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How to Represent (Free) Data

Structures (First Pass)

* Suppose T is a type with n constructors:
C,...,C, (no arguments)

* Represent each term as an abstraction:

e C; =A X4 ... AX . X

* Think: you give me what to return in
each case (think match statement) and

I'll apply the correct case for the /'th
constructor



How to Represent Booleans

bool = True | False
True -> A X, X,. Xy =, AX.AY. X

False -> A X, X,. X, =, AX.AY.Y
Notation

— Will write

AXy...X,.eforhx,. ... . E

e, e,...e, for(...(e;e,)... e,)



How to Write Functions over

Data Structures

 Write a "match” or “case” function
* match c with C, -> x,

C,->X,
— A X4 ... X,C.CX4...X,

* Think: give me what to do in each case
and give me a case, and I'll apply that
case



How to Write Functions over

Booleans

* Ifbthencelsed
« if_then_else b x4 X, = b X, X,
» if_then_else =ADb x; X, . b Xx; X,
Alternately,
If_then_else b x; x, =
match b with True ->x, | False -> x, =
(AX; X, b.bxyx,) XX,

if_then_else = A b x, X, (match, ., X4 X, D)



Example:

not b = if b then False else True

= if then_else b False True
=(Abcd.bcd)b(Axy.y)AXY.X)
=b (AXY.Y)AXY.X)

e not=ADb.b(AXYy.y)(\XY.X)

* Try and, or
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How to Represent (Free) Data

Structures (Second Pass)

* Suppose T is a type with n constructors:
Cityy ...ty ...Cty ..

* Represent each term as an abstraction:

* City ...ty =AXq . X X by o 8

° Clek tl1 . n . tlj,x1 Xn Xl tl1 e th

* Think: you need to give each
constructor its arguments fisrt



How to Represent Pairs

» Pair has one constructor (comma) that
takes two arguments

* (a,b)-->Ax.xab
* (, )->Aabx.xab



Functions over Pairs

e fst=Ap.p(AXY.X)

fst (u, v)-->
(Ap.p(Axy.x))((habx.xab) uv)-->
(AP.p(AXY. X))(kx.xuv)-->
(AX.XUV)(AXY.X)-
(AXYy.X)uv-->(Ay. u)v > U

*snd=Ap.p(AXY.Y)



How to Represent (Free) Data
Structures (Third Pass)

* Suppose T is a type with n constructors:
C1 t11 PR t1k’ C tn1 PR nm

» Suppose £, ; T (ie. is recursive)

* In place of a value {;, have afunction to
compute the recursive value t, X, ..

.+ C,—



How to Represent Natural
Numbers
* nat=Sucnat| 0O
e 0=Afx. X
e Sucn=Afx.f(nfx)
+ Suc=Anfx. f(nfx)

* Such re presentation called
Church Numerals



Some Church Numerals

» SucO=(Anfx.f(nfx)) (Afx x)-->
AEXx (A f X X) fX)-->
M T (WX X)X)-->ATX fX

Apply a function to its argument once



Some Church Numerals

» Suc(Suc0)=(Anfx. f(nfx))(Suc0)-->
(Anfx.f(nfx)) (Afx fx)-->

Mx T (NTX fXx) X)) ->

M F((AX TX) X)) -->ATx f(fX)

Apply a function twice

Ingeneraln=Afx. f(...(fx)...)withn
applications of f



Adding Church Numerals

en=Afx.f"x and m=Afx fM™x

en+m=Afx. f"mMx = fx.fr(fmx)
=Afx.nf(mfx)

e +=Anmfx.nf(mfx)

e Subtraction is harder



Multiplying Church Numerals

en=Afx.f"x and m=Afx fMmx

ensm=Afx. (fM*Mx =Afx. (FMNx =
Afx.n(mf)x

e x=Anmfx.n(mf)x



Primitive Recursion over Nat

fold f z n=
match n with 0 -> z
| Suc m -> f (fold f z m)

fold=Afzn.nfz

IS_zero n = fold (A r. False) True n
AMx. f"x) (A r. False) True
(A r. False) ") True

= if n = 0 then True else False

=
= (



Predecessor

* let pred auxn =
* match n with 0 -> (0,0)
| Sucm

* -> (Suc(fst(pred_aux m)), fst(pred_aux m)
« =fold (A r. (Suc(fstr), fstr)) (0,0) n

 pred =An.snd (pred aux n)n =
A n. snd (fold (A r.(Suc(fst r), fstr)) (0,0) n)



Recursion

Want a A-term Y such that for all term R
we have

YR =R (YR)

Y needs to have replication to
“‘remember” a copy of R

Y=AY. (AX y(XX)) (N X y(XX))
Y R=(AX. R(XX)) (A X. R(X X))
= R ((A X. R(X x)) (A X. R(X x)))

Notice: Requires lazy evaluation



Factorial

e LetF=Afn.ifn=0then 1 else n ™ {f(n-1)

* YF3=F(YF)3

« =if3=0then 1else 3 * ((Y F)3-1))

+ =3*(YF)2=3*(F(YF)?2)

« =3*(if2=0then1else 2 * (Y F)(2-1))

+ =3 2*(YF)(1)=3*@2*(F(YF) 1)) =...

e =3*2*1*(if0 =0 then 1 else 0*(Y F)(0 -1))
e =3*2*1*1=6



Y in OCam|

#letrecyf=1(yf);
valy: (‘a->"a)->"'a = <fun>
# let mk_fact =
funfn->ifn=0then 1 elsen *f(n-1);;

val mk_fact : (int -> int) -> int -> int =
<fun>

# vy mk_fact;;

Stack overflow during evaluation (looping
recursion?).



Eager Eval Y in Ocaml

#letrecyfx=1(yf)x;;

valy:((fa->'b)->"a->"b)->'a->'b =
<fun>

# vy mk_fact;;

- . int -> int = <fun>

#y mk_fact 5;;

- int =120

» Used recursion to get recursion



Some Other Combinators

For your general exposure

| =AX.X

K=AX.AY. X

Ke =AX.AY. Y
S=AX.AY.AZ.XZ (Y 2Z)



