Classical Matrix Splittings: Gauss-Seidel
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Classical Matrix Splittings: Gauss-Seidel

Splitting
A= M-N
M = D-1L (Diagonal and Lower Triangular)
N =U (Negative Upper Triangular)

[teration and Error Equation

(D—L)xy = Uzp1+0

(D —L)er = Uep

er = (D—L) 'Ue;_,
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Classical Matrix Splittings: Gauss-Seidel

Convergence

e A Irreducibly Diagonally Dominant

N
lai| > X lai;| Vi (> for some 7)
j=0

e A Hermitian Positive Definite

o If DL +U) >0, then one of the following holds

1. S(D-L)'U)<SDO ' WU+L)<1
2. S(D-L7'U)=8SDO ' U+L)=1

3. S(D—-L)'U)>SMDO ' U+L)>1

e Model Problem

S(D—L)'U)=S(D YU+ L)*<1
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Classical Matrix Splittings: Gauss-Seidel

Stencil of M for Model Problem

(D—L)xy = Uxp_1+0b

(D —L)er = Uep

e, = (D— L) 'WUe_,

Spectrum for the Model Problem

If \Mie € S((D—L)"'U) and pp € S(DYL +U)) , then

1 ki IZis
Ay = Uz, = —
ke = Hpp = —(cos( )+COS(n 1

4 n—+1
)\11
0 1

Ay =1 —sin2| "
" (<n+1>)

)*
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Classical Matrix Splittings: Gauss-Seidel

Preconditioning

Az = b
M = (D-1L)
(D—-L)'Az = (D- L)'
Spectrum of Preconditioned System

(M 'A)=%(I - (D - L)'U)

1 km %
Me=1—Ape=1-— 4(COS(n n 1) + COS(n —

)*
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Classical Matrix Splittings: Gauss-Seidel

Stationary One-step Method

a=1

Recall

Jacobi(1 — step)

Jacobi(Chebyshev)
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Classical Matrix Splittings: Gauss-Seidel

2 2

Optimal o =

Lt — 14sin®(;5)
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Classical Matrix Splittings: Gauss-Seidel

Chebyshev Iteration
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Classical Matrix Splittings: SOR

Splitting

A=M-N=D-L-U

M=YD-wL) —1iD-L

N =1(1-w)D+wU) (L-1)D+U

Iteration and Error Equation

(D — wL)gk = ((1 — w)D + wU)zk_l +0b

(D—wl)ey = —((1 —w)D +wU)ep_1

1
w
1
w

El— &

er = (D—wLh) (1 -w)D+wl)ep

[teration Matrix

L,=(D—wL) (1 -w)D+wU)
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Classical Matrix Splittings: SOR

Convergence

e General Matrices
S(Ly) > |w—1]
e A Irreducibly Diagonally Dominant

S(L,) <1 for 0<w<1

e A Hermitian Positive Definite

S(Ly) <1 for 0<w<?2
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Classical Matrix Splittings: SOR

Stencil of M for Model Problem

A= M-N=D-L-U o
M = 2(D—wl)
= — — W 0—04—6
w -1 w
1
N = —((1-w)D+wU) o1
w (D —wL)

Spectrum for the Model Problem

If Ay € Z(ﬁw) and ppe € Z(D_l(L + U)) . then

Moo = (@ = 2(w = DA+ (w = 1)* = 0
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Classical Matrix Splittings: SOR

Optimal w

.1
e=pf = K log(g)%n
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Classical Matrix Splittings: SOR

Preconditioning

S(MLA)

e Optimal ellipse is circle centered at 1.0
e Optimal Chebyshev iteration is 1-step with e = 1.0

e No acceleration possible
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