CS 421 Final Exam Reference

1 JM-calculus

Syntax:
Expr ::= Var | AVar . Expr | Expr Expr

Free variables:

fv(z) = {z}
fv(dz .e) = fv(e)\ {z}
fv(ere) = fv(er) Ufv(es)
Substitution:
xlr—e] = €
ylr—el = vy where = # y
M .e)lr—e] = (Ax.e)
My .e)lr—e€] = (Ay.efx—€]) wherez #y and y & fv(e)
(1 e2)[r =] = (efw— €] (el — €])
Equivalences:
A .e =, Ay.e[lr—y] wherey ¢ fv(e)
Az .e)e =5 e[z ¢ where z ¢ fv(e)
e =, Ar.ex where z ¢ fv(e)

2 Combinatory Logic

Sxyz = z2z(y2)
Kxy = =z
I = SKK
Bracket abstraction:

Az.p = [z]p
[z]x = SKK
[x]e = K (e¢) where x & fv(e)
[z](p o) = S5 ([z]p) ([x]p')

3 Church Booleans

true = Athen . Aelse . then

false = Athen . \else . else

and = Xz.)\y.zxycx

not = Ax . Athen . Aelse . x else then

4 Church Numerals

zero = As.Az.z
succ = An.As.Az.s(nsz2)
add = M.dm.As.Az.ns(msz)



5 Transition Semantics (for strict/eager OCaml subset)

e’s are expressions; v’s are values (results of evaluation expressions which cannot be further simplified);
n’s are numbers (one kind of value)

(constants) m where z ¢ E m (variables)
(E,e1) — (E,€y)
(lety) (E,let 2 = 1 in e3) — (E, let 2 = ¢, in e5) (E,fun z — ¢') — Cl(z, ¢, E) (fun)
(lets) (Boe) 20
? (E,let x = e in e3) — (E[z — v],e2)
, (Evel)_’(Evell) (Evel)_’(E’ell) ’
1) (E,eq e3) — (E, €} e3) (E,e1 +e2) — (E, €} + e2) 1)
(E,e1) — v (E,e1) = m
(Br) (E,el es) — (E, v 62) <E761 +e2) — (E7n1 + 62) (+1)
, (E762)4) (Eve/Q) (E,eQ)*)(Eve/Z) ’
(%2) (E,v1 e3) — (E, vy €b) (E,n1+e2) — (E,ny +¢€h) (+2)
(E,eg) — V2 (E,eg) — Ng
(Be) (E,v1 e2) — (E,v1 v2) (E,n1 +e2) — (E,n1 + na) (2)
n=mnyi+ ne
(ﬁg) (Ea C|(I,€/,El) UQ) - (E[‘T}_)UQ]ve/) (E,n1+n2) — N (+3)
6 Natural Semantics (for strict/eager A-calculus)
m where z ¢ E (constants)
m (variables)
(B, z . ¢) || Cl(z, €, E) (closures)
(E,e1) | Cl(z, €', E") (E,e2) v ([x —v]E" ) Jv (B-reduction)
. . (E,e1 ea) v
(Ere)) b (Brez) b where z ¢ E (term construction)

(Eyer ex)dzwv

7 The Y Combinator

YF=F (Y F)
Y=MN . .F (zx)(\z.F (zzx))



8 Simply-typed A-calculus

Syntax:

Typing rules:

9 Continuations

CPS transform:

Type == e | Type — Type
Expr = Var| AVar: Type . Expr | Expr Expr
I'e : 7
The : o Fx:7hkzx @ 7
Ix:oke : T 'te:o0—rT ke : o
'FXx:0.e:0—T I'keeée : 71
CPS(z) = M .kx
CPS(A\z .e) = Xk.k (M . Az .CPS(e) k)

CPS(ey e2) = Ak .CPS(es) (Ax . CPS(e1) (\f . f k x))

10 Pseudo-assembly Language

R, =K

R; =R,

Ri = *Rj

* Rl = Rj

Ri = Rj op Rk
push R;

pop R;

jmp label

jmp * R;

jg Ri, Rj, label
jeq Ri, Rj, label
R; = ¢(R;, R)

load constant K into register R;

copy the contents of register R; into register R;

load the value at the memory address stored in R; into register R;

store the contents of register R; into memory at the address stored in R;
where op is one of +, —, %, /, and, or, xor

push the contents of register R; onto the stack

pop the next value off the stack, into register R;

unconditional jump to label

unconditional indirect jump to address stored in R;

jump to label if R; > R;

jump to label if R; = R;

SSA ¢ operator: R; gets the value of R; or Ry, depending on the control flow

SSA form: each logical register is assigned a value at exactly one point in the code.



