the form “Is this particu-
lar state useless in this particular Turing machine?”, we must be able to answer questions
of the form “Does this particular Turing machine (call it Mj,) not accept any strings?”.
We translate questions in this form to questions that our black box can answer by asking
the black box whether or not the accept state of M, is useless.

M. On input (Miy):
1. Set ¢ to be equal to the accept state of Mj,.
2. Simulate M¢ on (Miy, q). If M accepts, then accept. Otherwise reject.

Note that if L(M;,) is empty, then the accept state of M, is useless, and so M¢
accepts (M, q), which in turn implies that M accepts (M;,). Conversely, if L(M;,) is
not empty, then the accept state of M;, is not useless, and so M rejects (Miy, ¢), which
in turn implies that M rejects (M, ). Because M decides E1y and ET) is undecidable,
we have a contradiction. The contradiction implies that C' is undecidable.

For our second solution, we reduce from Ay, as suggested by the hint. Again, let
C = {(M,q) | M is a TM containing a useless state ¢} and suppose for a contradiction
that some Turing machine M- decides C. We show how to use M to build a Turing
machine M that decides ATMﬂ The existence of M yields a contradiction because Ay
is undecidable. The contradiction means that no such Turing machine M exists, and so
C' is undecidable.

Given access to a black box M that can answer questions of the form “Is this particu-
lar state useless in this particular Turing machine?”, we must be able to answer questions
of the form “Does this particular Turing machine (called M;,) accept this particular string
(call it wi,?”. This time translating from the question we’d like to answer to the ques-
tions that our black box can answer is more difficult. Our strategy is to create a new
Turing machine (call it M) whose accept state is useful if and only if M;,, accepts wy,.

M. On input (Miy, win):
1. Construct the following Turing machine, called M.
Miest. On input z:
1. Ignore the input .
2. Simulate M;, on wi,. If M, accepts, then accept. Otherwise,
reject.
2. Set ¢ to be equal to the accept state of M.
3. Simulate M¢ on (Miest, q). If M rejects, then accept. Otherwise accept.
Let’s observe a few key points. At a high level, what M does is it says, “I am given
the description of a Turing machine and a string as input. Let me use this information to
construct a brand new Turing machine (called M), and let me use M as something
I feed to my black box that answers questions about useless states.” At no time does M
ever try to run or simulate the machine M.y — and that’s a good thing too, because

in step (2) of Mies’s code, the simulation may never terminate and so M.,y may loop
forever! Just because M makes a machine does not mean it has to run it.

Note that if M;, accepts wi,, then M. accepts all strings. Therefore M;.s’s accept
state is not useless, so M rejects in step (2), and M accepts. Conversely, if M;, does
not accept wy,, then M. does not accept any strings. It follows that M;.s’s accept

2Recall that Ary = {(M,w) | M is a TM and M accepts w.}
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state is useless, so M¢ accepts in step (2), and M rejects. Because M decides Ay
and Aty is undecidable, we have a contradiction. The contradiction implies that C is
undecidable. [ |

Hint: For part (c), show that the halting problem reduces to the given language. Show that,
given (M, z), one can construct a TM M’ such that M accepts z if and only if M’ has no
useless state.

3. [10 points] (From Sipser.) Let

fla) = {3x+1 z is odd

x/2 x is even

for any natural number x. If you start with an integer z and iterate f, you obtain a sequence
z, f(x), f(f(z)), .... Stop if you ever hit 1. For example, if z = 17, you get the sequence
17,52,26, 13,40, 20,10, 5, 16, 8,4, 2, 1. Extensive computer tests have shown that every start-
ing point between 1 and a large integer gives a sequence that ends in 1. But, the question of
whether all positive starting points end up at 1 is unresolved; it is called the 3z + 1 problem.

Suppose that Aty = {(M,w) | M is a TM that accepts w} were decidable by a TM H. Use
H to describe a TM with an output tape that prints the answer to the 3z + 1 problem.

Solution: We build our solution in stages. Later stages use Turing machines that we construct
in earlier stages. The first step is to construct a Turing machine M,y that takes an input
and accepts if iterating f starting from z eventually yields 1, and loops forever otherwise.

Mquery- On input (x):
1. If z = 1, then accept.
2. If x is odd, update = <+ 3z + 1. If x is even, update = « z/2.
3. Gotostep 1.

Our next step is to construct a Turing machine M., which iterates over all positive integers,
looking for a counter-example to the 3z + 1 conjecture. That is, M., searches for some x
such that iterating f starting from x never reaches 1 and accepts if it finds such an x. To
do this, it seems tempting to have M, simulate Myyery first on z = 1, next on z = 2, and
so forth. Whenever iterating f on x yields 1, the simulation of Mqyery Will eventually end
and M,.p, would then proceed to the next number x + 1. But what if M., actually finds
a counter-example z? In this case, the simulation of Mgyuery on « will never terminate, and
Moo will be in the unfortunate situation that it has found what it is looking for, but it doesn’t
know it has found it!

To get around this, we use H. Instead of simulating Mgyuery On 2, we have M., check
whether or not Myery would accept = by passing (Mqyery, ) to H.
Mioop- On input (w):
1. Ignore the input w.
2. For each natural number y = 1,2,...:

3. Run H on (Mquery, ¥)-
4. If H rejects, then accept. Otherwise, continue the loop.
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Finally, in order to solve the 3z + 1 problem, we need to know whether or not M), finds
a counter-example. Again, we might be tempted to simulate M), and see if it ever finds a
counter-example and accepts. The problem is that there may not be any counter-example, in
which case M, will loop forever and our simulation will not terminate. The trick is to use
H again to see if M., finds a counter example.

Ms;11. On input (w):
1. Ignore the input w.
2. Run H on (Migep, €).

3. If H accepts, then print “There is a counter-example to the 3z + 1 conjecture.”
Otherwise, print “The 3x + 1 conjecture holds.”

4. [10 points] Give an example of an undecidable subset of L(1*). Prove that your answer is
correct.

Solution: There are two reasonable ways to solve this problem. The first is to use diagonal-
ization. Let My, My, ... be a list of all Turing Machines. Since there are only countably many
TMs, we know there is such a list (we don’t even need to be able to obtain ()M;) given i, since
we aren’t going to show an algorithm for anything).

We define our diagonalizing language as D = {1* | 1* ¢ L(M,)}. This is clearly a subset
of L(1*), since it only contains strings of the form 1*. We also know that D does not equal
L(M,,) for any n, because those two sets disagree about whether to include 1”. Since the list
My, My, ... was exhaustive, D is not the language of any TM. So not only is D undecidable,
it is also unrecognizable. Bonus!

Another solution is to directly construct a language that we can reduce a known undecid-
able language to. We'll try to design a language that Ar); can be reduced to.

One nice idea is to simply make a unary encoding of strings in Ary;. How do we do
this? Let s1,s9,... be a lexicographic list of strings in ¥*. We know that given a string
sn, it is possible to calculate its index n in the lexicographic ordering (if only by running a
lexicographic enumerator for ¥* and counting outputs until it outputs s,,). So we design our
undecidable language as B = {1* | s, € A7)s}. This is surely a subset of L(1*). We just need
to show a reduction from A7), to B to establish B’s undecidability.

M. On input z:

1. Find the index n such that x = s,,. Since z € X*, it has such an index.
2. Run the decider for B on input 1" and agree with its output.

This is a correct decider for A1), since on input s, it checks whether 1™ € B, and we defined
B in such a way that 1" € B if and only if s,, € Apyy. [ |



CS273 Homework 7 Summer 2008

5. [15 points] Let A be a language of Turing Machine descriptions, say, A = {(M;), (Ma),...}.
Suppose that A is Turing-recognizable, and every machine whose description appears in A
is a decider. Show that there is a decidable language B that is not decided by any machine
whose description appears in A.

In other words, you cannot make an exhaustive list of all the decidable languages in this
way.

Hint: Consider an enumerator for A, and let (M;) be the ith machine description output
by the enumerator. Use diagonalization to construct B in such a way that B and L(M;)
disagree on input s; (the ith string in lexicographic order), for every i. Be sure to argue that
B is actually decidable!

Solution: As in the hint, let I be an enumerator for A and let M; be the ith machine whose
description is output by E. We set

Observe that B is not the same language as, say, Ms3 because s53 is in exactly one of the two
languages B, L(Ms3). Because this is true for each i, we know that B is not decided by any
machine whose description appears in A.

We still must argue that B is decidable. Given a string s;, how do we determine if s; €
L(M;), or equivalently, if M; accepts s;? Well, first we have to get our hands on the description
of M;; to do so, we simulate the enumerator E until it outputs (M;). Because M, is a machine
whose description is in A, we know that M; is a decider, so we can just simulate M; on s; to
see if s; € L(M;). We construct a decider Mp for B as follows.

Mp. On input w:
1. By enumerating the strings of >* in lexicographical order, find the string s; such
that w = s;.
2. Simulate E until it outputs its ith description (M;).
3. Simulate M; on s;.
4. If M; rejects, then accept. Otherwise reject.

Note: there is one slight complication with this solution. In particular, if A is finite, then
we need to make one slight modification to Mp to prevent it from looping forever in step 2.
If |A| = n, then we want to include a check so that when Mp is run on a string s; with i > n,
we have Mp immediately accept without simulating £. (We could have also made Mp reject;
the choice is arbitrary.) [ |

6. [Honors; 20 points; 10 per part]

(a) Prove that every infinite Turing-recognizable language has an infinite Turing-decidable
subset.

Solution: Enumerators come to our rescue on this problem. Let A be an infinite recog-
nizable language. It must have some enumerator £. We define the following enumerator
El.

El
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(b)

1. Setn = —1.

2. Start simulating E. Each time it prints a string y:
e If |y| > n, then print y and set n = |y|.
e Otherwise, do nothing about y.

The variable n stores the length of the most recently printed string by E’. In this way,
E' will only print a new string if it is longer than everything it has previously printed,
so its output is in lexicographic order. £’ will clearly only print strings that are in A, so
L(E") C A. Finally, no matter what value n currently has, £ will eventually output a
string longer than n characters (since A is infinite). So E’ will print an infinite number
of strings.

We have shown an infinite language L(E’) C A. Since this language has a lexico-
graphic enumerator, it is decidable. [

Prove or disprove: every infinite language has an infinite Turing-decidable subset.

Solution: This claim is false. To prove it, we want to construct a language B such that
for every infinite decidable language A, A € B.

From part (a), we know that the language B we construct must necessarily be unrec-
ognizable. So we can define B without any computation in mind (i.e., it can be defined
from an “all-knowing” point of view, where we know whether strings are accepted by
Turing Machines, we have enumerations of any countable set, etc).

There are only countably many infinite decidable languages, so let A;, Ao, ... be alist
of them all. We define a sequence of integers ng < n; < ... inductively as follows. ny is
zero, and ny, is defined as follows. Let x;, be the shortest string in Aj, that is longer than
ni_1 characters. Since Ay is infinite, such a string xy, exists We define ny = |zg| + 1,
so that nj_q1 < ‘:L’k| < ng.

Now I claim that B = {1™,1"2,...} is the desired language. Suppose for contradic-
tion that there is an infinite decidable subset of B. This subset must occur somewhere on
our list Ay, As, ..., say, as A;. So A; C B. Let’s look at the string x; we defined above. It
was chosen so that x; € A; and also n;_1 < |z;| < n;. But B does not contain any string
whose length is between n; 1 and n;. So z; € A; — B, which contradicts A; C B. |

3This is where we crucially use the fact that A, is infinite.



