Preconditioning: Outline

A. Preconditioning/Matrix Splitting
B. Model Problem

C. Classical Splittings
1. Jacobi

2. Gauss-Seidel
3. SOR
4. SSOR

D. Incomplete Factorization

1. IC (Incomplete Cholesky)
2. MIC (Modified Incomplete Cholesky)

E. Equivalent Operators



Preconditioning

Given the system

A preconditioning is any nonsingular linear process C'
such that the equivalent system

CAzxz =CD

1S In some sense easier to solve.



Preconditioning/Matrix Splitting

Given
Ax =0
Matrix splitting
A=M—-N
Write
Mx = Nx+b

Mz, = Nxi_1+b
Error equation
Mer = Neg_1

er. = M 'Nep



Preconditioning/Matrix Splitting

Reformulate Matrix Splitting

Mz, = Nzp_1+Db
Mz = Mz 1+ (b— (M — N)xg_1)
Mz = Mzxp_q + 1)

z = 1+ M rpy

Stationary One-step Method

M Az = M1

zp = xp1+aM 'y
Matrix splitting is equivalent to the simplest stationary
one-step method applied to the original system
preconditioned by M1,



Model Problem

Centered Difference Formula

1

hz(—u(w — h,y) +2u(z,y) —ulx+hy) = —ug(z,y)+ O(R?)
1
pa(—ule y = h) & 2ul,y) —ulz,y + 1) = —uy(z,y) + O(h?)
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Model Problem

Matrix Problem: Centered Difference Equations

wij = (i, y;)
fij = f(il?z',yj)
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Model Problem

Eigenvector Decomposition (h =

Avge = Moy kl=1,---.n (N =n?

e = (2-— QCOS(nk_Z-l)) + (2 — 2COS(n€: 1))
.o, km Lo, A
= Alsin (2(n+ 1)) em (Q(n—l— 1)>)
(e = s s
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Model Problem

Write
A=D—-L-U
D Diagonal
L Lower Triangular
U Upper Triangular
Stencil
o 0 ° 1
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Classical Matrix Splittings: Jacobi

System

Splitting
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Classical Matrix Splittings: Jacobi

Splitting
A= M-N
M = D (Diagonal)
N = L+U (Negative Off Diagonal)

[teration and Error Equation

Dz = (L4+U)xr_1+b
De, = (L+U)ey_1
e, = D YL +Uepy

Convergence

e S(DYL+U)) <1 (Spectral Radius)

e A Irreducibly Diagonally Dominant
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Classical Matrix Splittings: Jacobi

Stencil of M for Model Problem

Dz = (L+U)xp—1+0b ®
DQk = (L—i—U)Qk_l G a4
er = DL +U)ep o

M

Spectrum for the Model Problem

If p € S(DYL+U)), then
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Classical Matrix Splittings: Jacobi

Preconditioning

Ax =

IS

M = D
D 'Az = D'
Spectrum of Preconditioned System
Y(D'A) = S(I-D YL+U))
D' Avgr = nievke
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Classical Matrix Splittings: Jacobi

Stationary One-step Method
T = Tp1+aD g
e, = (I —aD 1A,

= ([ —a(l-DYL+U))er

Optimum a = 1.0

01 M1 1 I2

p = fnn 11 1 — 281n2(
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Classical Matrix Splittings: Jacobi

GV \)

Dampened Jacobi o =

1
S(HighFrequencies) = :
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Classical Matrix Splittings: Jacobi

Chebyshev Iteration (or CG)
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