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1 Change Log

1.5 Updated “complete heap” definition for the extra credit quest{onportant)
1.1 Fixed a type inconsistency in the description for problem 6 that implied a type conflict with the OCaml output.

1.0 Initial release

2 Objectives and Background
After completing this MP, you should better understand:

¢ the option datatype

¢ user-defined datatypes

3 Problems

Warning: You may not use any library functions whatsoever on this MP, except for problems 9 and 10 and the
Extra Credit, where you may use @.

3.1 Theoption Datatype

This section is intended to familiarize you with thption  datatype.

1. (5 pts) Writefind _first f Ist that returnsSomex if x is thefirst elementy in Ist such thaff y returns
true , andNone if there is no such element.

# let rec find first f Ist = ...

val find_first : (a -> bool) -> 'a list -> 'a option = <fun>
# find_first (fun x -> x < 2) [3;2;1];

- : int option = Some 1

# find_first (fun x -> false) [3;2;1];;

- . int option = None

2. (5 pts)(must be tail recursive) Write find _last f Ist that returnsSomex if x is thelastelementy in Ist
such thaf y returnstrue , andNone if there is no such element.



# let find_last f Ist = ...

val find_last : (‘a -> bool) -> ’a list -> 'a option = <fun>
# find_last (fun x -> x < 2) [3;2;1];

- : int option = Some 1

# find_last (fun x -> true) [];;

- . ’a option = None

3. (10 pts) Writefind _all f Ist that returnsSomexIst if xlIst is a non-empty list containing, in the order in
which they appear itst , all elementy inIst such thaf y returnstrue . If there are no suckiin Ist , then
find _all returnsNone.

# let rec find_all f Ist = ...

val find_all : (a -> bool) -> ’a list -> ’a list option = <fun>
# find_all (fun x -> x < 5) [2;4;6;5;3;1];;

- . int list option = Some [2; 4; 3; 1]

# find_all (fun x -> x < 5) [6;7;8];;

- :int list option = None

3.2 User Defined Datatypes

For this exercise, you are given the following datatype in M@3commonmodule. (You need to havepen
Mp3commonon top of yourmp3.ml file.)

type 'a tree = Node of 'a tree * 'a * ’'a tree | Empty

In Mp3common you are also given a function namedmplete . This is an auxiliary function to make testing
easier. From the applicatiatomplete r n , you can get a complete tree whose root node has the vadunel the
last leaf node has the valme

3.3 Folding over thetree Datatype

4. (5 pts) Writetfold f base t that folds over the tree. base is returned for an empty tree. For a non-empty

tree,f is applied to the result of folding over the left sub-tree, the value stored at the current node, and the result

of folding over the right sub-tree, in that order.

# let rec tfold f base t = ...
val tfold : (a -> 'b -> 'a -> 'a) -> 'a -> 'b Mp3common.tree -> 'a = <fun>

5. (5 pts) Writetfold _left f base t that folds over the treke. base is returned for an empty tree.

For a non-empty tree, the functidngets as first argument the result of folding oedirnodes to thdeft of the
current node (not just those in the left sub-tree), and as second argument the value of the current node.

# let rec tfold left f base t = ...
val tfold_left : (a -> 'b -> 'a) -> 'a -> 'b Mp3common.tree -> 'a = <fun>



6. (5 pts) Writetfold _right f base t that folds over the trek. base is returned for an empty tree.

For a non-empty tree, the functidngets as first argument the value of the current node, and as second argument
the result of folding oveall nodes to theight of the current node (not just those in the right sub-tree).

# let rec tfold right f t base = ...
val tfold _right : (a -> 'b -> ’'b) -> 'a Mp3common.tree -> 'b -> 'b = <fun>

7. (5 pts) Writetsum _base andtsum _step such thatfold tsum _step tsum _base t sums the values of
the nodes of , anint tree

# let tsum_base = ...

val tsum_base : int = ...

# let tsum_step = ...

val tsum_step : int -> int -> int -> int = <fun>

# tfold tsum_step tsum_base (Node (Node (Node (Empty, 4, Empty),
2, Node (Empty, 5, Empty)), 1, Node (Empty, 3, Empty));;

- int = 15

8. (6 pts)

1. Writetsum _left _base andtsum _left _step suchthatfold _left tsum _left _step tsum _left _base
t sums the values of the nodestqgfanint tree

# let tsum_left base = ...
val tsum_left base : int = ...
# let tsum_left step = ...
val tsum_left step : int -> int -> int = <fun>
# tfold_left tsum_left step tsum_left_base (Node
(Node (Node (Node (Empty, 6, Empty), 2, Node (Empty, 7, Empty)), O,
Node (Node (Empty, 8, Empty), 3, Node (Empty, 9, Empty))),
-1, Node (Node (Node (Empty, 10, Empty), 4, Empty), 1,
Node (Empty, 5, Empty))));
- int = 54

2. Writetsum _right _base andtsum _right _step such that
tfold _right tsum _right _step t tsum _right _base sums the values of the nodestagfanint
tree .

# let tsum_right_base = ...

val tsum_right base : int = ...

# let tsum_right_step = ...

val tsum_right_step : int -> int -> int = <fun>

# tfold_right tsum_right_step (Node(Node (Node (Node

(Empty, 5, Empty), 1, Node (Empty, 6, Empty)), -1,
Node (Node (Empty, 7, Empty), 2, Node (Empty, 8, Empty))),
-2, Node (Node (Node (Empty, 9, Empty), 3, Node
(Empty, 10, Empty)), 0, Node (Empty, 4, Empty))))

tsum_right_base ;;

- 1int = 52



9. (5 pts) Writetfind _base andtfind _step f such thatfold tfind _step tfind _base t returns a
list of all valuesaint such thaf ais true, in the order in which they occurin Note: You may use @ for this

problem.

# let tfind_base = ...
val tfind_base : 'a list = ...
# let tfind_step f = ...
val tfind_step : ('a -> bool) -> 'a list -> 'a -> 'a list -> 'a list = <fun>
# tfold (tfind_step (fun x -> x < 5)) tfind_base
(Node (Node (Empty, 3, Empty), 1,
Node (Node (Empty, 5, Empty), 2, Node (Empty, 4, Empty)))
- int list = [3; 1; 2; 4]

10. (8 pts)

1. Writetfind _left _base andtfind _left _step f such that

tfold

_eft tfind left _step tfind _left _base t returns a list of all valueaint such thaf

ais true, in the order in which they occurin Note: You may use @ for this problem.

# let tfind_left_base = ...
val tfind_left_base : 'a list = ...
# let tfind_left step f = ...
val tfind_left_step : ('a -> bool) -> ’a list -> 'a -> 'a list = <fun>
# tfold_left (tfind_left_step (fun x -> false)) tfind_left base
(Node (Empty, 1, Empty));;
- int list = ]

2. Writetfind _right _base andtfind _right _step f suchthatfold _right tfind _right _step

t tfind

_right _base returns a list of all valuea in t such thaf ais true, in the order in which they

occur int . Note: You may use @ for this problem.

# # let tfind_right_base = ...

val tfind_right base : 'a list = ...

# let tfind_right_step f = ...

val tfind_right _step : (a -> bool) -> 'a -> 'a list -> 'a list = <fun>

# tfold_right (tfind_right_step (fun x -> x < 3 || x > b))

(Node (Node (Node (Node (Empty, 8, Empty), 4, Node (Empty, 9, Empty)), 2,
Node (Empty, 5, Empty)), 1, Node (Node (Empty, 6, Empty), 3,
Node (Empty, 7, Empty))))

tfind_right_base;;

- int list = [8; 9; 2; 1; 6; 7]

3.4 General Recursion Over thdree Datatype

Sometimesfold

is not good enough. For example, we may need to accumulate information (such as current depth)

as we traverse a tree.



11. (15 pts) Writdnvert t  that takes in a tree and returns a lisfts; ...; t,,] of n trees, where: is the number of
leaves int . Treet; ist with [;, thei, leaf oft, as its root.

The idea is to “hang” the tree by the new root and let gravity rearrange the tree accordingly, without crossing any
edges.

A sketch oft;:

Arbitrarily, I;s right subtree remains empty; its left subtree should be made to contain the rest of the tree (to ensure
consistency with our solution.)

Now imagine traveling along the path fraipto the old root. At a given node on this path, let’'s say you came from
the right (resp. left) branch, then the edge to the parent becomes the left (right) branch, and the edge to the left
(right) sibling becomes the right (left) branch.

Remember: You may not use library functions, such as @.
Note: Although it is not required, this function can be written in time linear in the size of the tree.

# let invert t = ...

val invert : 'a Mp3common.tree -> 'a Mp3common.tree list = <fun>

# invert (Node (Node (Empty, 2, Empty), 1, Node (Empty, 3, Empty)));;
- . int Mp3common.tree list =

[Node (Node (Node (Empty, 3, Empty), 1, Empty), 2, Empty);

Node (Node (Empty, 1, Node (Empty, 2, Empty)), 3, Empty)]

3.5 Extra Credit

Note: You may use @ for the extra credit problems.
Definition Thedepth of a root node is 0, and for any node having deptits children have depth + 1.

Definition A tree t is acomplete heapiff:
1. for any node irt, none of its descendants has a value less than its own.

2. every node must have 0 or 2 children, except for the parent of the rightmost leaf, which may have a single left
child.

3. all leaves are at depthhor n — 1, with all leaves at depth occurring before any leaf of depth— 1 in an
in-order traversal of (for somen.)

12. (3 pts) Write functions _heap t which returngrue iff t is a complete heap.

let is_heap t = ..

- : ’a Mp3common.tree -> bool = <fun>
# is_heap (complete 1 5);;

- @ bool = true

13. (4 pts) Write functiommerge t1 t2 that takes in two complete heaps t1 and t2, and returns a new saeh
that, for each node itl ort2 , there exists a unique corresponding node with the same vatugfinthermore,
t' must be a complete heap.

Note: there are multiple reasonable algorithms that solve this problem and meet the above constraint; some
return different trees than others.



let merge t1 t2 = ...

- . int Mp3common.tree -> int Mp3common.tree -> int Mp3common.tree = <fun>
# complete 1 10 = merge (complete 1 5) (complete 6 10);;

- : bool = true



