CS 418: Homework #3 Solution

1. (20 points) You are given three RGB colors with corresponding alpha vaiues(0.7,0.5,0.6), B = (1,1,0),
andC = (0,0, 1) with alpha valuesv4 = 0.5, = 0.9, andac = 0.7.
Solution:

For both parts below it will be useful to derive a general formula for calculating the composition of 3 colors, which
we denoteD, E andF.
To compute(D over E over F'), or DoEoF', we need the following two components:

(DoEoF) = apD + (1 —ap)(EoF)’
=apD+ (1 —ap)lagE+ (1 —ag)apF)
=apD+ (1—ap)agE+ (1 —ap)(l —ag)apF
apopor = ap + (1 —ap)(aker)
=ap+ (1—ap)lag+ (1 —ag)ar)
=ap+(1—ap)ag+ (1 —ap)(l —ag)ar
Then we de-multipl{ DoEoF)' by ap,gor t0 get(DoEoF).

(a) Compute the color and alpha value fdr¢ver B overC).

Solution:

(AoBoC)' = (0.8,0.7,0.335)
QAoBoC = .985
De-multiply, we get:
AoBoC = (0.812,0.711,0.340)

(b) Compute the color and alpha value fér ¢ver B over A).

Solution:

(CoBoA)' = (0.281,0.278,0.709)
QCoBoA = .985

De-multiply, we get:
CoBoA = (0.285,0.282,0.720)

We can see that in generalp BoC' is not the same aSoBoA.

2. (20 points) Consider the (uncapped) unit cone whose apex is the origin and whose radius and height are both 1.



radius
r=1

—

[ ———— ——

height
h=1

(&) What is the parametric form of this surface? Make sure to indicate what your parameter values mean and
what their ranges are.

Solution:
x = 7rcosb
y=r
z=rsinf

with0 <6 < 27,0 <r<1.
(b) Briefly describe how to generate this object as a generalized cylinder.

Solution:

To define a generalized cylinder, we need to specify its cross section and scaling function. For this cone
example, using < r < 1 as the parameter, the cross section is ciréle- 22 = 2, and scaling function is
s(r)y=r.

(c) What is the implicit form of this cone? You can assume that the coordinates will always be restricted to the
ranged < z,y,z < 1.

Solution:
22 +22-y2=0

3. (20 points) Suppose we want to construct a model of an ellipsoid centered at the origin, whose axes gre the
coordinate axes and whose radii aré, ¢, respectively.

(a) Write an implicit equation for this ellipsoid.

Solution:
Flz,y,2) = (=) + (=) +(5)?=1=0

(b) Convert this equation into the standard quadratic fofr@v = 0.

Solution:

We have squared terms for x, y, z, and a constant. When put into a rajtthey fir in the diagonals so we
get the correct terms when multiplied witd andv.
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(c) Show how to derive this matri& via a transformation of the quadratic form for the unit sphere.

Solution:
The implicit equation for the unit sphere iBY(z,y,2) = 2> +y> + 22 —1=0

Again, in order for the sphere’s quadratic form to multiply out to the same results as the implicit equa-
tion, we need to put the coefficients of its terms in the diagonal where each respective dimension is squared.

1 T
Flz,y,2)=v'Qv=[z y z 1] Z =0
-1 1
To scale it so that the X, y, z have radii a, b, ¢, we apply the following scale matrix that scales it by a, b, c,
since the original radius is 1.

a
s—| °
C
1
To scale it to an ellipsoid, we use the equation:
1/a 1 1/a
1T _ 1/b 1 1/b
Qellipsoid = (S 1) Qspheres l= / 1/6 1 / 1/C
1 -1 1
1/a?
B 1/b2
- 1/c?

-1

4. (20pts) Suppose that you are given a ppint (z,y, z) and a planer-x + d = 0 where|n|| = 1.
(a) Letq be the perpendicular projection pfonto the plane. Derive an expression of the locatjan terms of
p, n, andd.
Solution:

Let us draw a ray fronp perpendicular to the plane. Then point p — tn for somet (definingqg = p +tn
will also work, since the sign difference will cancel out anyway).

Like ray-plane intersection, we substitute ray equation into plane to solve for

n-(p—tn)+d=0
n-p—tn-n)+d=0
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(b)

(©

t=m-p+d)/(n-n)=(n-p+d)

After finding ¢, we plug it back into the ray equation:
q=p—(n-p+dn

Derive the equation for the location of the popprojected onto the plane through the origin0,0) as
pictured in the figure below.

Solution:

Let q be this location. Ther = tHT?H since we are projecting from the origin through Again, plug into
the plane equation to solve far

n-(tHTF;”)-l-d:O
t(ﬁ)ﬂ):_d

t= (5%

Putt back into the ray equation:

_ (=dlplp\ _ —dp
9= (Gulpr) = pn
Suppose that we now want to write some code to do projective shadows as discussed in class. Using the

equation you derived in the previous part, detail how you would support projection onto a plane through any
arbitrary point (not just the origin).

Solution:

Given an arbitrary point, we would first translate the plane and poinby —r so that we are projecting
from the origin. Use the above equation to find the projection point, then translate the resulting pofat by
obtain the final answer.

Alternatively, we can obtain an exact equation if we take into account projecting from an arbitrary point
Thenq =r + tﬁ for somet, since we are casting a ray from the patrthrough pointp.

Plug into plane equation to solve far

n-(r+t:B=2-)+d=0

) ) [lp—r]]

p—!‘ ‘n _ _ .

tCpoy) = —d—n-r

; — (cdn)p—r]|
®-r)n

Putt back into the ray equation:

_ . ((cd-nn)lp-rl\ p—r _ .., (~d-nr)
a=r+(—Gpom e =t =

Full credit is given for both approaches.

5. (20pts) A quadric surface is described by the implicit equatib@x = 0 wherex is the homogeneous column

vector(zy, x2, x3,1) andQ is a symmetrict x 4 matrix. Suppose you are given a ray- td with ||d|| = 1.

(a) Derive the equation for the value(s)tadt which the ray will intersect this surface.

Solution:
We can substitute in the implicit equation with the equation of the ray + td)? Q(p + td) = 0
Using the rulex” Qx = x - Qx, we can eliminate the transpoggi + td) - Q(p +td) =0

Multiply into terms oft: p - Q(p + td) + (td) - Q(p + td) = 0
p-Qp+p-tQd+(td)-Qp + (td) - tQd =0
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(d-Qd)t*+ (p-Qd+d-tQp)t+p-Qp =0

SinceQ is symmetricx - Qy = y - Qx (Or if you chose not to eliminate transposgs$,Qy = y’ Qx).
However, note that - Qy # (x - y)x. We then simplify to:(d - Qd)t*> + 2(p- Qd)t +p- Qp = 0

This is in a quadratic form, where=d - Qd, b = 2(p - Qd), ¢ = p - Qp, andt = =bEvb —dac V2b2_4“.

a

(b) A givenray may intersect a quadric at 0, 1, or 2 spots. Derive an expression which can be used to test whether
the ray intersects the surface or whether it misses it entirely.

Solution:

If the discriminantp? — 4ac, equals 0, and the resulting> 0, the ray hits in one spot. If the discriminant is
greater than 0, there is a hit for every positiv@p to two hits). Otherwise the ray misses.
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