Theorem (termination of simply-typed A-calculus expressions):
Define the predicate I' - e |* which means that e when applied to any full
sequence of inputs terminates. For example, if ' - ¢ : ¢ — o — e then
we require that for all expressions a and b of type e, e a b terminates. More
formally,

Thel*) & (Tke:eo) = (Fv.elv)
ANThe:a—f0) = Va.TFa:a)ATFal*) = (Tkeal”))

Note that the fact that we eventually “run out” of arguments for e is critical,
as this ensures that the we can only expand the subexpression (I' e a |*) a
bounded number of times.

Now consider any expression e; it may have one of three forms:

a free variable, =z

an application, ej e

a A-abstraction, Az : a.e’
Case 1: e = z. If e is a free variable, then by definition, I' - e {*. This
is because we cannot perform (-reduction on expressions of the form x a b.. .,
hence provided a, b, ... terminate, so does e.

Case 2: e = €7 ey. If e is an application, e; ey, we can assume inductively that
ke J*and T'F ey |J*, where I'-e7 : « — B and I' F es : a. By definition of
*, we have that

Thre ") & (TFel”) = Theexd”))

Therefore, I' F ey ey |J*, d.e., ' Fe |*.

Case 3: ¢ = Az : a.¢/. Next assume e = Az : a.e’. Observe that 'Fe:a — 3
for some type 3, thus I,z : a + ¢ : 8. By induction, we can assume that
Iz :at e |J*. We will derive a lemma that we can use together with this
inductive assumption to prove that I' - e |*.

Note that by the definition of {}*,

Trkel") © WVa.TFa:a)ATFal*) = (TFeal”))
Taking one step of (8 reduction,
Trkel*) & WVa.Tra:a)A(TFal*) = (TF[z— ale )

Lemma (termination extensionality):
The well-typed expression [z +— ale’ terminates if and only if e’ itself terminates,
where x is a free variable of type «.

Va.Tra:a)A(TFal*) = Tkz—aled ") & T,z:ake )



We can prove this by a second induction, on the structure of ¢’.

Case 1L: ¢/ = x (base case). In this case, the lemma statement simplifies
to the following tautology (both sides of the < are true):

Ma.TrFa:a)ATFal") = TrFal") & Cz:atzl”)

Case 2L: ¢ = y # z (base case). In this case, the lemma statement simplifies
to the following tautology:

Ma.TrFa:a)ATFal*) = TFyl")) & Cz:akyl")

Case 3L: ¢/ = Az.e”. In this case, the lemma statement simplifies to the
following tautology:

Va.Tra:a)A(TFal*) = (TFAze’ ) & (T,z:atb Az |*)

Case 4L: ¢/ = My : v.¢” where x # y. In this case, the lemma statement
simplifies to the following:

(Va.Tra:a)ATFal*) = Tk N :v.[z—ale’ %) & T,z:ak Xy:vy.e” )
By induction, we can assume the following:

CEXy vz —ale’ ) & (T,y:vF [z~ ale” |*)
T,z:abAy:v.e" 1) & C,z:a,y:vFe” %)

Thus we can further simplify the lemma statement to:

Va.Tka:a) AT Fal*) = (Ty:yk[z—ale” ) & Oz:a,y:vFe” )

Now, via a second appeal to induction, the above is proven.

Case 5L: ¢/ = e; ey. This time, the lemma can be stated as follows:
Ma.TrFa:a)ATFal*) = Trxz—aleread”)) & (T,z:ate e )
By the definitions of substitution and {}*, the above can be restated as follows:

Ma.(Tra:a)A(TFal*) = TF[xz—ales I)ATF [z — alex %))
s (Dz:abe V)AL, z:ak ey |*)

The above is entailed by the following, more general statement:

Va.(Tra:a)ATFal*) = TF[z—ale ) & T,x:ate |¥)
AVa . TrFa:a)ATFal*) = TFxz—ale ) & T,z:ake )

Note that each of the two conjuncts above holds by induction.
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