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Abstract

Recentwork has highlighted the importance of the
constaint-basedniningparadigmin thecontext of frequent
itemsets, associations,correlations, sequential patterns,

and many other interesting patternsin large databases.

In this paper we study constaints which cannotbe han-
dled with existing theory and techniques. For example,
, . ( cancon-
tain itemsof arbitrary values) , are customar

ily regarded as “tough” constaintsin that they cannotbe
pushednside an algorithm sud as Apriori. We developa

notionof convertibleconstraintandsystematicallyanalyze,
classify and characterizethis class. We also developtec-

nigueswhich enablethemto be readily pusheddeepinside
the recentlydevelopedFP-growth algorithm for frequent
itemseimining Resultfromour detailedexperimentshow
the effectivenessf thetechniquesdeveloped.

1. Intr oduction

It hasbeenwell recognizedthat frequentpatternmin-
ing playsan essentialole in mary importantdatamining
tasks. However, frequentpatternmining often generates
very large numberof frequentitemsetsandrules,which re-
ducesnot only the ef ciency but also the effectivenessof
mining sinceusershave to sift througha large numberof
minedrulesto nd usefulones.

Recentwork has highlighted the importance of the
paradigmof constraint-basedhining: the useris allowed
to expresshis focusin mining, by meansof a rich classof
constraintghat captureapplicationsemantics.Besidesal-
lowing userexploration and control, the paradigmallows
mary of theseconstraintdo be pusheddeepinsidemining,
thuspruningthe searchspaceof patterngo thoseof interest
to the user andachieving superiormperformance.

Itemsetconstraintshave beenincorporatednto associ-
ation mining [10]. A systematicmethodfor the incorpo-
ration of two large classef constraints—anti-monobne
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and succinct—in frequentitemsetmining is presentedn

[7, 6]. A methodfor mining associationrules in large,
densedatabasesy incorporationof userspeci ed con-
straintsthatensureevery minedrule offers a predictive ad-
vantageover ary of its simpli cations, is developedin [2].

Constraint-basethining of correlations py exploration of

anti-monotongity and succinctnessaswell asmonotonic-
ity, is studiedin [4].

While previous studiescover a large classof useful
constraintsmary otheruseful and natural constraintsre-
main. For example, considerthe constraints ,

, and . The rst
two areneitheranti-monotonenor monotonenor succinct.
The last oneis anti-monotonevhen is andall items
havenon-ngativevalues If  cancontainitemsof arbi-
trary values, is ratherlike the rst two con-
straints. Intuitively, this meanstheseconstraintsare hard
to optimize. In this paper we investigatea whole classof
constraintghat subsumesheseexamples. The mainidea
is that constraintsthat exhibit no nice propertiesdo soin
thepresencef certainitem orders.We makethe following
contributions.

We introduce (Section 3) the conceptof corvert-

ible constaints and classify theminto threeclasses:
corvertible anti-monotonecorvertible monotoneand

strongly corvertible This covers a good number
of usefulconstraintswhich were previously regarded
tough,includingall theexamplesabove.

We characterizgSection 3) the classof corvertible
constraintsusingthe notion of pre x monotonefunc-
tions, andstudythe arithmeticalclosurepropertiesof
suchfunctions.As abyproductwe canshaw thatlarge
classe®f constraintsnvolving arithmeticareconvert-
ible, e.g., is corvertible anti-
monotoneand is corvert-
ible monotone.

We shaw thatcorwvertible constraintgannotbe pushed
deepinto thebasicApriori framevork. However, they
can be pusheddeepinto the frequentpatterngrowth
mining. We thus develop (Section4) algorithmsfor
fastmining of frequentitemsetssatisfyingthe various
constraints.

We report our resultsfrom a detailedset of experi-



mentswhich shav the effectivenessof the algorithms
developed(Sectiorb); and nally, we concludethe
studyin Section?.

2. Problem De nition: Frequentitemset Min-
ing with Constraints

Let be a setof all items wherean
itemis anobjectwith someprede nedattributes(e.g.,price,
weight,etc.). A transaction is atuple,where

is theidenti er of thetransactiorand . A transac-
tion database consistf asetof transactionsAn itemset

is a subsetof the setof items. A -itemsetis an
itemsetof size . We write itemsetsas ,
omitting setbrackets.

An itemset is containedn atransaction ,
if andonly if . Thesupport of anitemset in
atransactiordatabase is thenumberof transactionin
containing . Givena supportthreshold ,
anitemset is frequentprovided

A constaint  is a predicateon the powersetof the set
of items , i.e., . An itemset
satis esaconstraint if andonly if is true. The set
of itemsetssatisfyingaconstraint is

true . We call anitemsetin valid.

Problem de nition . Given a transactiondatabase , a
supportthreshold , and a setof constraints , the prob-
lem of mining frequentitemsetswith constaintsis to nd
the completesetof frequentitemsetssatisfying , i.e., nd

Many kinds of constraintscan be associatedvith fre-
guentitemsetmining. Two categoriesof constraintssuc-
cinctnessand anti-monotongity, were proposedn [7, 6];
whereasthe third cateyory, monotonicity was studiedin
[3, 4, 8] in the contets of mining correlatedsetsand fre-
guentitemsets We brie y recallthesenotionsbelow.

De nition 2.1 (Anti-monotone, Monotone,and Succinct
Constraints) A constraint  is anti-monotonéf andonly
if whenever anitemset violates , sodoesary superset
of . A constraint  is monotonef andonly if when-
ever anitemset satises , sodoesary supersebf
Succinctnesss de nedin stepsasfollows.

An itemset is a succinctset, if it canbe ex-
presseds for someselectiorpredicate , where
is the selectionoperator

is a succinctpowerset,if thereis a x ed
numberof succinctsets , suchthat
canbe expressedn termsof the strict powersets

of usingunionandminus.

Finally, a constraint
is asuccinctpowerset.

is succinctprovided

We canshaw thefollowing result.

is both anti-monoton¢ and
for all itemset , or

Theorem 2.1 A constaint
monotonidf and only if
for all itemset .

Theorem 2.2 Everysuccinctconstaint involving only ag-
gregate functions can be expressed using conjunction
and/or disjunction of monotoneand anti-monotonecon-
straints.

Thesethreecategyoriesof constraintover a large class
of popularly encounteredonstraints. However, thereare
still mary useful constraints,such as and

where (shown in the table)that
belongto noneof thethreeclasses.

Example 1 LetTablel beourrunningtransactiordatabase
, With asetof items . Letthesup-

| TransactiorD | Itemsin transaction|
10
20
30
40

Table 1. Thetransactiordatabase in Examplel.

portthresholdbe . Itemset is frequentsince
it is in transactions and , respectiely. The complete
setof frequentitemsetsarelistedin Table2.

[ Length |
1

Frequent-itemsets |

2
3
yii

Table 2. Frequentitemsetswith supportthreshold
in transactiordatabase in Tablel.

Let eachitem have an attribute value (suchasprot),
with theconcretevalueshown in Table3. In all constraints
suchas , weimplicitly referto thisvalue.

[ c [d] e [flg] h |
| [ | [ 1 |

Table 3. Thevalues(suchasprot) of itemsin Ex-
amplel.

[tem | a |b
[ Value | |

The constraint requiresthat for an
itemset , the value rangeof theitemsin  mustbe no
greaterthan . It is an anti-monotoneconstraint,in the
sensethat if an itemset,say , violatesthe constraint,
ary of its supersetsvill violateit; andthus canbere-
moved safelyfrom the candidatesetduringan Apriori-like
frequentitemsetmining process[7]. However, the con-
straint is not anti-monotong(nor
monotone,nor succinct, which can be veri ed by read-
ers). For example, , Vio-



latesthe constraint. However, uponaddingonemoreitem
, , satis es
This example scratcheghe surfaceof a large classof
useful constraintsanvolving , , etc. aswell as
arithmetic. Exploiting themin mining calls for new tech-
nigueswhich is the subjectof this paper

3. Convertible Constraints and Their Classi -
cation

Beforeintroducingthe concepif convertible constraint,
we motivateit with anexample.

Example2 Supposewe wish to mine frequentitemsets
over transactiondatabase in Table 1, with the support
threshold andwith constraint

Thecompletesetof frequenitemsetsatisfying canbe
obtainedby rst miningthefrequenttemsetsvithoutusing
the constraint(i.e., Table2) andthen ltering outthosenot
satisfyingtheconstraint.Sincethe constrainis neitheranti-
monotonenormonotonenor succinctjt cannotbedirectly
incorporatednto an Apriori-style algorithm. E.g., itemset

satis estheconstraintwhile its subset andits superset

donot.

If we arrangethe items in value-descendingordet

,we canobsereaninterestingoroperty

asfollows. Writing itemsetsw.r.t. this orderleadsto a no-

tion of a prex. E.g., has and asits pre xes.

Interestinglythe averageof anitemsetis no morethanthat
of its pre x, accordingo thisorder

3.1.Convertible Constraints

The obsenation madein Example2 motivatesthe fol-
lowing de nition. Wewill frequentlymakeuseof anorder
overthesetof all itemsandassumétemsetsarewrittenac-
cordingto this ordet

De nition 3.1(Pre x itemset) Givenanorder overthe
setof items , anitemset is calledapre x of
itemset w.rt. , where anditems
in bothitemsetsarelistedaccordingo order is called
aproperpre x of if

We next formalizecorvertible constraintsasfollows.

De nition 3.2 (Convertible Constraints) A constraint

is corvertible anti-monotoneprovided thereis an order
on items suchthat wheneer an itemset satises , so
doesary pre x of . It is convertible monotoneprovided
thereis anorder on itemssuchthatwheneer an item-
set violates , sodoesary pre x of A constraint
is corvertible whenever it is corvertible anti-monotoneor
monotone.

1Unlessotherwisestated every orderusedin this paperis assumedo
betotal overthe setof items.

Note that ary anti-monotone(resp., monotone)con-
straintis trivially convertibleanti-monotongresp. convert-
ible monotone)just pick ary orderonitems.

Example 3 We shav where isa
convertible constraint.

Let be the value-descendingrder Given an item-

set satisfyingthe constraint .
whereitemsin  arelistedin theorder . For eachpre x
of , since
, we have
. Thisimplies  alsosatis esthe constraint.

So, constraint is corvertible anti-monotone.
Similarly, it canbe shavn that constraint is
corvertiblemonotone.

Interestingly if the order (i.e., the reversedorder
of ) is used,the constraint can be shavn
convertible monotone. For lack of spacewe leave this as
anexerciseto thereader

In summary constraint
straint. Furthermorethereexists an order
constraintis corvertible anti-monotonew.r.t.
vertiblemonotonew.r.t.

is corvertible con-
suchthatthe
and con-

As anotherexample,let us examinethe constraintswith
function

Example4 Constraint is anti-monotoneif
itemsare all with non-n@ative values. However, if items
arewith negative, zeroor positive values the constrainte-
comesneitheranti-monotonenor monotonenor succinct.

Curiously, this constraintexhibits a “piecewise” con-
vertible monotoneor anti-montonebehaior. If in
the constraint,the constraintis corvertible anti-monotone
w.r.t. item value ascendingorder Given an itemset

suchthat , Whereitems arelisted

in value ascendingorder For a pre x

, if , that means
. So, . Ontheotherhand,
if , we have . Thus,
. Therefore,
in both caseswhich means satis esthe

constraint.

If in the constraintjt becomesonvertible mono-

tonew.r.t. item valuedescendingrder We leave it to the
readetrto verify this.

Similarly, we canalsoshaow that,if itemsarewith nega-
tive, zeroor positive values constraint is con-
vertiblemonotonew.r.t. valueascendingrderwhen ,
andcorvertibleanti-monotonev.r.t. valuedescendingrder
when

The following lemmacanbe proved with a straightfor
wardinduction.

Lemma3.1 Let beaconstaint overa setofitems .

1. iscorvertibleanti-monotorif andonlyif there ex-
istsan order over sud that for every itemset



anditem sud that ,
implies

2. s corvertible monotonef and only if there exists
anorder over sud thatfor everyitemset and

item sud that , implies

Thenotionof pre x monotongunctions,introducedbe-
low, is helpfulin determiningthe classof a constraint.We
denotethe setof realnumbersas

De nition 3.3 (Pre x monotonefunctions) Given an or-
der over a setof items , a function
is a pre x (monotonically)increasingfunctionw.r.t.  if

andonly if for every itemset andits prex  w.rt.
. A function is calleda pre x
(monotonically)deceasingfunctionw.r.t.

if andonly if

for everyitemset anditspre x  w.rt.

We have the following lemmaon the determinationof
pre x monotonefunctions. The proof is similar to that of
Lemma3.1.

Lemma3.2 Givenanorder overasetofitems .

1. Afunction isapre x deceasingfunction
w.r.t. if andonly if for everyitemset anditem
sud that ,

2. Afunction is a pre x increasingfunction
w.rt. if andonlyif for everyitemset anditem
sud that ,

It turnsoutthatpre x monotonefunctionssatisfyinter-
estingclosurepropertieswith arithmetic.An understanding
of this would shedlight on characterizinga whole classof
convertible functionsinvolving arithmetic. The following
theoremestablisheghe arithmeticalclosurepropertiesof
pre x monotonegunctions.We saya function
is positive, provided

Theorem3.1 Let and bepre x deceasingfunctions,
and and bepre x increasingfunctionsw.r.t. an order
, respectivelylLet bea positivereal number

1. Functions , —, and are
pre x increasingfunctions.Functions y —
and arepre x deceasingfunctions.

2. If and arepositivefunctionsthen is
pre x deceasing,and is pre x increas-
ing.

3. Aconstaint (resp., ) is corvertible
anti-monotonéresp., monotone)f andonlyif pre x
deceasing Similarly, (resp.,
is corvertible monotongresp.,anti-monotom) if and
onlyif ispre x increasing

Example5 As anillustration, noticethat is apre-
X decreasindunction w.r.t. value-descendingrder and
is corvertible anti-monotonew.r.t. the same
order Also, is apre x increasing functionw.r.t.
this order From Theorem3.1, it follows that
is pre x increasingand hence is pre x
increasingg Consequentlywe immediately deducethat
is corvertible anti-monotonew.r.t.
thisorder

We know from Theorem2.2 that a succinctconstraint
canbeexpressedn termsof conjunctionand/ordisjunction
of anti-monotoneandmonotoneconstraints By de nition,
every monotone/anti-monotais cornvertibly so. A natural
guestionis, whatis therelationshipbetweernsuccinctcon-
straintsandconvertible constraintsThefollowing theorem
settleghis question.

Theorem 3.2 Every succinct constaint is either anti-
monotonepr monotoneor corvertible

Proof Sketch. The proof of the theoremis constructedy
induction on the structureof of a succinctcon-
straint , accordingto thede nition of succinctness.

3.2.Strongly corvertible constraint

Somecorvertible constraintshave the additionaldesir
ablepropertythatw.r.t. anorder they arecorvertibleanti-
monotonewhile w.r.t. its inverse they arecorvertible
monotone. E.g., is corvertible monotone
w.r.t. valueascendingrderandcorvertible anti-monotone
w.r.t. value descendingrder (seealso Example3). This
propertyprovidesgreat e xibility in datamining queryop-
timization.

De nition 3.4 (Strongly corvertible constraint) A con-
straint is called a strongly corvertible constaint, pro-
videdthereexistsanorder overthesetof itemssuchthat

is corvertible anti-monotonew.r.t.  and cornvertible
monotonew.r.t.

Notice that ( ) is also
strongly convertible. Clearly, not every corvertible con-
straintis stronglyconvertible. E.g.,
is corvertible anti-monotonev.r.t. valuedescendingrder
whenall itemshave anon-n@ative value. However, it is not
convertiblemonotonew.r.t. valueascendingrdet

The following lemma links strongly corvertible con-
straintsto pre x monotonefunctions.

Lemma 3.3 Constaint
andonlyif there existsan order
that is a pre x deceasingfunctionw.r.t.
increasingfunctionw.r.t.

is strongly corvertible, if
overthesetof itemssud
anda pre x

2|t is alsopre x decreasingv.r.t. this ordet

3Assumingall itemshave non-negatievalues.

41t saysthe proportionof the maxprice of anyitemin theitemsetover
theaverageprice of theitemsin the setcannotgo overcertainlimit.



Forexample, and arebothpre x de-
creasingw.r.t. valuedescendingrderandpre x increasing
w.r.t. valueascendingrdet

Therestill exist someconstraintghat cannotbe pushed
by item ordering. For example,the constraint
5 doesnot admit ary naturalorderingon
itemsw.r.t. whichit is corvertible. We call suchconstraints
incorvertible

3.3.Summary: aclassi cation on constraints

As a generalpicture, constraintgonly involving aggre-
gate functions) can be classi ed into the following cate-
goriesaccordingo theirinteractionswith thefrequentitem-
setmining processanti-monotonemonotonesuccinctand
corvertible which in turn canbe subdiidedinto corvert-
ible anti-monotor and corvertible monotone The inter-
sectionof the last two cateyoriesis preciselythe classof
stronglycorvertible constraint§which canbetreatedeither
ascorvertible anti-monotoneor monotoneby orderingthe
itemsproperly). Figurel shavs therelationshipamongthe
variousclasse®f constraints.

inconvertible

=monotor monot
succini

strongly
convertible

convertible
anti-monotone

convertible
monotone

Figure 1. A classi cationof constraintandtheirre-
lationships

Somecommonlyusedconvertible constraintsare listed
in Table4.

4. Mining Algorithms

In this sectionwe explorehow to minefrequenttemsets
with convertible constraintsef ciently. The generalideais
to pushthe constraintinto the mining processas deepas
possibletherebypruningthe searctspace.

In Section4.1, we rst amguethatthe algorithm
cannotbe extendedto mining with corvertible constraints
efciently. Then,a new methodis proposediy examining
an example. Section4.2 presentghe algorithm for
mining frequentitemsetswith corvertible anti-monotone
constraints.Algorithm , which computeghe com-
plete set of frequentitemsetswith corvertible monotone
constraint,is givenin Section4.3. Section4.4 discusses
mining frequentitemsetswith strongly corvertible con-
straints.

5The constraintrequiresthe medianitem in theitemsetis with the av-
eragevalue.

4.1.Mining frequentitemsetswith corvertible con-
straints: An example

We rst shawv that corvertible constraintscannot be
pusheddeepinto the -like mining.

Remark 4.1 A corvertible constaint thatis neithermono-
tone, nor anti-monotonenor succinct,cannotbe pushed
deepinto the mining algorithm.

Rationale. As obsenredearlierfor sucha constraint(e.g.,

), subsetqsupersetspf a valid itemsetcould
well beinvalid andvice versa. Thus, within the levelwise
framework, no direct pruning basedon sucha constraint
canbe made. In particular wheneer aninvalid subsetis
eliminatedwithout supportcounting,its supersetshat are
notsufx escannotbe prunedusingfrequeny.

For example,itemset in ourrunningexampleviolates
the constraint . However, an -like al-
gorithmcannotprunesuchitemsets Otherwisejts superset

, Which satis esthe constraintcannotbe generated.

Beforegiving our algorithmsfor mining with corvertible
constraintsyve give anoverview in thefollowing example.

Example6 Let us mine frequent itemsets with con-
straint over transactiondatabase
in Table 1, with the supportthreshold ltems
in every itemsetare listed in value descendingprder

It is showvn that constraint is cornvertible anti-monotone

w.r.t. . Themining processs shown in Figure2.
Tran. DB
afdbc
fgdbc
afdce
fghce
freq. items: a, f, g, d, b,c| e
C(a)=true
c(PH=true R: a-f-g-d-b-c-e
C(g)=false
a-proj. DB f-proj. DB
fdbc dbc
fdce gdbc
freq. items: f, d,|c dce
C(af)=true gce
C(ad)=true freq. items: g, d, b, c,le
C(ac)=false C(fg)=true
C(fd)=false
:LPTOJ- DB ad-proj. DB fg-proj. DB
de c dbc
c ce
freq. items: d, ¢ | freq. items: ¢ freq. items: c
C(afd)=true C(adc)=false C(fgc)=false

C(afc)=false

Figure 2. Mining frequentitemsetssatisfyingcon-
straint .

By scanning once,we nd thesupportcountsfor ev-
eryitem. Since appearsn only onetransactionjt is an
infrequentitems andis thus droppedwithout further con-
sideration.Thesetof frequentl-itemsetare , , , , ,
and , listedin order . Amongthem,only and satisfy



Constraint Corvertible | Corwvertible | Strongly
anti-monotone| monotone | corvertible

yes yes yes
yes yes yes
yes no no
no yes no
no yes no
yes no no

( isapre x decreasindunction) yes

( Isapre x increasingunction) yes

( isapre x decreasindunction) yes

(' Isapre x increasingunction) yes

Table 4. Characterizatiorof somecommonlyused,SQL-basecorvertible constraints.( meanst dependsn the

speci ¢ constraint.)

theconstrain?. Since is aconvertibleanti-monoton&on-
straint,itemsetdaving , , , or aspre x cannotsatisfy
the constraint.Therefore the setof frequentitemsetssatis-
fying the constrainicanbe partitionedinto two subsets:

1. The oneshaving itemset asaprex w.rt. ,ie.,
thosecontainingitem ; and
2. The oneshaving itemset asaprex w.rt. ,ie.,

thosecontainingitem butno .

Thetwo subset$orm two projecteddatabasefs] whichare
minedrespectiely.

1. Find frequentitemsetssatisfyingthe constraint and
having asaprex. First, is afrequentitemset
satisfyingthe constraint. Then, the frequentitemsets
having asa properpre x canbe foundin the sub-
set of transactionscontaining , which is called -
projecteddatabase Since appearsn every transac-
tion in the -projecteddatabaseit is omitted. The -
projecteddatabaseontaingwo transactions:  and

. Sinceitems and is infrequentwithin this pro-
jecteddatabasepeither nor canbefrequent.So,
they arepruned.Thefrequentitemsin the -projected
databasés , listedin theorder . Since does
not satisfythe constraintthereis no needto createan

-projecteddatabase.

To check what can be mined in the -projected
databasavith and , aspre x, respectiely, we
needto constructhetwo projecteddatabaseandmine
them. This processis similar to the mining of -
projecteddatabasesThe -projecteddatabasecon-
tainstwo frequentitems and , andonly satisfy
the constraintMoreover, since doesnotsatis es
the constraint,the procesdn this branchis complete.
Since violatesthe constraint,thereis no needto
construct  -projecteddatabase.The -projected
databasecontainsone frequentitem , but does
not satisfy the constraint. Therefore,the set of fre-
guentitemsetssatisfyingthe constraintand having
aspre x contains , ,and

6Thefactthatitemset doesnot satisfythe constrainimplies noneof
anyl-itemsetafter inorder cansatisfytheconstraint

2. Find frequentitemsetssatisfyingthe constraint and
having as a prex. Similarly, the -projected
databaseis the subsetof transactionscontaining
with both and removed. It hasfour transactions:

, . and . Thefrequentitemsin thepro-
jecteddatabasare , listedin the orderof
Sinceonly itemsets and  satisfythe constraint,
we only needto explore if thereis ary frequentitem-
sethaving or  asaproperpre X which satis es
theconstraint.The projected -databasecontainsno
frequentitemsetwith asa properpre x that sat-
is es the constraint. Since is the item immediately
after inorder ,and violatesthe constraintary
itemsethaving  asaproperpre x cannotsatisfythe
constraint. Thus, and arethe only two frequent
itemsetshaving asa pre x and satisfyingthe con-
straint.

In summarythe completesetof frequentitemsetssatis-
fying the constraintcontainst itemsets: , ,
. Our nev methodgeneratesndtestsonly asmallsetof
itemsets

4.2. : Mining frequentitemsetswith convert-

ible anti-monotone constraint

Now, let usjustify the correctnessind completenessf
themining processn Example6.

First,we shav thatthe completesetof frequentitemsets
satisfyinga givencorvertible anti-monotoneonstraintcan
be partitionedinto severalnon-overlappingsubsetslt leads
to the soundnessf our algorithmicframework.

Lemma4.1 Considera transactiondatabase , a support
threshold and a corvertible anti-monotom constaint
w.r.t. anorder overa setofitems . Let
betheitemssatisfying . Thecompletesetof frequenitem-
setssatisfying canbepartitionedinto  disjoint subsets:
the  subset containsfrequenttemsetssat-
isfying andhaving asapre x.

We mine the subsetsof frequentitemsetssatisfying
the constraintby constructingthe correspondingrojected
database



De nition 4.1 (Projecteddatabase) Given a transaction
database , anitemset andanorder

1. Itemset is calledthe max-pe x projectionof trans-
action w.r.t. ,if andonlyif (1)
and ;(2) isaprex of w.rt. ;and(3)there
exists no propersuperset of suchthat and

alsohas asapre x w.r.t.

2. The -projecteddatabaseis the collection of max-
pre x projectionsof transactiongontaining , w.r.t.

Remark 4.2 Given a transactiondatabase , a support
threshold anda corvertible anti-monotoneconstaint
Let bea frequenttemsetsatisfying . Thecompleteset
of frequentitemsetssatisfying andhaving asa pre x
canbeminedfromthe -projecteddatabase

The mining processanbe furtherimproved by the fol-
lowing lemma.

De nition 4.2 (Ascendingand descendingorders) An

order overasetof items is calledanascendingorder
for function if andonly if (1) for items
and , implies , and (2) for itemsets
and suchthat both of themhave asa
pre x and , is called

adescendingrder for function .

For example,it canbe veri ed thatthe valueascending
orderis an ascendingorderfor function andade-
scendingorder for function

Lemma4.2 Givena corvertible anti-monotor constaint
w.r.t. ascending/descending

order overa setofitems , whee isa pre x function.

Let beafrequentitemsetsatisfying and

be the setof frequentitemsin  -projecteddatabaselisted

in the order of

1. If itemset violates ,for sud
that , itemset alsoviolates
2. If itemset satises |, but

violates , nofrequenttemsethaving
asa properpre x satis es

Based on the above reasoning, we have the algo-
rithm asfollowsfor mining Frequentitemsetswith
Corvertible Anti-monotoneconstraints.

Algorithm 1 ( ) Given a transactiondatabase , a
supportthreshold and a corvertible anti-monotonecon-
straint w.r.t. anorder over asetof items , thealgo-
rithm computeghe completesetof frequentitemsetssatis-
fying theconstraint .

Method: Call ;
function 7

7 istheitemsetaspre x and isthe -projecteddatabase.

1. Scan once, nd frequentitemsin . Let be
the setof frequentitems within suchthat
2. If return, else , output asa

frequentitemsetsatisfyingthe constraint.

3. If isinform of where isapre x function
and , using Lemma4.2 to optimize the
mining by remwring items from  suchthatthere
existsnofrequentitemsetsatisfying andhaving

asaproperpre X.

4. Scan once more,
projecteddatabase

, generate -

5. Foreachitem in ,call

Rationale. The correctnessndcompletenessf thealgo-

rithm hasbeenreasonedstep-by-stepn this section. The

efciency of the algorithmis that it pusheghe constraint
deepinto themining processsothatwe donotneedto gen-
eratethecompletesetof frequentitemsetdn mostof cases.
Only relatedfrequentitemsetsareidenti ed andtested.As

shavn in Example6 andin the experimentalresults,the

searchspaces decreasedramaticallywhenthe constraint
is sharp.

4.3. Mining frequentitemsetswith mono-

tone constraints

In the last two subsectionsan ef cient algorithm for
mining frequentitemsetswith corvertible anti-monotone
constraintds developed.Undersimilar spirit, analgorithm
for mining frequentitemsetswith corvertible monotone
constraintscan also be developed. Due to lack of space,
insteadof giving detailsof formal reasoningwe illustrate
theideasusingan exampleandthenpresenthe algorithm.

Example 7 Let us mine frequentitemsetsin transaction
database in Tablel with constraint .
Supposehe supportthreshold . In this example,we
usethe valuedescendingrder exactly asis usedin Ex-
ample6. Constraint is corvertible monotonew.r.t. order

After onescanof transactiordatabase , the setof fre-
guentl-itemsetss found. Amongthe7 frequentl-itemsets,

., ,» , and satisfythe constraint According to
thede nition of corvertiblemonotoneconstraintsfrequent
itemsethaving oneof theses itemsetsasa pre x mustalso
satisfy the constraint. Thatis, the -, -, -, - and -
projecteddatabase&anbe minedwithout testingconstraint

, becauseadding smalleritems will only decreasehe
value of . But -and -projecteddatabaseshouldbe
minedwith constraint testing.However, assoonasits fre-
guent -itemsetdor ary satisfythe constraintconstraint
checkingwill notbeneededor furthermining of their pro-
jecteddatabases.

We presentthe algorithm for mining frequent
itemsetswith convertible monotoneconstraintasfollows.



Algorithm 2 ( ) Given a transactiondatabase , a
supportthreshold anda corvertible monotoneconstraint

w.r.t.anorder overasetofitems , thealgorithmcom-
putesthe completeset of frequentitemsetssatisfyingthe
constraint .

Method: Call ;
function i} 8
1. Scan once, nd frequentitems in .
- is 1, let be the set of frequentitems
within suchthat ,
and  bethe setof frequentitemswithin such
that Cf - is
0,let  bethesetof frequentitemswithin and
be .
2. , output asafrequentitemsetsatisfy-
ing the constraint.
3. Scan  oncemore, , generate -
projecteddatabase
4. Foreachitem in ,call ;
Foreachtem in ,call ;

Rationale. The correctnesandcompletenessf thealgo-
rithm canbe shavn basedon the similar reasoningn Sec-
tion 4.2. Here,we analyzethe differencebetween

with an -like algorithmusingconstraint-checkings
post-processing.
Both and -like algorithmshave to gener

atethecompletesetof frequentitemsetspo matterwhether
thefrequentitemsetssatisfythe corvertible monotonecon-

straint. The frequentitemsetsnot satisfyingthe constraint
cannotbe pruned.Thatis theinherentdif culty of convert-

ible monotoneconstraint.

The adwantageof againstApriorix-lik e algo-
rithmslies in the fact that only testssomeof fre-
guentitemsetsagainsthe constraint.Onceafrequentitem-
setsatis estheconstraintjt guaranteeall of frequentitem-
setshaving it asa pre x alsosatisfythe constraint.There-
fore, all thattestingcanbesaved. An -like algorithm
hasto checkevery frequentitemsetagainstthe constraint.
In the situationsuchthatconstraintestingis costly, suchas
spatialconstraintsthe saving over constrainttestingcould
be non-trivial. Explorationof spatialconstraintds beyond
the scopeof this paper

4.4 Mining frequert itemsetswith strongly corvert-
ible constraints

The main valueof strongcorvertibility is thatthe con-
straintcanbetreatedeitherascorvertible anti-monotoner
monotoneby choosinganappropriat@rder Themainpoint
to notein practiceis whenthe constrainthasa high selec-
tivity (fewer itemsetssatisfyit), corvertingit into an anti-
monotoneconstrainwill yield maximumbene tsby search

8 s the itemsetas pre X, is the -projecteddatabaseand
isthe ag for constraintchecking.

spacepruning. Whenthe constraintselectvity is low (and
checkingit is reasonablyexpensve), thencorvertingit into
amonotoneconstraintwill save considerableffort in con-
straintchecking. The constraint is a classic
example.

5. Experimental Results

To evaluatethe effectivenessandef ciency of the algo-
rithms,we performedanextensive experimentakvaluation.

In this sectionwe reporttheresultson a synthetictrans-
actiondatabasevith 100K transactionsind10K items.The
datasets generatedy the standardroceduredescribedn
[1]. In this datasetthe averagetransactionsize and aver
agemaximalpotentiallyfrequentitemsetsize are setto 25
and?20, respectrely. Thedatasetontainsa lot of frequent
itemsetswith variouslength. This datasets chosersinceit
is typicalin datamining performancestudy

The algorithmsare implementedin C. All the exper
iments are performedon a 233MHz Pentium PC with
128MB mainmemory runningMicrosoft Windows/NT.

To evaluatethe effect of a constrainton mining frequent
itemsets,we makeuseof constraintselectvity, wherethe
selectivity of aconstraint on mining frequentitemsets
over transactiordatabase with supportthreshold is de-
ned as

# of frequentitemsetdNOT satisfying
# of frequentitemsets

Thereforeaconstraintvith  selectvity meansveryfre-
guentitemsetsatis estheconstraintwhile aconstraintith

selectvity is the one cannotbe satis ed by ary fre-
guentitemset.The selectvity measurale ned hereis con-
sistentwith thoseusedin [7, 6].

To facilitate the mining using projecteddatabasesywe
employa datastructurecalled FP-tree in theimplementa-
tionsof and . FP-tree is rst proposedn [5],
andalsobeadoptedby [8, 9]. It is apre x treestructureto
recordcompleteandcompacinformationfor frequentitem-
setmining. A transactiordatabase/projectedhtabasean
be compressednto an FP-tree, while all the consequent
projecteddatabasesanbe derived from it ef ciently. We
referreaderdo [5] for detailsaboutFP-tree and methods
for FP-tree-basedrequentitemsetmining.

Since FP-growth [5] is the FP-tree-basedalgorithm
mining frequentitemsetsandis muchfasterthan ,
weincludeit in ourexperiment.Comparisoramong ,

andFP-growth makesmore sensehanusingpure
astheonly referencemethod.

5.1.Evaluation of

To testthe efciency of w.r.t. constraintselec-
tivity in mining frequentitemsetswith cornvertible anti-
monotoneconstraintswe run a test over the datasetwith



Figure 3. Scalability with
constraintselectvity.

supportthreshold . Theresultis shawvn in Fig-
ure3. Varioussettingsareusedin the constrainffor various
selectvities.

As canbe seenfrom the gure, achievesanal-
most linear scalability with the constraintselectvity. As
the selectvity goesup, i.e., fewer itemsetssatisfythe con-
straint, cutsmore searchspace sinceone frequent
itemset not satisfying the constraintmeansall frequent
itemsetshaving it asa pre x canbepruned.

We compare the runtime of both and
FP-growth in the same gure. All thesetwo methods
rst computethe completeset of frequentitemsets,and
then use the constraintas a lter. So, their runtime is
constantw.r.t. constraintselectvity. However, only when
the constraintselectvity is  , i.e., every frequentitemset
satis esthe constraintdoes needthe sameruntime
as FP-growth. In all other situations, always
requiredesstime.

We also testedthe scalability of with support
thresholdandthe numberof transactionsiespectiely. The
correspondingesultsare shavn in Figure4 andFigure5.
From these gures, we canseethat is scalablein
both cases Furthermorethe higherthe constraintselectv-
ity, the more scalable is. Thatcanbe explainedby
the fact that always cuts more searchspaceusing
constraintavith higherselectvity.

5.2.Evaluation of

As analyzedefore convertiblemonotoneconstraintan
beusedto sare thecostof constrainthecking butit cannot
cut the searchspaceof frequentitemsets. In our experi-
ments,sincewe userelatively simple constraintssuchas
thoseinvolving and , the costof constraintcheck-
ing is CPU-bound However, the costof thewholefrequent
itemsetmining processs 1/0-bound. This makeghe effect
of pushingcorvertible monotoneconstraininto the mining
processardto be obseredfrom runtimereduction.In our
experiments, achieveslessthan  runtimebene t

Figure 4. Scalability with
supportthreshold.

Figure 5. Scalability with
numberof transactions.

in mostcases.

However, if we look at the numberof constrainttests
performedtheadwantageof canbeevaluatedbjec-
tively. cansave alot of effort on constraintesting.
Thereforejn theexperimentsabout , thenumberof
constraintestsis usedasthe performanceneasure.

We testthe scalability of with constraintselec-
tivity in mining frequentitemsetswith cornvertible mono-
tone constraint. Theresultis shavn in Figure6. The g-
ure shaws that hasa linear scalability Whenthe
constraintselectvity is low, i.e., mostfrequentitemsetsan
pasgheconstraintheckingmostof constraintestscanbe
saved. This is becauseoncea frequentitemsetsatis esa
convertiblemonotoneconstraintgvery subsequerfrequent
itemsetderived from correspondingprojecteddatabaséas
thatfrequentitemsetasa pre x andthussatis esthe con-
straint,too.

We also testedthe scalability of with support
threshold.Theresultis shavnin Figure7. The gure shavs
that is scalable. Furthermore the lower the con-
straintselectvity, the betterthe scalability is.

In summary our experimental results shov that the
methodproposedn this paperis scalablefor mining fre-
guentitemsetawith convertible constraintsn largetransac-
tion databasesThe experimentalresultsstrongly support
our theoreticalnalysis.

6. Discussions:Mining Frequentltemsetswith
Multiple Convertible Constraints

We have studiedthe push of single corvertible con-
straintsinto frequentitemsetmining. “Can we pushmul-
tiple constaints deepinto the frequentpatternmining pro-
cess”

Multiple constraintsn amining querymaybelongto the
samecategory (e.g. all are anti-monotone)or to different
catgories. Moreover, differentconstraintamay be on dif-
ferentpropertiesf items(e.g.somecouldbeonitemprice,



Figure 6. Scalability with
constraintselectvity.

otherson salespro ts, the numberof items,etc.).

As showvn in our previous analysis, unlike anti-
monotone monotoneand succinctconstraintscorvertible
constraintscan be minedonly by orderingitems properly
However, different constraintsmay require different and
evencon icting itemordering.Ourgeneraphilosophyis to
conducta costanalysisto determinehow to combinemul-
tiple orderconsistentonvertibleconstraintandhow to se-
lecta sharperconstraintamongordercon icting ones.The
detailswill notbe presentedherefor lack of space.

7.Conclusions

Constraintsnvolving holisticfunctionssuchas ,
algebraidunctionssuchas , oreventhoseinvolving dis-
tributivefunctionslike over setswith positiveandneg-
ative itemvaluesaredif cult to incorporaten anoptimiza-
tion processn frequentitemsetmining. The reasoris such
constraintglo not exhibit nice propertiedike monotonicity
etc. A maincontribution of this paperis shaving thatby im-
posinganappropriaterderonitems,suchtoughconstraints
canbe corvertedinto onesthatpossessnonotonebehaior.
To this end,we madea detailedanalysisandclassi cation
of the so-calledcorvertible constraints. We characterized
themusingpre x monotongunctionsandestablishedheir
arithmeticalclosureproperties. As a byproduct,we shed
light on the overall pictureof variousclasse®f constraints
that canbe optimizedin frequentset mining. While con-
vertible constraintsannotbe literally incorporatednto an
Apriori-style algorithm, they can be readily incorporated
into the FP-growth algorithm. Our experimentsshow the
effectivenesof thealgorithmsdeveloped.

We have beenworking on a systematidmplementation
of constraint-baseftequentpatternmining in a datamin-
ing system. More experimentsare neededto understand
how bestto handlemultiple constraints.An openissueis
givenan arbitraryconstrainthow canwe quickly checkif
it is (strongly)convertible. We arealsoexploring the useof
constraintsn clustering.

Figure 7. Scalability with
supportthreshold.

References

[1] R.AgrawalandR. Srikant.Fastalgorithmsfor mining asso-
ciationrules.In Proc.1994Int. Conf VeryLargeDataBases
(VLDB'94), pagesA87-499 SantiagoChile, Sept.1994.

[2] R.J.Bayardo,R. Agrawal, andD. Gunopulos.Constraint-
basedrule mining on large, densedatasets. In Proc. 1999
Int. Conf Data Engineering(ICDE'99), Sydney, Australia,
Apr. 1999.

[3] S.Brin, R.Motwani,andC. Silverstein.Beyondmarketbas-
ket: Generalizingassociatiomulesto correlations.In Proc.
1997 ACM-SIGMODInt. Conf Managemenof Data (SIG-
MOD'97), page265-276,Tucson Arizona,May 1997.

[4] G. Grahne,L. Lakshmananand X. Wang. Efcient min-
ing of constraineccorrelatedsets. In Proc. 2000Int. Conf
Data Engineering(ICDE'00), pages512-521,SanDiego,
CA, Feh 2000.

[5] J.Han,J.Pei,andY. Yin. Mining frequentpatternswith-
out candidategenerationin Proc. 2000ACM-SIGMODiInt.
Conf Managememf Data (SIGMOD'00) pagesl-12,Dal-
las, TX, May 2000.

[6] L. V. S. LakshmananR. Ng, J. Han, andA. Pang. Opti-
mizationof constrainedrequentsetquerieswith 2-variable
constraints.In Proc. 1999 ACM-SIGMODInt. Conf Man-
agemenbf Data (SIGMOD'99) pagesl57-168,Philadel-
phia,PA, June1999.

[7] R. Ng, L. V. S. Lakshmanan,J. Han, and A. Pang. Ex-
ploratory mining and pruning optimizationsof constrained
associationsules. In Proc. 1998 ACM-SIGMODInt. Conf
Managemenbf Data (SIGMOD'98) pagesl3-24,Seattle,
WA, Junel998.

[8] J.PeiandJ. Han. Canwe pushmore constraintsnto fre-
quentpatternmining? In Proc. 2000 Int. Conf Knowl-
edgeDiscoveryand Data Mining (KDD'00), pages350—
354,Boston,MA, Aug. 2000.

[9] J.Pei,J.Han,andR. Mao. CLOSET:An ef cient algorithm
for mining frequentcloseditemsets. In Proc. 2000 ACM-
SIGMOD Int. WorkshopData Mining and KnowledgeDis-
covery(DMKD'00), pagesl1-20,Dallas,TX, May 2000.

[10] R.Srikant,Q.Vu,andR.Agrawal. Mining associationules
with item constraints.In Proc. 1997 Int. Conf Knowledge
Discoveryand Data Mining (KDD'97), pages67—73,New-
portBeach,CA, Aug. 1997.



