
Classical Matrix Splittings: SSOR

Matrix Splitting

(D − ωL)xi+1
2

= ((1− ω)D + ωU)xi + ωb

(D − ωU)xi+1 = ((1− ω)D + ωL)xi+1
2

+ ωb

Iteration and Error Equation

xi+1 = (D − ωU)−1((1− ω)D + ωL)(D − ωL)−1((1− ω)D + ωU)xi

+ω(2− ω)(D − ωU)−1D(D − ωL)−1b

ei+1 = (D − ωU)−1((1− ω)D + ωL)(D − ωL)−1((1− ω)D + ωU)ei

SSOR Operator

Gω = (D − ωU)−1((1− ω)D + ωL)(D − ωL)−1((1− ω)D + ωU)
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Classical Matrix Splittings: SSOR

Convergence

• A Irreducibly Diagonally Dominant

S(Gω) < 1 for 0 < ω ≤ 1

• A Hermitian Positive Definite

S(Gω) < 1 for 0 < ω < 2
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Classical Matrix Splittings: SSOR

Simple Identity

((1− ω)D + ωL)(D − ωL)−1

= D((1− ω)I + ωD−1L)(I − ωD−1L)−1D−1

= D(I − ωD−1L)−1((1− ω)I + ωD−1L)D−1

= D(D − ωL)−1((1− ω)D + ωL)D−1

Alternate Form of the Iteration

(D − ωL)D−1(D − ωU)xi+1

= ((1− ω)D + ωL)D−1((1− ω)D + ωU)xi + ω(2− ω)b

Preconditioned One-step Iteration

(D − ωL)D−1(D − ωU)xi+1 = (D − ωL)D−1(D − ωU)xi

+ ω(2− ω)(b− (D − (L + U))xi)

Mxi+1 = Mxi + αri

31



Classical Matrix Splitting: SSOR

Preconditioning M−1Ax = M−1b

M =
1

ω(2− ω)
(D − ωL)D−1(D − ωU)

Stencil of M for Model Problem


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−1 4
ω + ω

2 −1

−1 ω
4




• Invariant of scaling ( 1
(2−ω))

• Convergence factor depends on λmax(M
−1A)

λmin(M−1A)
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Classical Matrix Splitting: SSOR

Spectrum for Model Problem

ωopt =
2

1 +
√
2(1− µ11)

Σ(M−1A) = Σ(I − Gωopt)

0 1

w
η1

η1 ≥ 2 sin( π
2(n+1))

1 + sin( π
2(n+1))

∼= π

n + 1
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Classical Matrix Splitting: SSOR

Convergence for Model Problem

One-step (α = 1)

ρ = S(Gωopt) ≤
1−

√
1
2(1− µ1)

1 +
√

1
2(1− µ1)

∼= 1− π

n + 1

ε = ρK ⇒ K ∼= log(
1

ε
)
1

π
n

One-step (α = 2/(1 + η1))

ρ =
1− η1

1 + η1
⇒ K ∼= log(

1

ε
)

1

2π
n

Chebyshev

ρ =




√
1/η1 − 1

√
1/η1 + 1


 ⇒ K ∼= log(

1

ε
)

1

2
√

π
n1/2
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Classical Matrix Splittings: Summary

Jacobi: M = D

One-step (α = 1) K ∼= log(1
ε)

2
π2n

2

Chebyshev K ∼= log(1
ε)

1
πn

Gauss-Seidel: M = D − L

One-step (α = 1) K ∼= log(1
ε)

1
π2n

2

One-step (α = 2−O( 1
n2)) K ∼= log(1

ε)
1

2π2n
2

Chebyshev K ∼= log(1
ε)

1
2πn

SOR: M = 1
ω(D − ωL); ωb ∼= 2− 2π

n+1

One-step (α = 1) K ∼= log(1
ε)

1
2πn

SSOR: M = 1
ω(2−ω)(D − ωL)D−1(D − ωU); ωopt ∼= (2− 2π

n+1)

One-step (α = 1) K ∼= log(1
ε)

1
πn

One-step (α = 2−O( 1
n)) K ∼= log(1

ε)
1
2πn

Chebyshev K ∼= log(1
ε)

1
2
√

πn1/2
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