CS 598CSC: Approximation Algorithms Lecture date: 2/18/09, 2/20/09
Instructor: Chandra Chekuri Scribe: Lewis Tseng

In lectures 9 and 10, we saw how to use Linear Programming (LP) to approximate problems
or use it as a technique to analyze an algorithm. The topics include Vertex Cover, Set Cover,
Randomized Rounding, Dual-Fitting, and Totally Unimodular Matrices.

Note: For more reviews of Linear Programming, please refer to the old slides or the links on the
website.

1 Vertex Cover Via LP

Let G = (V, E) be an undirected graph with arc weights w : V' — R™. Define z, for each vertex
v as follows: z, = 1, if v is in the vertex cover; z, = 0, if v is not chosen. Our goal is to find
min (Y, oy Woy), such that z, + 2, > 1, Ve = (u,v) € E,z, € {0,1}.

However, we can’t solve Integer Linear Programming (ILP) problems in polynomial time. So
we have to use Linear Programming (LP) to approximate the optimal solution, OPT(I), produced
by ILP. First, we can relax the constraint z, € {0,1} to x, € [0,1]. It can be further simplified to
z, >0, VvevV.

Thus, a Linear Programming formulation for Vertex Cover is:

min E Wy Ty

veV
subject to
Ty +x, > 1 Ve = (u,v) € E
T, > 0

We now use the following algorithm:

SOLVE VERTEX COVER VviIA LP:

Solve LP to obtain an optimal solution x*, which contains fractional numbers.
Let S = {v |z} >3}

Output S

Then the following claims are true:

Claim 1 S is a vertex cover.

Proof: Consider any edge, e = (u,v). By feasibility of z*, =} + =} > 1, and thus either z > % or

z}, > 3. Therefore, at least one of u and v will be in S. O

Claim 2 w(S) <20PTp(I).

Proof: OPTrp(I) =), wyxj > %ZUGS Wy = %w(S) O
Therefore, OPT p(I) > %T(I) for all instances 1.

Note: For minimization problems: OPT1p(I) < OPT(I), where OPTp(I) is the optimal solu-
tion found by LP; for maximization problems, OPTp(I) > OPT(I).



Integrality Gap

We introduce the notion of integrality gap to show the best approximation guarantee we can acquire
by using LP as a lower bound.

OPT(I)
OPTLp(1)"
That is, the integrality gap is the worst case ratio, over all instances I of 7, between the
integral optimal value and the fractional optimal value. Note that different Linear programming
formulations for the same problem may have different integrality gaps.
Claims [I] and |2 show that the integrality gap of the Vertex Cover LP formulation above is at
most 2.

Definition: For a problem II, the integrality gap for a linear program LP is sup;c,

Question: Is this bound tight for the Vertex Cover LP?

Consider the following example: Take a complete graph, K,, with n vertices, and each vertex
has w, = 1. It is clear that we have to choose n — 1 vertices to cover all the edges. Thus,
OPT(K,) = n — 1. However, if we let each z, = %, then this is one feasible solution to the LP,
which gives a total weight of 5. So gap is 2 - %, which tends to 2 as n tends to infinity. Hence, this
bound is tight.

Other Results on Vertex Cover

1. The current best approximation ratio for Vertex Cover is 2-O( @)(2 —O(1)) [.

2. Open problem: obtain a 2 — ¢ approximation or to prove that it is NP-hard to obtain 2 — ¢
for any fixed € > 0

3. Current best hardness of approximation: unless P=NP, there is no 1.36 approximation for
Vertex Cover [2].

2 Set Cover Via LP

Given a universe, U = {1,2,...,n}, and m subsets of U, s1, s, ..., S, with w; = weight of set s;,
our goal is to find the minimum weight collection of sets which cover all elements in U.
Thus, a Linear Program for Set Cover is:

min E wjxj
J
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And its dual is:

n

max Z Yi

i=1
subject to
Zyi < wj Vie{l,2,..,n}
iGSj
yi = 0 Viel 2,...,n

We give several algorithms for Set Cover based on this primal/dual pair LPs.

SoLVING SET COVER VIA LP:
Solve LP to obtain an optimal solution x*, which contains fractional numbers.
Let S = {s; |z} > %}, where f is the maximum number of sets that contain any element

Output S

Let * be an optimal solution to the primal LP, y* be the corresponding dual solution, and let
S=1{jlz>0)

Claim 3 w(S) < f > wjz}

Proof: w(S) = Y00 () = Lirrno (Dies, 07) = Lot (Sjucsy o) < F 007 < FOPTLp(D).

a

Notice that the the second equality is due to complementary slackness conditions (if z; > 0, the
corresponding dual constraint is tight), the penultimate inequality uses the definition of f, and the
last inequality follows from weak duality (a feasible solution for the dual problem is a lower bound
on the optimal primal solution).

Randomized Rounding for Set Cover

SOLVING SET COVER VIA RANDOMIZED ROUNDING:
A =, and let z* be an optimal solution to the LP.
for k=1 to 2Ilnn do

pick each s; independently with probability z%

if s; is picked, A= AJj
end for
Output A

Claim 4 Pr[i is not covered in an iteration] = [ | (1-2a7) < 1

j:iES]'
Intuition: We know that jiies; z; > 1. Subject to this constraint, if and want to minimize the
probability, we can let 2} equal to each other, then the probability = (1 — %)k, where 27 = 1/k.

(1 =2}) < Tljuey e S e =™ <

Proof: Prliis not covered in an iteration] = [[; ¢ 5; <

1
o
a



We then obtain the following corollaries:

Corollary: Pr[i is not covered at the end of the algorithm] < e~2lo8m < #

S|=

Corollary: Pr[all elements are covered, after the algorithm stops] > 1 —

Analysis

Let C; = cost of sets picked in iteration ¢, then E[Ci] = > U, wjz}, where E[X] denotes the
expectation of a random variable X. Then, let C’ S2In 0y we have E[C] = 22" B[Cy] <
2InnOPTLp. We know that Pr[C > 2E[C]] < 1 by Markov’s inequality, so we have Pr[C <

4InnOPTp] > % Therefore, Pr[C' < 4In nOPTLp and all items are covered| > % — =. Thus,

the randomized rounding algorithm for Set Cover is an O(logn)-approximation.

1
n

Fixing
Note that the algorithm above only gives an good approximation with some probability, so we need
to do some extra work to fix the solution.

1. We can check if solution after rounding satisfies the desired properties, such as all elements
are covered, or cost at most 2clognOPTp. If not, repeat rounding. Expected number of
iterations to succeed is a constant.

2. We can also use Chernoff bounds (large deviation bounds) to show that a single rounding
succeeds with high probability (probability at least 1 — IW())

3. The algorithm can be derandomized. Derandomization is a technique of removing randomness
or using as little randomness as possible. There are many derandomization techniques, such
as the method of conditional expectation, discrepancy theory, and expander graphs. Broder
et al. [6] use min-wise independent permutations to derandomize the RNC algorithm for
approximate set cover due to S. Rajagopalan and V. Vazirani [7].

4. After a few rounds, select the cheapest set that covers each uncovered element. This has low
expected cost.

Other Results related to Set Cover

1. Unless P = NP, there is no clogn approximation for some fixed c [4].
2. Unless NP C DTIM E(n®Uoglogn)) there is no (1 — o(1)) In n-approximation [3].

3. Unless P = NP, there is no (1 — é + e)-approximation for max-coverage for any fixed £ > 0.



3 Dual-fitting

In this section, we introduce the technique of dual-fitting, to use duality for the analysis of approx-
imation algorithms.

The standard procedure of dual-fitting is:

1. While executing the algorithm, construct a feasible solution to the dual LP.

2. Show that the cost of the solution returned by the algorithm can be bounded in terms of the
value of the dual solution.

Here, we use Set Cover as an example. Please refer to the previous section for the primal and
dual LP formulations of Set Cover.

We can interpret the dual as follows: Think of y; as how much element ¢ is willing to pay to be
covered; our goal is to maximize the total payment, subject to the constraint that for each set, the
total payment of elements in that set is at most the cost of the set.

The greedy algorithm for weighted Set Cover is as follows:

GREEDY SET COVER:
Covered = (;
while Covered # U do

J « arg ming(

Wi )
[skN Uncovered|/?
Covered = Covered U sj;
Add j to set cover;
end while;

Theorem 5 GREEDY SET COVER picks a solution of cost < Hy-OPTp, where d is the maximum
set size, i.e., d = max; |s;|.

Proof: To prove this, we can augment the algorithm a little bit:

AUGMENTED GREEDY ALGORITHM OF WEIGHTED SET COVER:
Covered = ;
while Covered # U do

y 3 Wk .

J < arg mlnk( [skN Uncovered| )’

if 7 is uncovered and 7 € s;, set p; =

wj .
[s;N Uncovered|’
Covered = Covered U sj;
Add j to set cover;

end while;

Since every element 4 is covered by any solution, the cost of the solution returned by GREEDY
SET COVER = ijj, for all j € U.

For each i, let y} = Hidpi.

Claim 6 3’ is a feasible solution for the dual problem.



Suppose the claim is true, then the cost of GREEDY SET COVER’s solution = Zj pj = Hy Zj y; <
H;OPTp. The last step is because any feasible solution for the dual problem is a lower bound
on the value of the primal LP (weak duality).

Now, we start to prove the claim. Let s; be an arbitrary set, and let |s;| =t < d. So we can
denote s; as {j1, j2, ..., jt }, where j; are ordered in the way that j; is picked before jo, jo is picked

before j3, and so on.
. w,
Claim 7 For 1 <h <t, pj, <3y

This is because when j;, was covered, Greedy could have picked s; at density t_iﬁ With this
claim, we know that ), <, pj, < w;Hy <w;Hg.
Thus, the setting of ¥ to be p; scaled down by a factor of H, gives a feasible solution. O

Question: Is this bound tight?
Consider the following example: Pick a set of n elements, and 10logn sets. For each element, 1,
randomly pick 5logn sets, and assign ¢ to the chosen sets. If every set has the value @, then

this is a feasible fractional solution. Thus, the total cost is 1501?577 = 2. On the other hand, consider

10%” sets. The probability that these sets will cover all elements is quite small
(It’s ~ e‘ﬁ). Therefore, using the union bound, the probability that any collection of 10% ™ sets

will cover all elements is small . Thus, the integrality gap of the LP is Q(logn).

a fixed collection of

4 Totally Unimodular Matrices

We are interested in TUM matrices, because if an Integer Linear Program’s constraint matrix is
Totally Unimodular, and has an integer vector on the right hand side, then this ILP can be solved
by Linear Programming since all its basic feasible solutions are integral.

Integral Polyhedra
Before discussing about TUM matrices, we first introduce the term Integral Polyhedra.

Definition: A rational polyhedron given by a system of inequalities Az < b is integral if and only
if all its vertices have integer coordinates.

Theorem 8 The polyhedron, P : Ax < b, is integral if and only if for each integral w, the optimum
value of max (wx), such that Ax < b is an integer if it is finite [3].

Totally Unimodular Matrices

Definition: A m x n matrix A is said to be totally unimodular if every square submatrix A" of A
has the property that det(A’) € -1, 0, 1.

Claim 9 If A is TUM and b is an integer vector, then the polyhedron Ax < b is an integral
polyhdron



Proof: If v is a vertex of the polyhedron Az < b, then there is a square submatrix A’ and a vector
b’ such that v is the solution to A’z = b'. Thus, v = A’~1V = madj (A, where adj(A’) denotes
the adjoint of matrix A’. Since A is TUM, det(A’) € {1,—1}. Therefore, v is integral, since both

adj(A’") and b are integral. 0

Preserving total unimodularity

There are some operations that preserve total unmodularity.

1. We can add box constraints to Ax < b: The system Ax < b, £ < x < u for integer b, £, u is
an integral polyhedron if A is TUM.

2. The dual of max cx, Az < bis minyb, yA® > c: If ¢, b are integer, then both primal and dual
are integer polyhedra.

Examples

In this subsection, we will introduce some examples to show that why we are interested in TUM
matrices.

Theorem 10 Let G = (V, E) be a directed graph, and let Ag be its arc-vertex incidence matriz.
Then Ag is TUM.

Proof: Let A,, be a m x m submatrix of Ag . Proof by induction on m.

Base case, when m = 1: Since every element in Aq is either 1, 0, or -1, A7 must be TUM.

Induction hypothesis: assume for m < k, A,, is TUM. Then we need to consider three cases for
Amy1:

Case 1: A,,41 has a zero column. Then det(A,,+1) =0, so Ayt is TUM.

Case 2: A,,+1 has a column with exactly one 1 or -1, and all other entries are 0. Calculating
det(Am+1) using this column. From the induction hypothesis, A,,+1 is TUM.

Case 3: Every column of A, 11 has one 1 and one -1. Since the sum of A], s row vectors is a
zero vector, det(Apy+1) = 0, and thus A, 41 is TUM. O

Note: This explains why we can solve flow problems on directed graphs in polynomial time.

Theorem 11 G = (V, E) is a bipartite graph <= the arc-vertezx incidence matriz Ag is TUM.

Proof: ”<”: Let Ag be a totally unimodular matrix. Assume G is not bipartite, then G contains
an odd cycle. Ag’s submatrix, which corresponds to the odd cycle has determinant of 2. This
contradicts the total unimodularity of A.

"=": Let G be a bipartite graph, and construct a new graph G’ = (X UY, E’), where is X
one side, Y is on the other side, and E’ represents directed edges from X to Y. Let Ag be the
incidence matrix of G’, where A(u,e) =1 and A(v,e) = —1, if e = (u,v) € E’. From the theorem
above, Ags is TUM. Notice that after the construction, det(Aqg) and det(Ag) will differ from each
other by a multiplicative factor of 1 or -1, i.e., det(Ag) = tdet(Ag/). Hence, Ag is also TUM. O

Note: This explains why we can solve the matching problem on bipartite graphs in polynomial
time.



Theorem 12 If A is a 0, 1 matriz, and has the consecutive 1’s property, then A is TUM. We say
that a matrixz has the consecutive 1’s property, if the rows of the matrixz can be permuted so that the
1’s in each column appear consecutively..

Proof Sketch. Let B be an m x m submatrix of A, and assume that any smaller submatrix
of B has determinant in {0,1,—1}. Use induction on the number of 1s in the first row: If 0, the
determinant is O; if 1, the determinant is +1 times the determinant of a submatrix of B. Otherwise,
let ¢1,co be two columns with 1s in the first row, and let ¢; have at least as many 1s as cs. Now,
replace c¢; by ¢y — c; this does not change the determinant, but there are fewer 1s in the first row.

|
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