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e provided above; print your name at the upperright 
orner of every page. Please print legibly.� This is a 
losed book exam. No notes, books, di
tionaries, or 
al
ulators are permitted.� Write your answers in the spa
e provided for the 
orresponding problem. Let us know if youneed more paper.� Suggestions: Read through the entire exam �rst before starting work. Do not spend too mu
htime on any single problem. If you get stu
k, move on to something else and 
ome ba
k later.� If you run short on time, remember that partial 
redit will be given.� If any question is un
lear, ask one of us for 
lari�
ation.� Unless otherwise stated, unsimpli�ed expressions (in terms of fa
torials, sums, et
.) area

eptable.

Question Points S
ore GraderProblem 1 15Problem 2 20Problem 3 15Problem 4 15Problem 5 15Problem 6 20Total 100



CS 273 Midterm 2 { Fall 2005 2 Name:
1. Short Problems (15 points)Give brief answers to ea
h of the following questions.(a) How many distin
t trees 
an be made from 1000 labeled verti
es? (3 points)Solution: By Cayley's theorem / Pr�ufer 
odes, as n = 1000 then nn�2 =1000998.

(b) Show all non-isomorphi
 trees that 
an be made from 6 verti
es. (3 points)Solution:

(
) If a polyhedron has 20 verti
es and 30 edges, how many fa
es must it have? (3 points)Solution: By Euler's formula n� e+ f = 2, with e = 30 and n = 20 we havef = 2 + 30� 20 = 12.
(d) Give a tight asymptoti
 bound for the re
urren
e T (n) = 5T (n=5) + 25n. (3 points)Solution: By Masters theorem, a = 5, b = 5, f(n) = 25n then as nlog5 5 =�(n) the third 
ase holds and T (n) = �(n log n).
(e) Give a tight asymptoti
 bound for the re
urren
e T (n) = 32 T (n=8) + n1=3. (3 points)Solution: By Masters theorem, a = 32 , b = 8, f(n) = n1=3 then as nlog8 32+� <�(n1=3) for all 0 < � < 12 we have f(n) dominating the re
urren
e, thusT (n) = �(n1=3).
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2. Linear Re
urren
es (20 points)(a) (10 points) Solve the following re
urren
e exa
tly:ai = 6ai�1 + 7ai�2:The initial 
onditions are a0 = 1 and a1 = 2.Solution: By the annihilator method,

ai � 6ai�1 � 7ai�2 = 0E2 � 6E � 7 = 0(E � 7)(E + 1) = 0Thus the generi
 form solution is ai = �7i+�(�1)i. Using the intial 
onditions,we have the following system of equations:
1 = �+ �2 = 7�� �By substitution, � = 1� � and 2 = 8�� 1. Thus � = 38 and � = 58 . Thereforethe resulting 
losed form solution be
omesai = 38 � 7i + 58 � (�1)i(b) (10 points) Give the general form of the solution to the following re
urren
e:ai + 3ai�1 + 3ai�2 + ai�3 = 2i+1 � 3iExpress your answer using undetermined 
onstants.Solution: By the annihilator method, �rst dealing with the homogeneousre
urren
e we have

ai + 3ai�1 + 3ai�2 + ai�3 = 0E3 + 3E2 + 3E + 1 = 0Noti
e that (E + 1)(E2 + 2E + 1) = E3 + 3E2 + 3E + 1. As this is the 
ase,and E2 + 2E + 1 = (E + 1)2, the resulting annihilator is (E + 1)3.For the nonhomogeneous portion, noti
e that (E � 2)h2i+1i = h0i and (E �3)h3ii = h0i0. Thus, the 
ombined annihilator for the re
urren
e above is(E + 1)3(E � 2)(E � 3) yielding the generi
 form solution ofai = (�i2 + �i+ 
)(�1)i + Æ2i + �3i
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3. Indu
tion on Graphs (15 points)Prove by indu
tion that every 
losed walk of odd length 
ontains a 
y
le of odd length.If you are hoping for partial 
redit, be very expli
it about the logi
 of the proof, what needsto be assumed, what needs to be shown, et
. No partial 
redit will be given for proofs thatdo not use indu
tion.Solution:Base Case: A smallest odd length walk is of size 1 whi
h loops on a given ver-tex. Clearly, this loop is an odd length 
y
le.Indu
tive Hypothesis: For all 
losed walks of odd length less than 2k + 1, thewalk 
ontains an odd length 
y
le.Indu
tive Step: Consider an odd length 
losed walk w of size 2k+1. Clearly ifthe walk 
ontains no repeated verti
es (ex
ept the dupli
ate start and �nish)then the walk is a 
y
le itself with odd length. If the walk 
onstains somevertex v whi
h is visited more than on
e (or the starting and ending vertexappears more than twi
e), namely w = u ; v ; v ; u, 
onsider the tworesulting walks v ; v and u ; v ; u by removing the internal 
losed walk
ontaining v. As the length of the original walk was odd, then one of the tworesulting walks is also odd and by the indu
tive hypothesis 
ontains an odd
y
le. As adding extra edges to the odd walk does not remove the 
y
le, thenw also 
ontains an odd 
y
le.

Therefore, by indu
tion any odd length 
losed walk 
ontains an odd 
y
le.
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4. Planar Graph Theory (15 points)Prove that every polyhedron has at least one fa
e that has 5 or less edges forming its boundary.Solution: Consider the planar graph G of the polyhedron. Let Fi = the numberof fa
es of G of bound degree i, and Vi = the number of verti
es of degree i. Sin
eevery edge of G borders exa
tly two fa
es, we get2E =Xi�3 iFi

If every fa
e had 6 or more edges, then2E =Xi�3 iFi �Xi�6 6Fi = 6F
implying F � 13E. Furthermore, be
ause ea
h vertex has degree at least 3,2E =Xi�3 iVi � 3V
implying V � 23E. ThereforeE = V + F � 2 � 23E + 13E � 2 = E � 2A 
ontradi
tion. Hen
e at least one fa
e has 5 or less edges forming its boundary.
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5. Automorphisms (15 points)Determine the number of automorphisms for the graph:

and 
learly explain why this number is 
orre
t.Solution: As vertex 1 is the only vertex of degree 2, it 
an never be permuted. Asverti
es 2 and 3 both have degree 4 and have similar subtrees, ea
h 
an be swapped.Similarly, the sets of leaves whi
h share a parents, namely 4,5,6 and 7,8,9 
an ea
hbe swapped in any way with siblings. Thus, the number of automortphisms of theabove graph is 2 � 3! � 3! = 72.
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6. Divide-and-Conquer Re
urren
es (20 points)Determine a tight asymptoti
 bound for the re
urren
e,T (n) = n2 T (n=2) + 1;and show your work.Solution: Consider the re
urren
e tree for the above. Noti
e that at level i � 1a node has � n2i �2 = n22i+1 
hildren. As ea
h node does 
onstant work, the work forthe entire tree 
onsists of dXi=0Yj=0 i n22j+1where d is the depth of the tree. As ea
h re
ursive 
all is half the size of theprevious, d = log n and lognXi=0 Yj=0 i n22j+1

Bounding the sum, we 
an 
onsider only the �nal row (largest element in the poly-nomial), namely n2 logn2logn+1 � n2 logn2n = n2 logn�12 . Thus T (n) = 
(n2 logn.Similarly, a weak upper bound 
an be given by merely dropping the divisor fromthe sum. The resulting polynomial is then dominated by the last term, namelyn2 logn. Thus T (n) = O(n2 logn.As the upper and lower bounds agree, T (n) = �(n2 logn).


