
Methods based on Lanczos biorthogonalization

•Biorthogonal systems and Lanczos biorthogonalization.

•The Bi-CG algorithm, the QMR algorithm

•Transpose-free variant - CGS and Bi-CGSTAB

• See Chapter 7 of text for details.



Bi-Orthogonal systems and Bi-Orthogonal bases

II Two sets of vectors

{v1, v2, . . . , vm} and {w1, w2, . . . , wm}

are said to be bi-orthogonal when

(wi, vj) = 0 for i 6= j

II The system is bi-orthonormal if (wi, vj) = δij

II If V = [v1, v2, . . . , vm], W = [w1, w2, . . . , wm] then

this is equivalent to W T V = I

Given a basis X of K and a basis Y of L, one can devise

a Gram-Schmidt-like algorithm to built bases V of K and

W of L that are bi-orthonormal

II The Lanczos bi-orthogonalization algorithm does this
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The Lanczos Bi-Orthogonalization Procedure

ALGORITHM : 1 Lanczos bi-orthogonalization

1. Choose two vectors v1, w1 such that (v1, w1) = 1.

2. Set β1 = δ1 ≡ 0, w0 = v0 ≡ 0

3. For j = 1, 2, . . . , m Do:

4. αj = (Avj, wj)

5. v̂j+1 = Avj − αjvj − βjvj−1

6. ŵj+1 = AT wj − αjwj − δjwj−1

7. δj+1 = |(v̂j+1, ŵj+1)|
1/2. If δj+1 = 0 Stop

8. βj+1 = (v̂j+1, ŵj+1)/δj+1

9. wj+1 = ŵj+1/βj+1

10. vj+1 = v̂j+1/δj+1

11.EndDo
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Properties

II Extension of the symmetric Lanczos algorithm

II Builds a pair of biorthogonal bases for the two subspaces

Km(A, v1) and Km(AT , w1)

II Different ways to choose δj+1, βj+1 in lines 7 and 8.

Let

Tm =















α1 β2

δ2 α2 β3

. . .

δm−1 αm−1 βm

δm αm















.

II vi ∈ Km(A, v1) and wj ∈ Km(AT , w1).



If the algorithm does not break down before step

m, then the vectors vi, i = 1, . . . , m, and wj, j =

1, . . . , m, are biorthogonal, i.e.,

(vj, wi) = δij 1 ≤ i, j ≤ m .

Moreover, {vi}i=1,2,...,m is a basis of Km(A, v1)

and {wi}i=1,2,...,m is a basis of Km(AT , w1) and

AVm = VmTm + δm+1vm+1e
T
m,

AT Wm = WmT T
m + βm+1wm+1e

T
m,

W T
mAVm = Tm .
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The Lanczos Algorithm for Linear Systems

ALGORITHM : 2 Bi-Lanczos for Linear Systems

1. Compute r0 = b − Ax0 and β := ‖r0‖2

2. Run m steps of the nonsymmetric Lanczos Algorithm,

3. starting with v1 := r0/β, and w1 s. t. (v1, w1) = 1

4. Result: Lanczos vectors v1, . . . , vm, w1, . . . , wm

5. and tridiagonal matrix Tm

6. Compute ym = T −1
m (βe1) and xm := x0 + Vmym.

II BCG can be derived from the Lanczos Algorithm simi-

larly to CG in symmetric case.
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The BCG and QMR Algorithms

II Let Tm = LmUm ( LU factorization of Tm).

Define Pm = VmU−1
m Then, solution is

xm = x0 + VmT −1
m (βe1) = x0 + VmU−1

m L−1
m (βe1)

= x0 + PmL−1
m (βe1)

II xm is updatable from xm−1, similarly to CG

II rj and r∗
j are in the same direction as vj+1 and wj+1

respectively → they form a biorthogonal sequence.

II The p∗
i ’s and pi’s are are A-conjugate.

II Utilizing this information, a CG-like algorithm can be

easily derived from the Lanczos procedure.
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ALGORITHM : 3 BiConjugate Gradient (BCG)

1. Compute r0 := b − Ax0. Choose r∗
0 such that (r0, r∗

0) 6=

2. Set, p0 := r0, p∗
0 := r∗

0
3. For j = 0, 1, . . ., until convergence Do:,

4. αj := (rj, r∗
j )/(Apj, p∗

j)

5. xj+1 := xj + αjpj

6. rj+1 := rj − αjApj

7. r∗
j+1 := r∗

j − αjA
T p∗

j

8. βj := (rj+1, r∗
j+1)/(rj, r∗

j )

9. pj+1 := rj+1 + βjpj

10. p∗
j+1 := r∗

j+1 + βjp
∗
j

11.EndDo
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Quasi-Minimal Residual Algorithm

II The Lanczos algorithm gives the relations

AVm = Vm+1T̄m with T̄m =

(

Tm

δm+1e
T
m

)

II T̄m = (m + 1) × m tridiagonal matrix

II Let v1 ≡ βr0, x ≡ x0 + Vmy. Residual norm:

‖b − Ax‖2 = ‖r0 − AVmy‖2 = ‖βv1 − Vm+1T̄my‖2

= ‖Vm+1
(

βe1 − T̄my
)

‖2

II Columns of Vm+1 are not orthonormal (6= GMRES)

II But still a good idea to minimize the function

J(y) ≡ ‖βe1 − T̄my‖2

II Quasi-Minimal Residual Algorithm (Freund, 1990).
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ALGORITHM : 4 QMR

1. Compute r0 = b − Ax0, γ0 := ‖r0‖2, w1 := v1 := r0/γ1

2. For m = 1, 2, . . . , until convergence Do:

3. Compute αm, δm+1 and vm+1, wm+1 as in bi-Lanczos

4. Update the QR factorization of T̄m, i.e.,

5. Apply Ωm−2, Ωm−1, to T:,m

6. Compute the rotation coefficients cm, sm

7. Apply rotation Ωm, to T̄m and ḡm, i.e., compute:

8. γm+1 := −smγm; γm := cmγm and

αm := cmαm + smδm+1

9. pm =
(

vm −
∑m−1

i=m−2 timpi

)

/tmm

10. xm = xm−1 + γmpm

11. If |γm+1| is small enough Stop

12.EndDo
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Transpose-Free Variants

II BCG and QMR require a matrix-by-vector product

with A and AT at each step. The products with AT

do not contribute directly to xm. II They allow to

determine the scalars (αj and βj in BCG).

II QUESTION: is it possible to bypass the use of AT?

II Motivation: In many applications, A is available only

through matrix-vector products. In this case AT is often

not available.

II Example: In solving nonlinear equations, A is often not

available explicitly but via the Frechet derivative:

J(uk)v =
F (uk + εv) − F (uk)

ε
.
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Conjugate Gradient Squared (CGS)

II Clever variant of BCG which avoids using AT [Sonn-

eveld, 1984].

II Let ρi be the i-th residual polynomial for BCG. By

definition:

ri = ρi(A)r0

where ρi = polynomial of degree i.

II Then, in CGS:

ri = ρ2
i (A)r0
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II Define

rj = φj(A)r0, pj = πj(A)r0,

r∗
j = φj(A

T )r∗
0, p∗

j = πj(A
T )r∗

0

Scalar αj in BCG is given by

αj =
(φj(A)r0, φj(A

T )r∗
0)

(Aπj(A)r0, πj(A
T )r∗

0)
=

(φ2
j(A)r0, r∗

0)

(Aπ2
j (A)r0, r∗

0)

II Possible to get a recursion for the φ2
j(A)r0 and π2

j (A)r0?

φj+1(t) = φj(t) − αjtπj(t),

πj+1(t) = φj+1(t) + βjπj(t)

II Let us square these equalities
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φ2
j+1(t) = φ2

j(t) − 2αjtπj(t)φj(t) + α2
jt2π2

j (t),

π2
j+1(t) = φ2

j+1(t) + 2βjφj+1(t)πj(t) + β2
jπj(t)

2.

II Problem: Cross terms

II Solution: Let φj+1(t)πj(t), be a third member of the

recurrence. For πj(t)φj(t), note:

φj(t)πj(t) = φj(t)
(

φj(t) + βj−1πj−1(t)
)

= φ2
j(t) + βj−1φj(t)πj−1(t).

II Result:
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φ2
j+1 = φ2

j − αjt
(

2φ2
j + 2βj−1φjπj−1 − αjt π2

j

)

φj+1πj = φ2
j + βj−1φjπj−1 − αjt π2

j

π2
j+1 = φ2

j+1 + 2βjφj+1πj + β2
jπ2

j .

II Define:

rj = φ2
j(A)r0, pj = π2

j (A)r0, qj = φj+1(A)πj(A)r0

II Recurrences become:

rj+1 = rj − αjA
(

2rj + 2βj−1qj−1 − αjA pj
)

,

qj = rj + βj−1qj−1 − αjA pj,

pj+1 = rj+1 + 2βjqj + β2
jpj.

Define auxiliary vector dj = 2rj + 2βj−1qj−1 − αjApj



II Sequence of operations to compute the approximate

solution, starting with

r0 := b − Ax0, p0 := r0, q0 := 0, β0 := 0.

1. αj = (rj, r∗
0)/(Apj, r∗

0)

2. dj = 2rj + 2βj−1qj−1 − αjApj

3. qj = rj + βj−1qj−1 − αjApj

4. xj+1 = xj + αjdj

5. rj+1 = rj − αjAdj

6. βj = (rj+1, r∗
0)/(rj, r∗

0)

7. pj+1 = rj+1 + βj(2qj + βjpj).
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II one more auxiliary vector, uj = rj + βj−1qj−1. So

dj = uj + qj,

qj = uj − αjApj,

pj+1 = uj+1 + βj(qj + βjpj),

II vector dj is no longer needed.
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ALGORITHM : 5 Conjugate Gradient Squared

1. Compute r0 := b − Ax0; r∗
0 arbitrary.

2. Set p0 := u0 := r0.

3. For j = 0, 1, 2 . . . , until convergence Do:

4. αj = (rj, r∗
0)/(Apj, r∗

0)

5. qj = uj − αjApj

6. xj+1 = xj + αj(uj + qj)

7. rj+1 = rj − αjA(uj + qj)

8. βj = (rj+1, r∗
0)/(rj, r∗

0)

9. uj+1 = rj+1 + βjqj

10. pj+1 = uj+1 + βj(qj + βjpj)

11.EndDo



II Note: no matrix-by-vector products with AT but two

matrix-by-vector products with A, at each step.

Vector: ←→ Polynomial in BCG :

qi ←→ r̄i(t)p̄i−1(t)

ui ←→ p̄2
i (t)

ri ←→ r̄2
i (t)

where r̄i(t) = residual polynomial at step i for BCG, .i.e.,

ri = r̄i(A)r0, and p̄i(t) = conjugate direction polynomial

at step i, i.e., pi = p̄i(A)r0.



BCGSTAB (van der Vorst, 1992)

II In CGS: residual polynomial of BCG is squared → poor

behavior in case of irregular convergence

II Bi-Conjugate Gradient Stabilized (BCGSTAB) = a vari-

ation of CGS which avoids this difficulty. Derivation similar

to CGS.

II Residuals in BCGSTAB are of the form,

r′
j = ψj(A)φj(A)r0

where φj(t) = BCG residual polynomial, and ..

II .. ψj(t) = a new polynomial defined recursively as

ψj+1(t) = (1 − ωjt)ψj(t)

ωi chosen to ‘smooth’ convergence [steepest descent step]
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ALGORITHM : 6 BCGSTAB

1. Compute r0 := b − Ax0; r∗
0 arbitrary;

2. p0 := r0.

3. For j = 0, 1, . . . , until convergence Do:

4. αj := (rj, r∗
0)/(Apj, r∗

0)

5. sj := rj − αjApj

6. ωj := (Asj, sj)/(Asj, Asj)

7. xj+1 := xj + αjpj + ωjsj

8. rj+1 := sj − ωjAsj

9. βj :=
(rj+1,r

∗
0)

(rj,r
∗
0)

×
αj
ωj

10. pj+1 := rj+1 + βj(pj − ωjApj)

11.EndDo

21 Csci 8314 – March 22, 2006


